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PEEPACE. 


RATHER  more  than  a  year  ago  I  was  I'equested  by  tKe  Syndics  of  tlie 
University  Press  to  allow  my  mathematical  papers  to  be  reprinted  in 
a  collected  form :  I  had  great  pleasure  in  acceding  to  a  request  so  com.- 
plimentary  to  myself,  and  I  wOlingly  undertook  the  work  of  superintending 
the  impression  of  them,  and  of  adding  such  notes  and  references  as  might 
appear  to  me  desirable, 

The  present  volume  contains  one  hundred  papers  (numbered  1,  2,  3,. ..,100) 
originally  published  in  the  years  1841  to  1853.  They  are  here  reproduced 
nearly,  but  not  exactly,  in  chronological  order :  and  as  nearly  as  may  be 
in  their  original  forms ;  but  in  a  few  cases  where  the  paper  is  con- 
troversial, or  where  it  is  a  translation  (into  French  or  English)  of  an 
English  or  French  paper,  only  the  title  is  given :  there  are  in  some  few 
cases  omissions  which  are  indicated  where  they  occur.  The  number  is 
printed  in  the  upper  inside  corner  of  the  page ;  it  is  intended  that  the 
numbers  shall  run  consecutively  through  all  the  volumes ;  and  thus  a  paper 
can  be  referred  to  simply  by  its  number. 

I  have  of  course  corrected  obvious  typographical  errors,  and  in  particular 
have  freely  altered  punctuation,  but  I  have  not  attempted  to  verify  formulge. 
Additions  are  made  in  square  brackets  [  ]  ;  to  avoid  confusion  with  these, 
square  brackets  occurring  in  th^  original  papers  have  in  general  been 
changed  into  twisted  ones  { },  but  where  they  occur  in  a  formula  it  was 
not  always  possible  to  make  the  alteration.  The  addition  in  a  square 
bracket  is  very  frequently  that  of  a  date :  it  appears  to  me  that  the 
proper  reference  to  a  serial  work  is  by  the  number  of  the  volume,  accompanied 
by  the  date  on  the  title  page :  the  date  is  always  useful,  and,  in  the  case 
of  two  or  more  series  of  a  Journal  or  set  of  Transactions,  we  avoid  the 
necessity  of  a  reference  to  the  series;  Liouville  t.  i.  (1850)  is  better  than 
Liouville,  S^rie  2,  t.  i.  I  regret  that  this  rule  has  not  been  strictly 
followed  as  regards  the  titles  of  some  of  the  earlier  papers,  see  the  remark 
at  the  end  of  the  Contents. 

A.    CAYLEY. 

January   23,  1889. 
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1. 

ON   A  THEOREM   IN   THE   GEOMETKY   OF   POSITION. 

[From  the  Cambridge  Mathematical  Journal,  vol.  II.  (1841),  pp.  267 — 271.] 

We   propose   to   apply  the  following  (new  ?)  theorem  to   the  solution  of  two  problems  in 
Analytical  Geometry. 

Let  the  symbols 

«    H  I  i",  ff  ,  1    ' 

I  a  I,        \,;%\.        U',/3',  V  I,  &0. 
'"■"   '  lo",  /3",  ," 

denote  the  quantities 

a,  a^'-a'l3,  a^'j" -a&"y' +  a'0"y~a'0y" +  a:'0j' -a"0'y,  &c. 
(the  law  of  whose  formation  is  tolerably  well  known,  but  may  be  thus  expressed, 

a'",   (3",    ry"  !  I  /^  '   7     I  I  ^    .  7     I  1  ^'    7    I 

the   signs  +  being   used   when   the   numbor   of  terras  in  the  side   of   the  square   is   odd, 
and  +  and  —  alternately  when  it  is  even.) 

Then  the  theorem  in  question  is 

p  a  +  a-  0  +  r  y..,  p  a'  +  a-  ^'  +  ry'..,  p  a!'  +  0-  ^"  +  t  y"..  f      \p  ,  o-  ,  t  .J  I  a",  j-i'\  y" .. 

p'a +(r'/3  +  T'  7..,   p'  a'  +  (t'  ^  +  i-'y'..,  p'  a"  +  rj-'  ^"  -Vt' y"..\=\p'  ,  a-' ,  r  .\  \a.',Q',y'..\ 

p"a-{-<r"^  +  'T"y..,  p"f^  -\- a"Q'  ■\-r"y' ..,  p'a." +  a-"0"  +  r"j"..\      \  p" ,  cr" ,  t"  ..{  [h   ,^,y..\ 
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2  ON    A   THEOBEM   IN   THE   GEOMBTKY   OF   POSITION. 

(This   theorem   admits   of  a  generalisation   which    we    shall    not    have    occasion 
make  use  of,  and  which  therefore  we  may  notice  at  another  opportunity.) 

To  find  the  relation  that  exists  between  the  distances  of  five  points  in  space. 

We  have,  in  general,  whatever  w^,  y^,  ^,  Wj_,  &c.  denote 

"^I'  +  yi+^i'  +  ii'i^   -2iCi,    -2yi,   -2iri,   -2wj,    1 
wj'  +  y^^-i-z^^  +  Wi^,   -2*2,    -2^2,   -22^.   -2wa,    1 


multiplied  into 


-2ij„   ~2z„   -2w„   1 


0,         0,        0,         0,         0, 
+  ^1  ~"  ^1  +  i^  —  ^1  +  ™1  ~  ^1  > 


1,1,  1,1,0 

Putting   the   w's   equal  to  0,  each  factor   of  the  first  side  of  the  equatioi 

and   therefore  in   this  case   the    second    side    of   the    equation    becomes    equal    to    zero. 

Hence   %,  y-,,  z^,   a^,  y^,  z^,   &c.   being  the   coordinates   of   the  points   1,  2,   &c.   situated 

arbitrarily   in  space,   and   12,   13,    &c,    denoting    the    squares    of    the    distances    between 
these  points,   we   have   immediately  the   required  relation 


21, 

0, 

23, 

24, 

Sh 

32,' 

0, 

34,' 

41, 

4? 

43,' 

0, 

— a 
51, 

iH 

33' 

54,' 
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1]  ON    A    THEOREM   IN    THE    GEOMETRY   OF   POSITION.  3 

which  is  easily  expanded,  though  from  the  mere   number  of  terms  the  process  is  some- 
what long. 

Precisely   the   same    investigation   is    applicable    to    the    case    of   four    points    in    a 
plane,  or  three  points  in  a  straight  line.     Thus  the  former  gives 


0. 

12, 

13, 

1*! 

1 

21,' 

0, 

23' 

2i, 

1 

3l! 

32! 

0, 

IS, 

1 

«! 

42! 

43! 

0, 

1 

1, 

1, 

1, 

1, 

0 

The  latter  gives 


21, 
31,' 


or  expanding, 

12  +  18  +  23  -  2  .  12  13  -  2  .  13  23  -  2  .  12  23  =  0  ; 
which  may  be  derived  immediately  i'rom  the  equation 

±12  +  13  =  ±23, 
and  is  the   simplest   ibnn  under   which   this   equation,   cleared   of   the   ambiguous  signs, 
can  be  put. 

(The   above   result   may  be   deduced  so   elegantly  from   the   general  theory  of  chmi- 
nation,  that  notwithstanding  its  simplicity  it  is  perhaps  worth  mentioning.) 


then  12  =  7S     23  =  Q^     31  =^^     and   a +  ^  +  7  =  0; 

from    which   a,   ^,   y   are   to   be   eliminated.     Multiplying   the   last   equation    by   ffy,   7a, 
n/3,  and  reducing  by  the  three  first. 


J).a  +  12./3  +  31.7  + 
~l2.a+    0  .  ^  +^.  7  + 


a/37  =  0, 
^^7  =  0, 


3.^  + 

^4 


0.7+        ctSj  =  0, 
7  +  0  .  a/97  =  0 ; 
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4  ON  A  THEOREM  IN   THE  GBOMETEY  Off  POSITION, 

from  which,  eliminating  a,  0,  y,  a^y  by  the  general  theory  of  simple  eq 


0, 

12, 

13, 

21, 

0, 

23, 

31, 

32, 

0, 

The  (additional)  equation  that  exists  between  the  distances  of  five  points  on  a 
sphere  or  four  points  in  a  circle,  has  such  a  remarkable  analogy  with  the  preceding, 
that  they  almost  require  to  be  noticed  at  the  same  time. 

If  a,  IB,  7,  r  be  the  coordinates  of  the  centre,  and  the  radius  of  the  sphere,  and 
g  =  a^  +  ^  +  7=-)'^  we  have  i 


whence  eliminating  a. 


I  +  Vi  +  ^1 

-2o, 

-2% 

-  27«,  +  8  =  0 

."  +  9/ +  2.' 

-2it. 

-2^y. 

-  272,  +  S  =  6 

7,  S, 

ti^+yi'  +  ^j' 

-Sa:„ 

-2y., 

-2«„   1 

','+tjf+^,: 

-2«5, 

-2y., 

-2z.,   1 

whence,  multiplying  by 


we  have  immediately 


0, 

12, 

13, 

21, 

0, 

23, 

3l! 

Si' 

0, 

41, 

42, 

43,' 

51, 

— a 
52, 

53, 

Forming   the  analogous   equation   for    four    points    in    a    circle,   and    ex] 
readily  deduce 

14   23  +  12   34  +  13   24-2.12   34   13   24-2.14   23    13^24-2.14   23    12   34-0, 
which  is  the  rational,  and  therefore  analytically  the  most  simple  form  of 

12   34+14   23  =  13    24. 

E^tclid,  B.  vi.,  last  proposition. 
(It  may   be   remarked   that   the   two   factors   we   have    employed    in    the    preceding 
eliminations,  only  differ  by  a  numerical  factor.) 
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ON    THE    PROPERTIES    OF    A    CERTAIN    SYMBOLICAL 

EXPRESSION. 


[From  the  Cambridge  Mathematical  Jom-nal,  vol.  iii.  (1841),  pp.  G2 — 71.] 
The  series 

(?)>= 2^"  1 . 2  ..7^77(1  + 1) ...  {i+p)j '^'^'' 

some  remarkable  properties,  which  it  is  the  object  of  the  present  paper  to 
investigate.  We  shall  prove  that  the  symbolical  expression  (i//-)  is  independent  of  a,,  b, 
&c.,  and  equivalent  to  the  definite  integral 

f'  tc^'  (fe 

h  {{1  +  l^)  (1  +  ma?)  ...j4' 
a  property   which   we   shall   afterwards  apply   to   the  investigation   of  the   attractions   of 
an    ellipsoid    upon    an    external    point,    and    to    some    other    analogous    integrals.     The 
demonstration   of   this,   which    is    one    of    considerable    complexity,    may    be    effected    as 
follows : 

Writiner  the  symbol  :; -,--;-. +  ?- -^a----  under  the  form 

^  •'  l+l    da^     1  +  m    db" 

fJL     ^     ^  _  f    ^        '^^  1        d^       \  _         f_i_     d?_         l__    ^       \ 

[da^  '^dl^--)      [l  +  rda^'^l+m-db'-)^         [l +V  da'^  1 +m- dif"' }  ^'^PP'^^^' 

let  the  jj*  power  of  this  quantity  be  expanded  in  powers  of  A.     The  general  term  is 

(_n,  p(p-i)...(p~q  +  i)  ^,_,M     ±    Y 

'•       •'  1.2...q  \l  +  l    da^--J  • 

which  is  to  bo  applied   to  f/i — rr^ — H' 

[{I  +  I)  a-  ...\ 
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ON   THE    PROPERTIES    OP   A    CERTAIN 


Considering  tbe  expression 

(L..  ^  y      1 

if    for   a   moment    we    write 


dn,'      dh.^ 


Pi^On+  h^ 


from  which  we  may  deduce 

^g]^^  2i  (2{  +  2)  ■  ■■  (2i  +  2^  -  2)  (2i  +  2  -  n) . ■■  (2^  +  2g  -  n) 
'  Pi'  pi'^" 

or,  restoring  the  value  of  p^,  and  forming  the  expression  for  the  general  term  of  (■^),  this  is 


\i  (2i  +  2  -  n)  A?'- 


(a?  +  h^ ...+  la?  +  mb^  +  &c.y 

1 

(a?  +  b''  +  ...  +  la''  +  inb''  + ...)' 


F&c. 


p  representing  the  quantity  a.=  +  6^  +  &c. 

Hence,   selecting   the   terms    of   the   s*   order  in   I,   m,   &c.   the   expression   for    the 
part  of  (t^t)  which  is  of  the  s""  order  in  ^,  m  &c.  may  be  written  under  the  form 

'^p"     1.-2...S 
multiplied  by 

— ^2i(2J  +  2-  n)(i  +  l)  ...       (i  +  s)^^--'-i^^^ 
+  ^-^f^^2z{2i  +  2>(2i  +  2-n)(2i+4-n)(i  +  2)...(i  +  s4l)A^-=^+S 
—  &c.  [la^  +  mil' . . .  =  CT  suppose] 


which  for  conciseness  we  shall  represent  by 


^S  suppose. 


;^(£-l) 
^       1.2     ^ 
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2J  SYMBOLICAL   EXPRESSION.  7 

Now   U  representing  any  homogeneous  function  of  the  order  2s,  it  is  easily  seen  that 

p.       p.  >.  p,+i 

and    repeating   continually    the    operation    A,   observing    that    A?7,   A^C/',  &c.   are   of  the 
orders  2  (s  —  1),  2  (s  —  2),  &c,  we  at  length  arrive  at 


ff  2i(2i  +  2o-4s-n)A^'  f^-i 
1      ^  ^  „i+i 


f  ^^^-gi^  2i  (2i  +  2)  (2i  +  2(;  -  4s  -  n)  (2i  +  2(7  -  4s  -  n  -  2)  A^' f7 .  4f^ 


+  2i(2i  +  2)...(2i  +  25)(2V+2<7-4s-n)...        (2^  +  2-4s-lt)  f7. --jr. 


Changiug  i  into  s-i-i  +  i',  we  have  an  equation  which  we  may  represent  by 

A9  - 
P 
ere  in  general 


1.2...r 

X  (2s  +  2*  +  2i')  (2s  +  2i' +  2i  +  2)  ...  (■2s  +  2i'  -i-  1i  +  1r- 
X  (2i  +  2i' +  2$  -  2s -  n)  ...  {2i +  2i'  + 25-2s- n -2r  +  2 
Now  the  value  of  jS,  written  at  full  length,  is 


and   substituting    for    the    several    terras    of    this    expansion    the    values    given    by    the 
equation  (a),  we  have 


where  in  general 

*'.==',(''^.,.r.+— ^„,.f„...+^.-x,,f^j 


"\1 

\s  being  the  (x  +  l)'"  of  the  series  a^.^.-- 


1.2...X  ---?■)■ 
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8  ON   THE   PEOPBRTIBS   OF   A   CERTAIN  [2 

Substituting  for  the  quantities  involved  in  this  expression,  and  putting,  for  simplicity 
2i+  2  —  n  =  2y,  we  have,  without  any  further  reduction,  except  that  of  arranging  the 
factors  of  the  different  tetms,  and  cancelling  those  which  appear  in  the  numerator 
and  denominator  of  the  same  term, 

{~iyh  (-1)--(1-7)(2-t)...(x-7) 

1.2 s     2"+'.  1.2. ..».!.  2...  (s-x).1.2...x 

multiplied  by  the  series 

(I'+s  +  l)  ...  (i  +  3  +  x-l)  into 

t(t  +  1)  x(x-l) 


T 1 ; — s—  ,     — T-y ^ —    .-T...  (x+1)  terms ^ 

Ix-T^      1.2      (x-7){x-I-t)  J 


{i  +  s)...(i  +  «  +  x- 


into 


1-7 

7x(x-l)  ,  7(7+1)    x(x-l)(x-2) 


(i  +  a-r+l)...(;  +  8  +  x-i--l) 
(l-7)(2-7)...('--7) 


|x(x-l)...(x-r  +  l)  +  |?fe     P_;-'''     '''+...(x  +  .--l)terni5| 


Now  it  may  be  shown  that 

1 

(i-7)(2-7)...(r-7) 

J. t;;!"-:^')  ■■■("-'')  + fa... .(x  +  l-r)  termsl 

x(x-l)...(r+l).x(x-l)...(x-r  +  l) 
(l-7)(2-7)...(x-7) 
which  reduces  the  expression  for  k^  to   the  form 

tzim. _c^):::^ 

1.2...S     2»+'.1.2...s.l.2...(s-x; 


(i  +  «  +  l)...(i  +  «  +  x-l) 

(i+s>...     (i+s  +  x-a) 


,  x(x-l) 
'"      1.2 


(i  +  »-l)...(i  +  s  +  x-.3) 


_  ±  &c.  (x  +  1)  tern- 
from  which  it  may  be  shown,  that  except  for  x  =  0,  k^  =  0. 
The  value  x  =  0,  observing  that  the  expression 

(i  +  »  +  l)(i  +  s  +  2)...(i  +  s-l) 
represents  -;——-,  gives 


Hosted  by 


Google 


SYMBOLICAL    EXPRESSION. 


1.2... 5     2^a.2...s)^(2^ 


or  we  have  simply 


(-!)■ 


A'Cr, 


2=^(1.2  ...s)^(2i+2s) 
where  A  =^  ^+ -^j+ ...,    U  =  (la^  +  mh^ . . .y. 

Consider  the  term  i  .2  ...  x\'t.'2''..;..  fcc. «"''"•••'''»'••• 

with  respect  to  this,  A^  reduces  itself  to 

1.2...S  /-dV* 


1.2...X.  1.2.../i.&c.  VrfW 
and  the  corresponding  terra  of  S  is 


-^ — ^^-^^ ^1.2...2X.1.2...2m.  &c.  I'^m'^.. 


2''{2i  +  2s)  (1.  2  ...  X.  1 .2  ...  /i.  &c.)= " 

^{-ly.  1.3...(2X-l).1.3...(2/.-l).  &c. 
{2i  +  2s}2.4...2\.2.4...2/^.  &c. 

which,  omitting   the   factor      ,  — g-,  and  raultiplying  by  :^',  is   the   general   term   of  th& 

s'"  order  in  I,  m, ...  of 

1 

The  term  itself  is  therefore  the  general  term  of 

/■' a^^'  d^ 

j„  Vi(l  +  ia^)(l+ma;=)...}' 
or   taking  the  sum   of  all  such  terms  for  the  oomplete  value  of  S,  and  the  sum  of  the 
different   values   of  S  for  the   values  0,  1,  2...  of  the  variable  s,  we  have  the  reijuired 
equation 


p  x^~''  dx 


Another  and  perhaps  more  remarkable  form  of  this  equation  may  be  deduced 
by  writing  ^r — j,  -  —  ,  &c.  for  if,  b\  &c.,  and  putting  , — ■, +t— — i-&c.  =1?^  lif  —  c^, 
mif  =  ^,  &c.:   we  readily  deduce 

r,-,i   t'  !^''  dx 


/     2    _^^     ,      02 

»2?"+M".2"...p.i(*+l)...  (i+p)r  rfa^^'^  d,b^-)  {tt=+6^..)■■ 


_    Cf     "   __„ ?■ (     2    _^1     I      02  _^  Y'    _ 
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10  ON    THE    PROPEETIES    OP   A   CERTAIN 

■tj  being  deteniiioed  by  the  equation 


or,  as  it  may  otherwise  be  written, 

rf'  +  a^      ■rf  +  0^ 
n,  it  ivill  be  recollected,  denotes  the  number  of  the  quantities  a,  b,  &c. 

Now  sappoae 

V^JJ...<p{a-x,   h-y,...)dxdy  ... 
(the   integral   sign   being  repeated   ll   times)  where  the   limits   of  the  integral  are  given 
by  the  equation 

and  that  it  is  permitted,  throughout  the  integral  to  expand  the  function  ^(p,  —  x,...') 
in  ascending  powers  of  ic,  y,  &c.  (the  condition  for  which  is  apparently  that  of  0 
not  becoming  infinite  for  any  values  of  x,  y,  &c.,  included  within  the  limits  of  the 
integration):  then  observing  that  any  integral  of  the  form  jl  ...a^y'^ ...dxdy  &c. ...  where 
any  one  of  the  exponents  p,  g,  &c.  ...  is  odd,  when  taken  between  the  required  limits 
contains  equal  positive  and  negative  elements  and  therefore  vanishes,  the  general  term 
of   V  assumes  the  form 

"^  "'""'"■'...  0(«,  b...)jj...x^'-f^...dxdy... 


1.2...^r.l.2...2s...\da/    \,dbj 

Also,  by  a  formula  quoted   in  the   eleventh   No.   of  the  Mathematical  Journal,  the  value 
of  the  definite  integral  JJ ...  a^'y^\..  dxdy  ...is, 

■       ■■■r(r  +  s+... +  411  +  1)' 

(observing   that  the   value   there  given  referring  to  positive  vakies  only  of  the   variables, 
must  be  multiplied  by  2"):  or,  as  it  may  be  written 

,,.,+,  j,+.         4.      1     1.3...(2r-l).1.3...l2..^11... 
'     •■       •2'+'-in(Jtl+Tj,..Cin  +  r  +  «.;.)r(iti)- 
hence  the  general  term  of  V  takes  the  form 

hh,...ir>' 1 1_ 1 

r(ill)     ill(ln  +  l)...(in  +  r  +  s...)'2'+--  1.2:3..:r/i;2...s... 


<('i.r(*-0-««''--)^ 


and  putting   r  +  s  +  &c.=p,  and  taking  the  sum   of  the  terms  that  answer   to   the  same 
value  of  p,  it  is  immediately  seen  that  this  sum  is 

,  d' 


r{^n)    ■2^.1.2...p4n(.-^in-l)  ...(in+p) 


n+p)  \    da^       ■  dp      I   ^  "-■  • 
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2]  SYMBOLICAL  EXPEESSrON.  11 

Or   the   function   <}i(a  —  a!,   h  —  y...)   not   becoming  infinite   within   the   limits   of  the 
integration,   we  have 

Sj...4,{a-x,  h-y..:]dxdy... 

-  ^^tA,  ■ .  ■  TT^"  c  "^ 1 f;  s  _*!-  4. 7  5  _^     Va  /      h      1 

"     T(\n)    '^i'°2^i'+M.2...p.in(in  +  l).,.{Jn+;))V'  rfa^      '  rf6="V  **"'     '"'■ 

the    integral   on   the    first   side   of   the   equation   extending    to    all   real    values   of   x,   y. 

Suppose  in  the  first  place         i^{«,  b...)  = t-. 

(a'^  +  b-  ...y 

By  a  preceding  formula  the  second  side  of  the  equation  reduces  itself  to 


i,?l,...-7r^"  p tc"-^  da: 

r(^n)     J„V((V  +  A=*1  (•7'  +  A>'J  ■■■  (n  factors)}' 


V  being  given  by  ^/,. +^t:;-^-=- =  ^- 

Hence  the  formuk 

...  n  times   ''        ,- 

if  \ia~,f+^b-yf...f- 

where  the  integral  on  the  first  side  of  the  equation  extends  to  all  real  values  of 
cc,  y,  &c.  satisfying  t-- +y^g4-&c. ...  <1 ;   i?^  as  we  have  seen,  is  determined  by 

-i^.+ -.!■,-.+ *«■-!; 

and  finally,  the  condition  of  ij>[a  —  x,  h  —  y...)  not  becoming  infinite  within  the  limits 
of  the  integration,  reduces  itself  to  y^  +  p^+ .,,  >  1,  which  must  be  satisfied  by  these 
quantities. 

:  in   the  next  place  that  the  function   0(a,  b...)  satisfies   -^-^  4--^-^+ &c.  =  0. 
,   d' 


The  factor  f  h^  -^—^  ■+  &c.  j  may  be  written  under  the  form 


=  U;_A5)4\  +  &c. 
^  '         '  db- 

2—2 
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12  ON   THE   PB.OPBRTIES    OP   A   CERTAIN   SYMBOLICAL   EXPRESSION.  [2 

since,    as    applied    to    the    function    (j>,  ^^  +  -jr^  +  &e.    is    equivalent    to    0;    wc    have    in 
this  case 

j!...<f>(a-a:,  b -y  ...)dxdy... 


r(in) 


-^.:2-i.iTr:r.T:::^^Tir:ran+p)^'''^-^^^l^+---r*^ 


or  the  iirst  side  divided  by  hh^...  has  the  remarkable  property  of  depending  on  the 
differences  h^  —  h?,  &c.  only ;  this  is  the  generalisation  of  a  well-known  property  of  the 
function  V,  in  the  theory  of  the  attraction  of  a  spheroid  upon  an  external  point. 

If   in   this   equation   we   put   <p{a,  b...)  — j^ ,  which    satisfies   the   required 

condition  -r^  +  &c.  =  0,   then   transferring   the   factor  a   to  the  left-hand   side  of  the  sign 

S,  and  putting  in  a  preceding  formida,  a^  =  0,  ^^  =  k^  —  h^,  &c.  and  if  +  h'  for  tj',  wo 
obtain 


. . .  n  times)  --  *■         \       " 


_      2kh,...-7r"'a      f' x'-'dx 

^  V(^'-l-/t').r(|n)Jo  VKV  +  Zt'-l-CV-^')^']  W'+Zt'+CV-^O^J  ■■■  (n-l)  factors]' 

where,  as  before,  the   integrations  on  the  first  side  extend  to  all  real  values  of  a:,  y,  &c., 

satisfvdng   y--f ,—,...  <1 ;  if  is  determined  by  -v — -.-  +&c.  =  l;   and  a,  h,...h,  h,,  &c.  are 
■'    °   ft=     A/  ■'    rf'  +  rC  ' 

subicct  to  7- -1-^— -t-&c, ...  >  1. 

For  n  =  3,  this  becomes, 

ili  {a~x)dxdyd^ 

_  JTrkhX^a  r afldcc  _ 

~  ^/(h'  +  v')Jo  VtW  +  /('  +  (A/  -  h.^)^V^+  ^°  +  (V -  !>■')  '^J]  ■ 

the    integrations    on    the    first    side    extending   over   the    ellipsoid    whose    semiaxes    are 
h,  h„  h„,  and   the   point  whose   coordinates   are   a,  h,  c,  being  exterior  to  this   ellipsoid; 

also  j-H — i— -I 1  ,  =  1;   a  known  theorem, 

if  +  li      7]"  +  ft/     if  +  ft„ 
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ON    CERTAIN    DEFINITE   INTEGRALS. 

[From  the  Cambridge  Mathematical  Journal,  vol.  iii.  (1841),  pp.  138 — 144.] 
In  the  first  place,  we  shall  consider  the  integral 

V=l!...{n  times) *i^t^ i-^, 

the  integration  extending  to  all  real  values  of  the  variables,  subject  to  the  condition 
g  +  |;,+  ...<Or=l, 

h^  h/ 

and  the  constants  a,  b,  &e.  satisfying  the  condition 

a'      b'' 
A'     ft/ 

We  have 

dV 


'{{a-xy  +  ib^yf. ..]''' 
^  being  determined  by  the  equation 

l  +  A^^I+V 

by  a  formula  [see  p.  12]  in  a  paper,  [2],  "  On  the  Properties  of  a  Certain  Symbolical 
Expression,"  in  the  preceding  No,  of  this  Journal:  f  having  been  substituted  for  the  ■rf 
of  the  formula^ 
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14  ON    CERTAIN  DEFINITE    INTEGRALS.  [c 

Let  the  variable   x,  on  the  second  side  of  the   oquation,  be  replaced  by  0,  where 

*  ^  +  li;'  +  <j>' 
we  have  without  diiHeulty 


^       '    r(in)    J.({  +  *'  +  «v*' 


where  *  =  ({  +  *"  +  *)  Cf  +  t,'  +  i»  ... 

and  similarly 

^.-f„-«^''-..''"'i'r d^, 

M        >"    ''    r(jn)    J,  (f +  /,,.+>")  V*' 


ese  values  it  is  easy  to  verify  tlie  equation 

(n-2)M,...7r"f-/  6._      N 

2r(Jvi)      J.\     {  +  h'  +  4,    i+h,'  +  ^'"J 


For  tliis  evidently  verifies  tlie  above  values  of  -^~ ,  —^ ,  &c.  if  only  the  term  -r^  d^ 
vanishes ;   and  we  have 

(jF     (n-2)M,...7r"f'         d/  a'  \J_ 

'd(  2r(Jn)        J.    ''■rftl       f +  A.'  +  *"VV*' 

or,  observing  that 

1^ ^  _  'i  1  ^iJi ?:_  .  ^  i_ 

and  taking  the  integral  from  0  to  «> . 

dV _     (n-2)feA,...T7-^"/  g-     _   _6^      \ ]^ ^ 

in  virtue  of  the  equation  which  determines  |. 

No  constant  ha«  been  added  to  the  value  of  F,  since  the  two  sides  of  the 
equation  vanish  as  they  should  do  for  a,  h...  iniinite,  for  which  values  |  is  also  infinite 
and  the  quantity 

/,  a'  \      1 


aiiishes. 


Hence,  restoring  the  values  of  V  and  $, 
\\...  (n  times) 


{{a-xr+{h-yr...\ 


+  0-VV{(f  +  A'  +  'f')(?  +  /'/  +  '^)--} 
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3]  ON    CBETAIN    DEFINITE    INTEGKALS.  15 

tho  limits  of  the   first   side   of  the   equation,  and   the   condition  to   be   satisfied   by  a,  h, 
&c,  also  the  equation  for  the  determination  of  ^,  being  as  above. 

The  integral 


V  =  IT...  (T,  time.) '''"'='- 


between  the  same  limits,  and  with   the  same  condition  to  be  satisfied   by  the  constants, 
has  been  obtained  [see  p.   11]  in  the  paper  already  quoted.     Writing  |  instead  of  i;^,  and 

p 
jc^  =  t,  ^-~  ,  we   have 
^  +  4> 

y,_hh,...iT^''  r d4 

ran)  J„(^+"^)vK?  +  A^  +  ^)(^"+v  +  '^)""l' 

Let  V  =  ^„  +^=-  +  ...     Then  by  the  assistance  of  a  formula, 

^'  (a^  +  l...y  ^  ^'  ^^'  +  2) . . .  (2i  +  25  -  2)  (2i  +  2  -  n)  . . .  (2i  +  2g  -  n) .  -(-^^^^i+-, 

given  in  the  same  paper  [see  p.   6],  in  which  it  is  obvious   that  a,  h...    may  be  changed 
into  a  —  x,  h  —  y,  &c. ...;    also  putting  i^^n;    we  have 

Now  in  general,  if  j^J  be  any  function  of  f, 

vxt=^K2-S-)  ^^"f  {©■- (f )' -H'^f  ^  (2) -=^'f  ^  (2T.  »pp»e^ 

But  from  the  equation  £71: — ^,.^  =  1, 

^  (?  +  '«') 

,  ^  ■  2a        (^       a"      ]  dP     ^ 

we  obtam  ^^  _  J  2 -^— -j-^ i -/- =  0, 


whence  X 


id(x 


\daj      ^       ra" 

Also  ^      t     "     ''f  1  ;  (s    ""    \l''(]'-k    'L-\'?i^o- 

whence  taking  the  sum  S,  and  observing  that 


22 ^  - 
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ON    CERTAIN    DEFINITE    INTEGRALS. 


and  we  hence  obtain 


Hence  the  function 


vxf  = '—-, . 


/"#."  ' 


(f  +  WVlCI+i'  +  W-) 

(observing  that  differentiation  with  respect  to  f  is  the  same  as  differentiation  with 
respect  to  1^)  becomes  integrable,  and  tailing  the  integral  between  the  proper  limit*,  its 
value  is 

1 


where  ^^  = 


fV[(f  +  A-)  ({  +  *,-)., 
We  have  immediately 


i/'''''(l  +  «V((f  +  *'+,(,)...) 


l%/l(f+*0({+'.,-).-!'    "'     ■ 


1(1+47  ^(f +  ;,,•)■ 

Hence  restoring  the  value  of  V,  and  of  the  first  side  of  the  equation, 


I!-  (n  times) '''"'"- r« 

II  '((„_«).+  (i_,)....)t« 


M,  ,..,r'" 


fvi(f + '.')  tt+V)  ...1  |(f-+iiy'+  ({T«i+ ■•■( 

with   the   condition  7™,-  +  ^^ .,.  =  1: 

I  +  A=     ?  +  A/ 

from   which   equation   the   differential   coefficients   of    ^,   which   enter   into   the   preceding 
result,  are  to  be  determined. 
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3]  ON    CEETAIN    DEFINITE    INTEGRALS. 

In  general  if  u  be  any  function  of  ^,  a,  b... 

from   which    the   values    of   the    second    side    for    §=1,   g  =  2,   &c.   may   be 
calculated. 

The   performance  of  the  operation   (-=- ]    f-w]    {-,  J  ...,  upon  the  integral  F',  leads  in 

like   manner   to   a  very  great   number   of  integrals,  all  of  them  expressible  algebraically, 
for   a   single    differentiation    renders   the    integration   with    respect    to    ^ 
this  is  a  subject  which  need  not  be  further  considered  at  present. 

We  shall  consider,  lastly,  the  definite  integral 

!7.    |...(n  times) ii ii ^-r; , 

II  [(a-„f+(b-y)'...r 

limits,  &c,  as  before.     This  is  readily  deduced  from  the  less  general  one 

fL.(ntim„)      (»-")"!'■■■ 

For  representing  this  quantity  by  F{h,  /t, ...),  it  may  be  seen  that 

U~\'/i~'')-^r{,nh.mh,...)dm; 

but    in    the    value    of    F{h,  A,...),    changing   A,    h,...    into    mh,    mh^...    a 
instead  of  tfi,  and  m^^'  for  ^,  we  have 

where    .  'i'' =  iV  +  !^' +  <l>)  {^' +  K^ +  <!>)■■  ■ 


and 


proper  limits, 

hh. 


d    -r, ,    ,        ,       ,       d^'    d 
-^— F  (mk,  riih,...)^-/    -jz^ , 
dm,  am   af 

_kh,^..j^   d^  r,.^ 1^_ 

~  r("in)    "dm  j„  "^"^d^'  (r  +  /f^+0)V(*')' 

the  integration    between    tlw; 


j— F (mh,  mh,...)=  — 


mn)      (f+/^")V{(r  +  A')(r  +  V) 
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ON    CEKTAIN   DEFINITE    INTEGRALS. 


Substituting   this   value,   also  /-^tt— ,„+w--    ,-„+---i  for  f(m^),  in   the    value   of    IT, 

and    observing    that    m  =  0    gives    |^  =  oo ,    m  =  1    gives    ^'  =  ^,   where    |    is    a    quantity 
determined  as  before  by  the  equation 


or  writing  ^  +  f  for  f',  d^' —  di^i,  the    limits    of  i^   are    0,   x  ;    or,  inverting  the  limits  and 
omitting  the  negative  sign, 


which,    in   the   particular   case   of    n  =  3,   may    easily   be    made  to    coincide   with    known 
results.     The  analogous  integral 

if-<"->KL.).'.(J,)....f 

is  apparently  not  reducible  to  a  single  integral. 
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ON   CERTAIN    EXPANSIONS,    IN    SERIES   OF   MULTIPLE   SINES 
AND   COSINES. 


[From  the  Cambridge  Mathematical  Journal,  vol.  iii.  (1842),  pp.  162—167.] 

In   the   following   paper   we   shall   suppose   e   the   base   of  the   hyperbolic   system   of 
logarithms  ;  e  a  constant,  such  that  its  modulus,  and  also  the  modulus  of  -  {1  —  Vl  -  e''}, 

are  each  of  them  leas  than  unity;  ;^  [«"*''""}  a  function  of  u,  which,  as  u  increases 
from  0  to  TT,  passes  continuously  from  the  former  of  these  values  to  the  latter,  without 
becoming  a  maximum  in  the  interval,  /Se""""""}  any  function  of  m  which  remains  finite 
and  continuous  for  values  of  u  included  between  the  above  limits.     Hence,  writing 

xU"'-"]"i' (1), 

and  considering  the  quantity 

VI^-/l.-"-»l (2). 

7„le.V(-.)j,'(e«MJ(l_eo(,so) 

as  a  function  of  m,  for  values  of  m  or  w  iucluded  between  the  limits  0  and  tt,  we  have 

_     yr^^/l^-^'-.)} ^  2  ^  ^  ^^^  ^^  r.        jr:^^  f  {e-^i-^>\  COB  rmdm 

^_lgHV(-i}^'{e«V(-i|]  ^i^gcosM)      ■^     """  Jo  7^e"'"-'ix'!e'""""((l-ecosH)'  '      ' 

{Poisson,  Mec.  tom.  i,  p.  050);    which  may  also  be  written 

7-le''V(-i;^[e'"''-"}(l-ecosw)      -^  U  l-ecosu 

and  if  the  first  side  of  the  equation  be  generally  expansible  in  a  series  of  multiple 
cosines  of  tn,  instead  of  being  so  in  particular  cases  only,  its  expanded  value  will 
always  be  the  one  given  by  the  second  side  of  the  preceding  equation. 

3—2 
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20  ON    CERTAIN    EXPANSIONS,  [4 

Now,  between  the  limits  0  and  tt,  the  function 

/{e-Vi-iijcosrxle'""-''} 
will  always  be  expansible  in  a  series  of  multiple  cosines  of  u ;  and  if  by  any  algebraical 
process  the  function  fp  cos  r^p  can  be  expanded  in  the  form 

/p  cos  rxp  =  S-"  a^p',     (o',  =  a_,)    (5)  ; 

we  have,  in  a  convergent  series, 

/|,«VM]coBrx(e"''--"}=«„  +  2S;«,coss.. (G). 

Again,  putting  -{1  ~  Jl^~?l  =\ (7), 

we  have  zr^ — -^-  =  1  +  i2S'°  'hJ'cospu (8). 

1  —e  cos  u  '  ^  ^  ' 

Multiplying  these  two  series,  and  effecting  the  integration,  we  obtain 

if.7w/l.!l.::te5£xj!^»Wj..2(!..+xr(.,x-)i w, 

TrJn  1  — ecosit  '-  1   '  «    '(  '  / 

and  the  second  side  of  this  equation  being  obviously  derived  from  the  expansion  of 
f\  cos  rx>-  by  rejecting  negative  powers  of  X  and  dividing  by  2,  the  term  independent 
of  X  may  conveniently  be  represented  by  the  notation 

2/X  cos  ry^ (10); 

wliere  in  genoral,  if  FX  can  be  expanded  in  the  form 

rx^t.Z  (-4A0.        [A_,  =  A,]    (11), 

we    have  f\  =  J^„  +  S"^,V (12). 

(By  what  has  preceded,  the  expansion  of  FX  in  the   above   form   is   always  possible 
in   a   certain   sense ;    however,  in   the   remainder   of   the   present   paper,   TX   will    always 

be   of  a   form  to  satisfy  the  equation  r(-]  =  rA.,  except   in   cases  which  will   afterwards 

be  considered,  where  the  condition  A_g  =  A^  is  unnecessary.) 

Hence,  observing  the  equations  (i),  (9),  (10), 

^  dlz^fjf^.  _  .  =S_"cosrni2cosrYX/-\ (13); 

J  —  1  6"*l-'l  ;y;   (e««i-i|j  (1  _  e  eos  u)  ■• '—^ 

from  which,  assuming  a  system  of  equations  analogous  to  (1),  and  representing  by  11  (<I>) 
the  product  *i*a  ■■-  ,  it  is  easy  to  deduce 

=  2_:  2_:  ...n  COS  rm  11(2  COS  rxX)/(X„  X.'Z) (14), 
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4]  IN    SERIES   OF   MTJLTIPLE  SINES   AND  COSINES, 

where  V  {\„  X, ...)  being  expansible  in  the  form 

r(\„  x,.,.)=2_:s_:...^s„s,... W"-.[^s,. *,...= ^-..„ -.>...] (15), 

r(x„x,...)  =  2;£;...^^,„.„..V'X/',..,  (16), 

N  being  the  number  of  exponents  which  vanish. 

The  equations  (13)  and  (14)   may  also  be  written  in  the  forms 

/|.«"-"l=S_:oos™2c„srxX-£^'j^^^iJ^fc_<^i^/X (17), 

/!."■"-".  ''•"'••  ■■■!  

■  s^;2;_;.., n (oos™) n k cosr^x"'-"!'^^ '.'^-<^^±^^}/(x„  x, ...) ,..  (is). 

As   examples   of  these   formula;,   we   may   assume 

^(e-Mi]  =  m  =  «-»dn« (19). 

Hence,  putting 

j,r^-i'^-^"'  +  X-^e^'^-^"'>^A,  (20), 

and   observing   the   equation 

7~"i  e"**'-^' X'l«'^ *"""}  =  1-ecosw (21), 

the    equation   (17)   becomes 

/(,".<-.]  =  2.:  cos rmA.O^:i^^^A (22). 

Thus,  if  e -- vj  =  cos-' ^^^^^^—  (23), 

'  1  -  e  cos  M  ^ 

assuming  -^ ''^""'^"^^  ^  l-ecosu *^*^' 

cos  (^  -  ^)  =  S  _  ^  -  .-"^  ^-^^  cos  rm  fl  -  le  (X  +  \-)}  (^  (X  +  X"')^  A,  . .  .(25), 
the   term   corresponding   to   r  =  0   being 


--p^r^.{2\-2e-e{X'  +  l)  +  2e'Xl  =-e  (26). 

2V1  ~  e^ 


Again,  assuming 

'  '     dm     (l-ecos!i)' 


/l'"'"l  =  £-,,-H7i^v m 
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and   integrating   the   resulting   equation   with   respect   to   m, 

^-s7  =  2_:^^^^^^A^=m  +  2S"~— A^ (28), 

a  formula  given   in  tho  fifth  No.  of  the  Mathematical  Journal,  and  which  suggested  the 
paper. 


As  another  example,  let 


/  e"**!-'*   =  cos  (^  -  in-)  -J—  =  — y-^ ^ -— '  29). 

•'  ■  '  ^  '  dm  (1  -  ecosii)-^  ^     ' 


Then  integrating  with  respect  to  7%  there  is  a  term 


,  (SO), 


i--^(x.  +  x-') 

which  it  is  evident,  a  priori,  must  vanish.     Equating  it  to  zero,  and  reducing,  we  obtai 


l-e'     l-le(X  +  X-i)  • 


..(31), 


that  is  ^— ^  =  \  +  ^(X2  +  i)  +  _,(x=  +  3\)+_(V  +  4X=  +  3)+ (32), 

a  singuUir  form\ik,  which  may  be  verified  by  substituting  for  X  its  value ;  we  then  obtain 

.in(e-.).2^-?:^^Zi^^jPf^ (33), 

r  1  -^  (A.  +  A,  'J 

The     expansions    of    sin  A;  {^  -  ot),    cosA:(^  — ct),    arc    in    like    manner    given    by    the 
formulfe 

cos  k (6  — tit)  =  %_2  A^L' cos  JcL  C03 rm  (34), 

sini-(£'-^)=2  Z^yCoskL^-^^^^^ (35). 

'"        kr  r  •     ^' 

where,  to  abbreviate,  we  have   written 

li-i.<x  +  x-)l 

ll-ie(X  +  X-')] 


Forming  the  analogous  expressions  for 

cos  k  {&'  —  ot'),         sin  k  {$'  —  ct'), 


=  i  (36), 

-i' (37). 
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substituting  in 

cos  k(e-  8')  -  cos  k  (^  -  ^')  |cos  k  [6  -  w)  cos  k  {ff  -  ^')  +  sin  k  (6  -  ^)  sin  k  ($'  -  ^')1 
-  sin  A  (ot  -  -sr')  (sin  &  (^  -  -w)  coa  !c  {6'  —  ot'}  —  sin  k  (6'  —  ra-')  cos  k  (0—  ■nr)], 
and  reducing  the  wholo  to  multiple  cosines,  the  final  result  takes  the  very  simple  form 


cos  ^  (i^  -  ^')  =  2 _ "  cos  [r'm'  -  rm  +  k{^-  ^')]  A.A'r'  cos  kL  cos  kU  (L-y\(L'~-  ~]  . .  .(38). 
Again,  formula!  analogous  to  (14),  (18),  may  be  deduced  from  the  equation 

r(m., .»,...) 
=  2_^_..;         cos(r,m,+r,«i,...)j^  — ^J^   ^  ...  co&ir.m.+r.vh  ...)r  {m„  m, ...) 

[  +  siii{nm,  +  r,m,...)j"™^j"'"^...sin(nm,  +  r,m,...)r(m„m,,.,)    (39), 

which  holds   from  m,  =  0   to   m,  =  27r,  &c.,  but   in   many  cases   universally.     In  this  case, 
writing  for  F  (m,,  m,.,.)  the  function 

and  observing 

■llz^zyj^^i:^^  ,  1  ^MI!!'i!  -  1  +  2S-  [cos  .1. -  y -T  m.  «.|  X' («), 

1-ecosM  1-7l6~"*'~"  '   ^  '  ^-     ' 

an  exactly  similar  analysis,  (except  that  in  the  expansion 

r(X„  X2.,.)  =  S_^S_:...^,,s,--.V'V'---. 

the  supposition  is  not  made  that  Ag^^  g^...  —  A^g^^  -sg---)-  leads  to  the  result 


/(,.,»<-.),...*,-.. ..jn 


.V~ie-'>-»x'l'"'"ia- 


.S_;S_:...  oo.(r,m,  +  r,m,.,.)2«oos(nx.V  +  >-,X.^...)/(X..  >.-■■) 


I  +  sin  (nm.  + 1-,"', . . .)  2'.in(r,^;A  +  >-,x.X,  ...)/(Xi,  >. ...)  . . .(12), 
(n)  being  the  number  of  variables  %,  if,....     Hence  also /(e^*''~^*,  e""*"~^' ...} 


COS  (r,»; 

-!,  +  .. 

I,  +  .. 

.)cos(r,;^iXi+.. 

■>"f-^-l^)^i?r^}/<---> 

si„(n„ 

.)sin(r,x,X.+  -. 

■'"l-'fB^^iil^^}/'--^ 

..(43), 
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By  choosing   for /[e"'"''-^',  e^'"'-"  ...],  functions   expansible  without   sines,   or  without 
Gosinos,  a  variety  of  formula  may  be  obtained:   we  may  instance 

Jl^t?-ie{\ ->.-')  

A,  having  the  same  meaning  as  before. 


Jl-e'-lseiX-X-'} 


..(«), 


where  A',  =  Vs''~       -X-',i'  (46), 


)l-^«(X  +  X-')|(>.-t-')A', 


+  -A^  =  0 (47), 


and 


|l-t.(X  +  X-)||(X  +  X-)-WA, _ fi-ri7^+x-.))|(X+X-^i^.  , , ,(48); 


>r,  what  is   the  same  thing, 

(X-X-')  jl-J^e(X  +  X-')l  i(^  +  ^''')  -  ie}A', 


(«); 

-^,x-x-.) 


)r,   comparing   with    (44), 

(\'  -X-^)\l-ie(\  +  X-')}  a". 


(30), 

(X-X-) 


which    ai'e    all    obtained    by    applying    the    formula    (43)    to    the    expansion    of  (^— jn-}, 

iind  compai-ing  with  the  equations  (25),  (33). 
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ON   THE   INTERSECTION   OF   CURVES. 


[From  the  Cambridge  Mathematical  Journal,  vol.  iii.  (1843),  pp.  211—213,] 

The  following  theorem  is  quoted  in  a  note  of  Chasles'  Apertju  Historique  &c.,  Memoires 
de  Bruxelles,  torn.  XI.  p.  149,  where  M.  Chaales  employs  it  in  the  demonstration  of 
Pascal's  theorem :  "  If  a  curve  of  the  third  order  pass  through  eight  of  the  points  of 
intersection  of  two  curves  of  the  third  order,  it  passes  through  the  ninth  point  of 
intersection."  The  application  in  question  is  so  elegant,  that  it  deserves  to  be  generally 
known.  Consider  a  hexagon  inscribed  in  a  conic  section.  The  aggregate  of  three 
alternate  sides  may  be  looked  upon  as  forming  a  curve  of  the  third  order,  and  that 
of  the  remaining  sides,  a  second  c\irve  of  the  same  order.  These  two  intersect  in  nine 
points,  viz.  the  sis  angular  points  of  the  hexagon,  and  the  three  points  which  are 
the  intersections  of  pairs  of  opposite  sides.  Suppose  a  curve  of  the  third  order  passing 
through  eight  of  these  points,  viz.  the  aggregate  of  the  conic  section  passing  through 
the  angular  points  of  the  hexagon,  and  of  the  line  joining  two  of  the  three  inter- 
sections of  pairs  of  opposite  sides.  This  passes  through  the  ninth  point,  hy  the  theorem 
of  Chasles,  i.e.  the  three  intersections  of  pairs  of  opposite  sides  lie  in  the  same  straight 
line,  (since  obviously  the  third  intersection  does  not  lie  in  the  conic  section) ;  which  is 
Pascal's  theorem. 

The  demonstration  of  the  above  property  of  curves  of  the  third  order  is  one 
of  extreme  simplicity.  Let  U  =  0,  V  =  0,  be  the  equations  of  two  curves  of  the 
third  order,  the  curve  of  the  same  order  which  pa^es  through  eight  of  their  points 
of  intersection  (which  may  be  considered  as  eight  perfectly  arbitrary  points),  and  a 
ninth  arbitrary  point,  will  be  perfectly  determinate.  Let  Ua,  V„,  be  the  values  of 
U,  V,  when  the  coordinates  of  this  last  point  are  written  in  place  of  x,  y.  Then 
UVt  —  U„V=  0,  satisfies  the  above  conditions,  or  it  is  the  equation  to  the  curve 
required ;  but  it  is  an  equation  which  is  satisfied  by  all  the  nine  points  of  intersection 
of  the  two  curves,  i.e.  any  curve  that  passes  through  eight  of  these  points  of  inter- 
section, passes  also  through  the  ninth. 

C.  4 
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Consider  generally  two  curves,  (7^=0,  V„  =  0,  of  the  orders  m  and  n  respectively, 
and  a  curve  of  the  r'"  order  (r  not  less  than  m  or  n)  passing  through  the  mn  points 
of  intersection.     The  equation  to  such  a  curve  will  bo  of  the  form 

Uy^,n,  Vr-n,  denoting  two  polynomes  of  the  orders  r~m,  r  —  n,  with  all  their  coefficients 
complete.  It  would  at  first  sight  appear  that  the  curve  [7  =  0  might  be  made  to 
pass  through  as  many  as  (1  +  2  ...  +  (r -m  +  1)}  +  (1  +  2  ...  (r- n  +  1)}  -  1,  arbitrary 
points,   i.e. 

or,  what  is  the  same  thing, 

jr(r  +  3)-mjH-H'--'«-«  +  "l)('--«i-w  +  2) 
arbitrary  points,  such  being  apparently  the  number  of  disposable  constants.  This  is  in 
fact  the  case  as  long  as  r  is  not  greater  than  m  +  n  —  1 ;  but  when  r  exceeds  this, 
there  arise,  between  the  polynomes  which  multiply  the  disposable  coefficients,  certain 
linear  relations  which  cause  them  to  group  themselves  into  a  smaller  number  of 
disposable  quantities.  Thus,  if  r  be  not  less  than  m  +  n,  forming  different  polynomes 
of  the  form  af^^  y„  [a  +  ^  =  or  <  m],  and  multiplying  by  the  coeflcients  of  jc"^^  in  [7„ 
and  adding,  we  obtain  a  sum  tTrnT^,  which  might  have  been  obtained  by  taking  the 
different  polynomes  of  the  form  iC^^  JJ^  [7  +  8  =  or  <  w],  multiplying  by  the  coefficients 
of  afi^  in  F„,  and  adding;  or  we  have  a  linear  relation  between  the  different 
polynomes  of  the  forms  af^y^Y^t,  and  afy^Um-  ^^  the  case  where  r  is  not  less  than 
m  +  n+1,  there  are  two  more  such  relations,  viz.  those  obtained  in  the  same  way 
from  the  different  polynomes  afy^.xVn,  i^y^.xUm,  and  a;°^.i/7„,  afly^.yUm,  &c.;  and 
in  general,  whatever  be  the  excess  of  r  above  in  +  n—l,  the  number  of  these  linear 
relations    is 

l  +  2,,,(r-»,-»+l)=.i(r-m-i.  +  l)(.'-,„-i.  +  2). 

Hence,  if  r  be  not  less  than  m  +  n,  the  number  of  p  mts  thiough  \\hich  a  curve  of 
the  r"^  order  may  be  made  to  pass,  in  addition  to  the  mn  points  whi(h  aie  the 
intersections  of  U,n—0,  T^»=0,  is  simply  ^r  (r  +  Z)  —  m-n  In  the  case  of  ■>  =m  +  n—l, 
or   r=m  +  n—2,  the  two  formuUe  coincide.     Hence  we  may  enun(,iate  the  theorem 

"A  curve  of  the  )-"■  order,  passing  through  the  mn  pomts  jf  mteisectiou  of 
two  curves  of  the  m"'  and  n'"  orders  respectively  m\y  be  made  to  pass  through 
^j-(r +  3)-mn  +  ^  (m  +  w -r  — 1)  (m+n  — ?■  — 2)  arbitrar)  pnnts  if  7  be  not  greater  than 
m  +  n~Z  :  if  r  be  greater  than  this  value,  it  may  be  made  to  piss  through  i-r  (j  +  3)  -  mn 
points  only." 

II  \d      t  >    pass 


Suppose  ]■ 

not  greater  than   i> 

i  +  n- 

-3, 

and  a  cur 

t 

the 

J  '     nl 

through 

lr(r  +  3)~m'> 

i  +  h 

(m  + 

•K-r-l)(« 

^  +  ■ 

-2) 

arbitrary    points 

I,    and 

m»-i(i. 

n  +  n 

-r- 

-  l)(m  +  m- 

r- 

■2} 
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of  the  mn  points  of  intersection  above.  Such  a  curve  passes  through  ^?-  (r  +  3)  given 
points,  and  though  the  mn  —  ^(m  +  n  —  r  —  1)  (■m  +  n  —  r—2)  latter  points  are  not  perfectly 
arbitrary,  there  appears  to  be  no  reason  why  the  relation  between  the  positions  of 
these  points  should  be  such  as  to  prevent  the  curve  from  being  completely  determined 
by  these  conditions.  But  if  it  be  so.  then  the  curve  must  pass  through  the  remaining 
^{m  +  n  —  r—l){m  +  n  —  r—2)  points  of  intersection,  or  we  have  the  theorem 

"If  a  curve  of  the  r"'  oi-dur  (r  not  let>s   than  m  or  n,  not  greater  than   m  +  n-  3} 
pass    through 

mn-^ {m  +  71- r  ~1)  {m  +  n - r -2) 

of  the  points  of  intersection  of  two  curves  of  the  wi""  and  ii.'"  orders  respectively,  it 
passes    through    the    remaining 

i{,n  +  n-r-V,(m  +  n-r-i) 

points   of  intersection." 
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ON   THE   MOTION   OF   ROTATION   OF   A   SOLID   BODY. 


[From  the  Cambridge  Mathematical  Journal,  vol.  iii.  (1843),  pp.  224—232.] 


In  the  fifth  volume  of  Liouville's  Journal,  in  a  paper  "Dea  loia  geometriqiies  qui 
;  dt^placemena  d'un  systeme  solids,"  M.  Olinde  Rodrigues  has  given  some 
very  elegant  formula  for  determining  the  position  of  two  sets  of  rectangular  axes  with 
respect  to  each  other,  employing  rational  functions  of  three  quantities  only.  The 
principal  object  of  the  present  paper  is  to  apply  these  to  the  problem  of  the  rotation 
of  a  solid,  hody ;  but  I  shall  first  demonstrate  the  formulie  in  question,  and  some  others 
connected  with  the  same  subject  which  may  be  useful  on  other  occasions. 

Let  Ax,  Ay,  Az;  Ax„  Ay_,  Az^,  be  any  two  sets  of  rectangular  axes  passing 
through  the  point  A:  x,  y,  z,  x,,  y,>  3,,  being  taken  for  the  points  where  these  lines 
intersect  the  spherical  surface  described  round  the  centre  A  with  radius  unity.  Join 
jRc,,  yy,,  zz^,  by  arcs  of  great  circles,  and  through  the  central  points  of  these  describe 
great  circles  cutting  them  at  right  angles:  these  are  easily  seen  to  intersect  in  a 
certain  point  P.  Let  Px=f,  Py=g,  Pz  =  h;  then  also  Px^=f,  Py,=g,  Pz,  =  h:  and 
£xPx,=  LyPy,=  £zPz„  =Q  suppose,  Q  being  measured  from  xP  towards  yP,  yP 
towards  zP,  or  zP  towards  xP.  The  cosines  of  /  g,  h,  are  of  course  connected  by  the 
equation 

co8^/+cos-£r  +  cos^/(.  =  1. 

Let  a,  0,  y;  «',  ^',  y' ;  a",  ^",  7",  represent  the  cosines  of  x^x,  y,x,  z,x ;  x^y,  y;y,  s^y  : 
*/,  y,z,  z^ :   these  quantities  are  to  be  determined  as  functions  of  /,  g,  h,  6. 


Suppose  for  j 


moment. 


£zPx  =  y, 


LxPy  = 
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«'  =cos/cos^  +  siii/sin^cos  (z  — 5), 
a"  =  cosy  cos  h  +  sin/sin  h  cos  (y  +  ff), 

^  =cosircos/+sin^sm/cos(z4-fl), 
/3'  =  cos^^  +  sin^^  cos  8, 

/3"  =  cos  jr  cos  A  +  sin  ^  sin  A  cos  (x  —  9), 
7  =cosAcos/+einA9in/eos  (y  —  fl), 
7'  =  cos  k  cos  ^  +  sin  A  sin  ^  cos  (x  +  0), 
7"  =  cos=  h  +  sin=  A  cos  6. 

sin  3"  sin  A  cos  x  =  —  cos  g  cos  A, 
nAsin_/"cosy  =  — cos  Acos/, 
in/sin^cosz=  —  cos/ cos  (7, 
iinAsinx  =  cos/, 

sin  h  sin/sin  y  =  cos  g, 

sin/sin  3 sin  z  =  cos  h 
a    =  cos'/  +  sin'/c 

«'  =  cos/cos  jr  (1  —  cos  0)  +  cos  A  sin  8, 
a"  =  cos/cos 7t(l  —cos  ^)  —  cos^  sin 
S  =  cos  g-  cos/  (1  -  cos  ^)  -  cos  k  sin 


/3"  =  cos^  cos  A  (1  —  cos  ^ 
7  =cosAcos/(l  — cos  ^ 
7'  =  cos  A  cos  ^  [1  —  cos  6 
7"  =  cos=  A 


fsin^^cos^, 
f  cos/s 


q'  a  cos  ^. 


which 


ssnmc  A.  ~  tan  ^^  cos/  /a  =  tan  ^^  cos  g,  v  —  tan  ^^  cos  A,  and  sec^  ^^  =  1  +  V  +  /i=  +  i^'  =  k  ; 
«:a  =  1  +  X,-  -  /i^  -  y=,         AT  a'  =  2  (V  +  (/),  K  «"  =  2  (c\  -  /i), 

K^  =  2  (Xm  -  v),  K^'  =  '[+iJ?~i^  -X^  /i^"  =  2  {/ii^  +  X), 

K'^  =  %  iyX  +  /t),  K7'  =  2  {/ii'  ■-  X),  K7"  =  1  +  V"  —  V  —  ;(i^ ; 

ale  the  forinnlffi  required,  differing  only  from  those  in  Lionville,  by  having 
V,  instead  of  ^m,  ^Ji,  ^p ;  and  a,  a',  a" ;  /3,  ^',  ^" ;  7,  7',  7",  instead  of  «,  fc,  c  ; 
c' ;  tt",  h",  c".  It  is  to  be  remarked,  that  yS',  /3",  & ;  7",  7,  y,  are  deduced  from 
s",  by  writing  /i,  i-,  X;    v,  X,  /i,  for  X,  /t,  i'. 


7"  =  V  ;    then 


u  =  4,  and  \ 


1  have 
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that  Ax,  Ay,  Az,  are  referred  to  j 
I,  m,  n,  k,  analogous  to  \,  (i,  v,  k,  these  latter  i 
by  the  quantities  I,,  m,,  m,,  k,. 


^   Ax,   Ay,   Ax,   by   the    quantities 
.  being   referred    to    Ax^,  Ay^,  Az^. 


Let  a,  6,  c ;   a',  V,  c' ; 

a".   V,   o";   o„   i„   0,;    (.,',   6/ 

,   c,';    0,".   l/',   0/ 

quantities   analogous   to   a. 

A   7;    «',  f>'.   1';    «".   r,  7"- 

Then    we   have, 

trigonometry,  the  formulje 

a  ■<.<.,  +  (,«;  +c, 

%;',        IB   =ah,i-b  bf  +  c  h;\ 

7  =  a  c,  +  6  c/ 

«'  =<s'o,  +  i'o;  +  <!'f 

1,",         ff  =(i'l,  +  Vh:+c'h:', 

7'  =  tt'  c,  +  6'  c/ 

«"  =  a"(.,  +  J"i.;  +  »"< 

<,",         /3"  =  «"i,  +  6"6;  +  c"i,''. 

7"  =  (("c,  +  6V- 

Then   expressing   a,   h,   c; 

0'.  S',   e'i   0",  6",  c";    a„  i„  c, ; 

0,',  j;.  ",';  «," 

terms  of  ;,  m,  n;   I,,  m„  n 

.,  after  some  reductions  we  arrive  at 

A'/^,v  =  4  {1  —  ^/,  —  mwi^  —  Jin,)^    =  4IT'  suppose, 

ytJt,  (^"  -  7  )  =  4  (Z  +  Z,  +  71,™  -  nm)  n, 
%  (7  -  «'  )  =  4  (iJi  +  m^  +  Z^m  -  Im, )  11, 
/;&,  (a'  -  ^")  =  4  (w  +  n^  +  m^«  -  mn)  II  ■ 


and  hence 

n  =i-z;,-mn 

I,  -  m«„ 

nx  =  Z  +  ;,  +  n,j 

Il/t  =  m  +  m^  +  ;,* 

yi-ini„ 

llv^n  +  n,  +  m 

which    are    formulEe    of    considerable    elegance    for    exhibiting    the    combined    effect    of 
successive  displacements  of  the  axes.     The  following  analogous  ones  are  readily  obtained : 

P      =  1  +  \^  +  /im  +  vn,  Pl^  —\—l—  },m  +  fin  , 

Pm^  =  ft  —  m  —  Xn  +  vl,  Pn^  =  v  —  n  —  /j.l  +  \m  : 
and   again, 

i^      =1  +\l,  +  /j,m^  +  vn^,  P^l  =  \-  l^  +  vm,  —  /i.n^, 

P^m  =/i~m^  +  \n,  -  vl, ,  P,n  =  v-  h,  +  ij.1,  - Xm,. 

These   formula  will   be   found   useful   in  the   integration   of  the   equations  of  rotation  of 
a   solid  body. 


Next   it 
usual 


required   to  express  the   quantities  p,  q,  : 


terms    of  X, 


-,    fi. 


where 


f^lTU+llH.+l 


4:^ 


"""I-' 


Differentiating  the  values   of  ^k,  /3'ic,  /3"fc,  multiplying  by  7,  7',  7",  and  adding, 
Kp  =  2X'  (y/A,  ~  7'X  +  7")  +  2/t'  (yX  —  j'lj,  +  y"v)  +  2i''  {  -  7  -  7V  +  7'V). 
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ON    THE   MOTION    OF   ROTATION    OF   A    SOLID   BODY. 


where   X',  jj.',  v ,  denote  -rr 


dX    dfj.    dv 


Kediicliig,  we  have 


dt'  dt' 

icp  =  2  (X'  +  vfi  —  v'/j.)  : 
from  which  it  is  easy  to  derive  the  system 

Kp  =  2  (       X'  +  v/t'  —  v'/i), 
Kq  =  2(  —  vX'  +  //  +  v'X}, 
/er  =  2  (     fiX'  —  X/j.'  +  v'   ); 
or,  determining   X',  fi',  v ,  from  thcao  equations,  the  equivalent  system 
2\' =  ( 1  +  X')  p  +  (X/i- I' )  ?  +  C^X+ /i)  n 
2^'  =  (A./*  +  c)  p  +  {  1  +  /iO  5  +  (/"»'-  '^)  >■. 
Si''  =  (yX  -  /i)  p  +  (/;ij'  +  X  )  9  +  (  1  +  v')  v. 
The  following  equation  also  is  immediately  obtained. 


The   subsequent   part 
coefficients  of  p,  q,  r,  with 
down   the   six 

of   the    problem    requires 
respect  to   X,  /i,  v\   X',  ft 

dj,_                        dp 

"dx'         '           "dx^ 

the 

dx' 

.-2„, 

'g- 

2^\- 

dr 

=      2ft 

.|  +  2,.= 

from  which  tlio  ocherj 

5   ai-c 

1  immediately  obtained. 

Suppose   now   a  i 
point.     The  equations 

solid   body 
of  motion 

acted   01 

d   dT 
dt  d\'' 

dT 
dx' 

any 

dr 
'IB.- 

forces, 

d  dT 
dt  dfi:' 

dT 

dr 

d  dT 
dt  dJ  ■ 

dT 
-di' 

dr 

the    knowledge    of    the    dififerentiu,! 
It   will   be   sufficient   to   write 


iiid   revolving   round   a   fixed 


or    if   Xdx  +  Yd.y  +  Zdz 
symbols   standing   for 


^,{Ap'+Bq'+Cr');    V=%[i{_Xdx+  7dy-\-Zdz)]dm; 

.     ,.„       ^.  ,    dV     dV     dV 
not    an    exact    dilierential,    ^— ,   -;— ,     ,-  ,   ai 
d\      dfi      dv 


independent 
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■yl  OK    THE    MOTION    OF    ROTATION    OF    A    SOLID    BODY.  [6 

soe  Mecanique  Analytique.  Avertissement,  t.  I.  p.  v.   [Ed.   3,   p.  vii.] :    only  iu  tliis  latter 
(lase   V  stands   for   the  disturbing   function,   the   principal   forces   vanishing. 

Now,  considering  the  first  of  the  above  equations 


,     ,     ,    „     dp     da     dr     dx 
y,  ,./,«,  tor  ^,   5,   ^,   J, 


'^"i*<-<- 


t  dx'     dx) 

^  I  (Ap'  ~  vB</  +  ^Cr')  -  -  Bqv-  +  -  Cn^'  +  -  {Af  +  Bf  +  01")-  ^,  {Ap  -  vBq  +  ^Gr). 

Substituting   for   V,   fi\   v\   k,   after  all   reductions, 

i(|g-J)-;[W  +  (0--B)srl-,.lJJ5'  +  (J-C),3)l+M|(.V  +  {-B-^)p5l]; 

and,   forming   the    analogous    quantities    in    yu.,   v,   and    substituting   in    the    equations   of 
motion,    these    become 

{Aji  ^(a^B)^.i^,[Ji,i  \(A-(J)rj,\^p.\C,'  +  (li-A)n\=l/^, 
,\Afl  +  (a-ll)qr\+  [JSi+(A-C)rj,\--K\Cr'  +  (B~A),,q\  =  k'''^J . 
l,.{Ai!  ^(C-B)qr\+\\Bi  +  {A-C)rii\^     \Cr  +  ffi  ^  A)  fq]  -  ^/^ ; 

,      .  .         <         <      1         <^?5        <^'/        ^^  w    ■ 

or   olirarnat.rng,  and   replacrng  p,   (^,   r,   by    ^'   ^'    ^'  ^^'^  obtain 
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6]  ON    THE    MOTION    OF    ROTATION    OF    A    SOLID    BODY.  33 

to   which   arc   to   be  joined 


.-( 

d\       du       dv\ 
dt  +  'di-'^di)- 

.=.(- 

d\       rf/i  ,  ,  '^A 

--( 

d\   ^  d/j.     dv\ 

where   it   will   be   recollected 

and    on    the    integration    of   these    six    equations    depends    the    complete    determination    of 
the   motion. 

If    we    neglect    the    terms    depending    on    V,    the    first    three    equations    may    he 
integrated  in  the  form 


-.-!-'->=-— ^■ 


0" 


=/ 


7P^^?^)F^?^)F^F^ 


and  considering  p,   q,   r   as   functions  of  tj),  given  by   these   equations,   the   three   latter 
ones   take   the   form 

tc   _  d\  d/j-        dp 

4qr  d<f>  dip        drp' 

K   _  d\  d/j,         dv 

4rp  difj  dtji       d^' 

*  _      ^^     -i  ^1^        ^^ 
4^pq  dif)        50        d,<ti ' 

of   which,   as    is   well    known,   the    equations    following,   equivalent    to    two    independent 
eqiiations,  are   integrals, 

icg  =    Ap(l+X^-/j?~ p')  +  2Sq  (X^ -v)  +  tCr  {vK  +  jx). 

Kg'  =  2Ap  (\/i  +  v)  +   Bq  {l+fi^-X'- 1^=)  +  20r  (/mv  -  X), 

Kg"  =  2Ap(p\-ij,)  +2Bq{fi,v  +  X)  +    Cr(l+v''-X'-fi'); 

where  g,  g',  g",  are  arbitrary  constants  satisfying 

9'  +  9''  +  /''  =  ^'Pi  +  ■B'Si'  +  C^i'- 

To  obtain  another  integral,  it  is  apparently  necessary,  as  in   the  ordinary  theory,  to 
revert   to   the   consideration   of  the   invariable  plane.     Suppose  g'  =  0,   g"  —  0, 

then  g"  =  ^f  (A'^p^'  +  B^q^  +  G-rf),    =  k  suppose. 


Hosted  by 


Google 
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We   easily  obtain,  where  \>  l^m  "ni  '^o  ^''^^  written  for  \,  /t,  v,  k,  to  denote  this  particular 
.supposition, 

ic^Cr  =     (1  +  i-o^  -  V  -  M'a^)  k  ; 
whence,  and  from  /i„  =  l -f  >,' +^^  +  i'o',   ^ot^r  =  (2  +  2 V  —  «o)  Z^,  we  obtain 

'•-'k  +  Cr     ■  -•^■-f--       k+Cr      ■  »  +  "• FTCi^- 

Hence,  writing  h  =  Ap^^  +  Bq^^  +  Cr,^ ,  the  equation 


4tan-.,..|/?i|4*. 


The    integral    takes    rather    a    simpler   form    iS  p,   q,   4>   ^^    considered    functions    of   r, 
and   becomes 

2  .,.-1 ,   -  rA±^    CW(AB)dr  , 

"     jk+Gr  ^^[\k'-Bh  +  (B-C)G7-']{Ah-k'  +  (C-A)Cr']]' 

atid   then,   v^   being  determined,   X„,   /t„  are   given   by   the   equations 

_  I'^Ap  +  Bq  _  v^Bq  —  Ap 

^'^     k  +  Cr   '■  ^'-     k  +  Cr     - 

Hence   I,  m,   n,   denoting   arbitrary   constants,    the   general   values   of  A,   yx,   :-,   are  given 
by   the   equations 

P,   =1  —l\~  m/i,  —  nva  . 

P,\^l  +  \„  +  mv„-  Ufj.,. 

Fo/i  =  m+  /i„  +  n\  -  Ipg   , 

In  a  following  paper  I  propose  to  develope  the  formulie  for  the  variations  of 
the  arbitrary  constants  pi,  qi,  r,,  I,  m,  n,  when  the  terms  involving  V  are  taken  into 
account. 


Hosted  by 


Google 


0]  ON    THE    MOTION    OF    BOTATION    OF    A    SOLID    BODY.  35 

Note.  It  may  be  as  well  to  verify  independeiitfy  the  analytical  conclusion  imme- 
diately dedncible  from  the  preceding  formulte,  viz.  if  \,  ji,  v,  be  given  by  the  differential 
equations, 

__        dX         d/i        dv 
"■P"        It  ^"'dt'^'dt- 


dX     ^  du.       dv 

where  «=  1 +X'  +  /i'+ "',  and  p,  q,  r,  are  any  functions  of  t.  Then  if  A,,,  fi^,  Vo,  be 
particular  values  of  A,  jj.,  v,  and  I,  m,  n,  arbitrary  constants,  the  general  integrals  are 
given  by  the  system 

Po  =1  ~l\o  —  '»i/H  —  "I'll . 
P„X  =  1  +  X,  +  mvn  —  itfiu , 
Pofi  =  m  +  /i-o  +  '>iX„  -  Iv^  , 
PtiV  =  M.  +  va+  l[ifi  —  mho. 

Assuming  these  equations,  we  deduce  the  equivalent  system, 

(1  +  \X^  +  ^/i„  +  vv^  I  =  X  —  Xj  +  Vitfi  —  vfia, 
(1  +  XXo  +  iLfiu  +  vv„)  m  =  1^  —  /j.a  +  X(,i'  —  \Vo, 
(1  +  W„+ji,fi,j+  vv^)  n  =v  —  v^  +  ^X  — /iXo. 

Differentiate  the  first  of  these  and  eliminate  I,  the  result  takes  the  form   0  = 
-  (/A)^  4-  i^oO  (V  +  v/i  -  v'fi)  —  (_v^  —  \t,fin)  {  —  irX'  +  fi'  +  Xv)  +  (/j^  +  Xon)  i/J-X' - X/t'  +  v')  +  K„X', 
+  {(/?  +  v^)  (X^  +  v^/j.„'  -  i'/^)  +  (i-  -  X^)  (  -  vX,  +  /^a  +  ^'■ii')  -  (/*  +  >■")  (fiX,  -  X„^'  +  v„')  -  kX',, 

dX 

dt  ' 

Reducing  by  the  differential  equations  in  X,  n,  v;   X^, /j,„,  ^'„,  this  becomes 
«„IX'  +  ^p(^=+i.=  }+^g'(^  -X/i)-:^r(fi  +Xu)] 
-K  (x;  +  ^p(/A,=  +  i'c=)  +  ig(c,-Xw^)-i)-(/i^  +  Xv„)}=0; 
or  substituting  for  X',  Xj,  we  have  the  identical  equation 

ip(«.«-««.)-0; 
and  similarly  may  the  remaining  equations  be  verified. 
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7. 


ON    A    CLASS    OF    DIFFEEENTIAL    EQUATIONS,    AND    ON    THE 
LINES   OF   CURVATURE   OF   AN    ELLIPSOID. 

[From  the  Cambridge  Mathemaiical  Journal,  vol.  in.  (1843),  pp.  264 — 267.] 

Consider  the  primitive  equation 

fx  +  <iy  +  h!+ =0  (I),- 

between  n  variables  a;,  y,  z,  the  constants  f,  g,  h  being  connected  by  the  equation 

mf.a,*- )-o (2). 

H  denoting  a   homogeneous   function.     Suppose   that  /,  ^,  h are  determined   by  the 

conditions 

A,     +^yi     +}iz,     =0 (3), 

Then  writing  X=    y      ,  z      ,  (4), 


yi      .  ^1     ..■■ 

J/„_3,   2,^s,   ... 

with   analogous  expressions  for  y,  z ;  the  equations  (3)  give  /  g,  h, proportional 

to  a-,  y,  z, or  eliminating  yi  g,  h by  the  equation  (2), 

H{X,   ¥,  Z )=0 (5)- 

Gonversely  the  equation  (5),  which  contains,  in  appearance,  n{)(.  — 2)  arbitrary 
constants,  is  equivalent  to  the  system  (1),  (2).  And  if  5"  be  a  rational  integral 
function  of  the  order  r,  the  first  side  of  the  equation  (5)  is  the  product  of  r  factors, 
each  of  them  of  the  form  given  by  the  system  (1),  (2). 
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Now  from  the  equation  (1),  wc  have  the  system 

fx        +gy        +hz  =  0 (6), 

fdx      +  ady     -j- hdx      =0, 

fd'^-'x  +  gd"^^  +  hd"-'s =  0, 


or  writing  A' =     y        ,  s        ,  (71, 

dy     ,  dz      ,  -■-   I 
'  d^~'y,  (i"~^2,  ...  ; 

with  analogous   expressions   for    Y,  Z ;   then  from   the   equations   (C), /,  ^,  k are 

proportional  to  X,  Y,  Z :  or,  eliminating  by  (2), 

H{X,  Y,  Z )=0 (8). 

Conversely  the  integral  of  the  equation  (8)  of  the  order  (ji  —  2)  is  given  either  by 
the  system  of  equations  (1),  (2),  in  which  it  is  evident  that  the  number  of  arbitrary 
constants  is  reduced  to  (n  — 2);  or,  by  the  equation  (5),  which  contains  in  appearance 
n  (li  —  2)  axbitrary  constants,  but  which  we  have  seen  is  equivalent  in  reality  to  thi^ 
system   (1),   (2). 

Thus,  with  three  variables,  the  integral  of 

//  (ydz  —  sdy,  zdx  —  xds,  xdy  —  ydx)  —  0    (9) 

may  be  e.'ipressed  in  the  form 

^(y^i  -  &i^,     -s^i  -  ^I'K,     xy,-  ar,y)=0  (10), 

and  also  in  the  form  fx  +  gy  +  hs  —  0 (11), 

where  fl"(/  g,  h)  =  0  (12). 

The  above  principles  afford  an  elegant  mode   of  integrating   the  differential  equation 
for  the  lines  of  curvature  of  an  ellipsoid.     The  equation  in  question  is 

(])■  —  c^)  xdydz  +  {d' —  a'') ydzdw  +  {a'  —  b")  zdxdy-  0 (13), 

where  x,  y,  z  arc  connected  by 

^+fs  +  ^=i (1*); 

writing  —^—v.,     4=",     -  =  w  (Jo), 

these  become 

(6'-  c^)udvdiv  +  (c^-  a'jvdwdu+  (a^ -b^)iududv  =  0 (16), 

u  +  v  +  w^l (17). 
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Miiltiplying   by 

-  \(vdu  —  udv)  (wdv  —  vdw)  {udw  -  wdii}]-^, 
the  first  of  those  becomea 

-'^°'^"  ,  -^''^''  I  -'^''^'^  ^Q       ,jg,. 

{vdu  —  udv)(udw  —  'wdu)     {wdv  —  vdw)  (vdu  —  udv)     {udw  — wdu)  {wdv  — vdw) 

but  writing  (]7)  and  its  derived  equations  under  the  form 

u+    {y+   w)=l   (19), 

du  4-  {dv  +  dw)  =  0, 

wf   deduce  -du{v  ■\-vJ)-\-u  (dv  +  dw)^-du (20). 

i.e.  —du  =  — {vdu  — udv)  +  {udw  —  wdti)  (21), 

and  similarly 

—  dv  =  —  [wdv  —  vdw)  +  {vdu  —  udv), 

—  div  =  —  {udw  —  wdu)  +  wda  —  vdw). 
Substituting, 

wdv  — vdw     udw  — wdu     vdu  — udv         

tlio    integral    of   which    may    be    written    in   the    form 

J!^i^  +  J:"r_i'^  +  J!!^iL.o (23), 

ivvi  —  viv,      itvj,  —  vm^     vu,  -  v,u  ' 

where,  on  account  of  (IV), 

u,  +  v,  +  w,  =  l   (24); 

and  also  in  the  form  fu  +  gv-i-hw  =  0 (25), 

where  /,  g,  h  are  connected  by 

h^     c^-^     a^-],^^ (20); 

this  last   equation   is   satisfied   identically   by 

.     b'-c^  &-a?  .       a?-  If  .,„ 

f-W^-       !l-<F^A'-       ''  =  2?-37p  (2')- 

Restoring  x,  y,  z,  x^,  y^,  Sj  for  u,  v,  w,  «i,  Vj,  Wi,  the  equations   to   a   line   of  curvature 
passing  through  a  given  point  «i,  yi,  s,,  on  the  ellipsoid,  are  the  equation  (14)  and 


a"  (!/i=2^  -  y%^)      b^  {z^'s?  -  z'xf)      c=  {x^Y  -  '^l/'") 
or   again,   under   a   known   form,   they   are   the   equation   (14)   and 


■  (28). 


-B'-Ca'^C"-^'  b'^A'- 


^-0 (29). 
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From   the   equations   (14),    (29)   it   is   easy   to   prove   the   wcll-biiown   form 

4l  +  6^  +  ?f«-> <=«"■ 

in   fa«t,  multiplying  (29)  by  m,  and  adding  to   (14),  we   have    the   equation    (30),  if  the 
equations 

1  b'-c^   l__i_ 

a^  +  '"-£2_C2  a^-a'  +  e'    


,  (31), 


b'  ^     C  ~A'  b'     b'  +  e' 

I  u'-b'   I  _      1 

c'^^''  A^-&  c^"(c^  +  ^)' 
are   satisfied. 

But   on   reduction,  these  take  the  form 

(B=  -  O)  ^  +  (6=  -  c=)  m^  +  TOa^  (&^  -  c')  =  0 (32), 

(C=  -A')0  +  (c^  -~  ffl=)  md  +  mb''  (c'  -  a')  =  0, 

{A^  -1^)6  + {a?-  h")  me  +  mo''  {a?  -  b")  =  0, 

and   since,  by  adding,  an   identical   equation   is   obtained,  m   and   6   may   be   determined 
to  satisfy  these  equations.     The  values  of  6,  m  are 

„ (a--6-)(f-tf)(e--»-) 


{(i:'-¥)(}y'-c^)l<:'-a^) 


.,(34). 
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ON   LAGBANGE'S   THEOREM. 

[From  the  Cambridge  Mathematical  Journal,  vol.  in.  (1843),  pp.  283—286.1 

The   value   given   by  Lagrange's   theorem   for   the  expansion  of  any  function  of  the 
(luaiitity  X,  determined  by  the  equation 

a:  =  u  +  hfi: (1), 

admits  of  being  expressed  in  rather  a  remarkable  symbolical  form.  The  a.  pi-iort 
deduction  of  this,  independently  of  any  expansion,  presents  some  difficulties;  I  shall 
therefore  content  myself  with  showing  that  the  form  in  question  satisfies  the  eqnations 

l.IF:f.d.  =  l.SF'.d. (2). 

Fx^Fu  for  A  =  0  (3), 

deduced  from  the  equation  (1),  and  which  are  suftieient  to  determine  the  expansion  of 
Fx,  considered  as  a  function  of  u  and  h  in  powers  of  h. 


Consider  generally  the  symbolical  expression 

dK 
d\ 


4-(l4^S!^ (*)- 


0  I  /t  -w  ]  involving   in  general  symbols  of  operation  relative  to  any  of  the  other  variables 
entering  into  Uk     Then,  if  Uh  be  expansible  in  the  form 

Sh^XiAh'") (5), 

it   is   obvious   that 


i>(h-^^nh  =  X{.pm.(Ak«^)]^X[{<l>vi-A)h-]  {(! 
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For    instance,    w    representing    a    variable    contained    in    the    function    SA,    and     taking 
a  particular  form  of  0  y'' 'Jj:]  > 

©'^s.=tg^*.^ (.,. 

From  this  it  is  easy  to  demonstrate 

im'M^i(£f''^^ <«'■ 

im''^H(£f^v.B'„ (.,, 

where  E'A  denotes  -n-  Hh,  as  usual.     Hence  also 
ah 

im^-°-'Hm'M <■«'• 

of  which  a  particular  case  is 

s  ©''""' ^■»>»i  =  i  {(a)"""' ^'"H ("'■ 

Also,  (^y^~^(F'ue''f^)^Fu  for  A  =  0  (12), 

Hence  the  form  in  question  for  Fa:  is 

»-(s)''»^'{J^'»«"") (13); 

ti-om  which,  differentiating  with  respect  to  u,  and  ivriting  F  instead  of  F', 


Tf^-(a)'"(^»«-) ("). 


a  well-known  form  of  Lagrange's  theorem,  almost  equally  important  with  the  more 
usual  one.  It  is  easy  to  deduce  (13)  from  (14).  To  do  this,  we  have  only  to  form 
the   equation 

t5^=-Ks)''*<*/'»''"' <"'■ 

deduced  from  (14)  by  writing  Fx/'x  for  fx,  and  adding  this  to  (14), 


Fx 


■(a)"""{s.(^«^'-'-»-''/'««""} 
■(e)"*"  (^'«^^) 
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[(1  the  case  of  several  variables,  if 

»:  =  «+*/(l,   X,...},     «.  =  •«,+»,/,(»:,   »),...),   &c (17), 

writing'  for  KhortnesB 

,f,/,/,...   for_F(»,   n...),    /(»,«..-.).    /,(.,.,..),... 
thon  the  formula  is 

{l-hf{^)\{l-h,f,'{x,)...]      \du)       \duj         ■-■^■''  ^ '^'• 

[where /' (ic)  is  written  to  denote -t- /(a;,  ,t,...),&c.| 
or   the    coefficient    of  /t"A,"' in    the    expansion    of 

\i-hf{x)\{i-hj;(<r,)] ' 

From  the  formula  (18),  a  formula  may  be  deduced  for  the  expansion  of  Fisc,  x, ), 

in  the  same  way  as  (13)  was  deduced  from  (14),  but  the  result  is  not  expressible  in 
a  simple  form  by  this  method.  An  apparently  simple  form  has  indeed  been  given  for 
this  expai^ion  by  Laplace,  JlUcan-iqw  Celeste,  [Ed.  1,  1798]  torn.  i.  p.  176 ;  but  the 
expression  there  given  for  the  general  term,  requires  first  that  certain  differentiations  should 
be  performed,  and  then   that   certain   changes   should   be   made   in   the   result,  quantities 

3,   / ,   are  to   be   changed   into   a",   n^^' ;   in   other  words,   the    general   term   is 

not  really  expressed  by  known  symbols  of  operation  only.  The  formula  (18)  is  probably 
known,  but  I  have  not  met  with  it  anywhere. 
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[From  the  Cambridge  Mathematical  Journal,  vol.  iv.  (1843),  pp.  18—20.] 

Lemma  1.     Let     U  —  Aa;  +  By  +  Ce  =  0    he    the    equation    to  a    plane    paaaing    through 
a  given  point  taken  for  the  origin,  and  consider  the  planes 

the   condition  which   expresses  that  the   intersections  of  the   planes  (1)  and   (2),  (3)  and 
(4),  (5)  and  (6)  lie  in  the  same  plane,  may  be  written  down  under  the  form 


^., 

■i,, 

■i. 

B, 

B,, 

B, 

c,, 

c,, 

c. 

A, 

A,. 

A„ 

A, 

B,, 

B,. 

B,. 

B. 

c,. 

0,, 

C. , 

c, 

Lemma  2.     Representing  the  determinants 

O',,      !/i,      Zi    \    &c. 
'",.      1/2,      2= 

by  the  abbreviated  notation  123,  &e.;   the  following  equation  is  identically  true: 


345.  126 - 346 -125 +  356. 124 -4J(>.  123  =  0. 
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This   is   an   immediate 


of  the   equations 


Consider 


y^,    y^ 


now  the   points  1,  2,  3,  4,  5,  6,  the  coordinates  of  these  being  respectively 

^1,    yi,   .1 cOi,  y^,   z^.     I   represent,    for   shortness,   the   equation   to   the    plane    passing 

through  the  origin  and  the  points  1,  2,  which  may  be  called  the  plane  12,  m 
the   form 

consequently  the  symbols  12j,,  12^,  \2i  denote  respectively  yi^i  —  y^Zu  eiic,  —  z^x-^,  aiyj  — ajj^i, 
and  similarly  for  the  planes  13,  &c.  K  now  the  intersections  of  12  and  45,  23  and  56, 
34  and  (51  he  in  the  same  plane,  we  must  have,  by  Lemma  (1),  the  equation 

12„,   45^,   23^,  56^,      . 

12y,   45j„   23^,  56y,      . 

12,,   45„   23„  56^,      , 

23^,  56^,  34^,   ( 


23^,   56y,   34y,   61^ 
23„    .56,,    34„    61. 


Multiplying  the  two  sides  of  this  equation  by  the  two  sides  respectively  of  the  equation 

X,,      a>.,      a^,,  .         .       =612.345, 

y^,     ^1,     y^,      ■ 


I  observing  the  equations 

a?9  12a:  +  S'8  12y 


:a2.  =  612,     112  =  0,  &c. 
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this  becomes 

612 
645, 

145,     245, 

623, 

123,       . 

156,     236, 

356, 
361, 

423, 
456, 

461, 

323 

534 
561 

reducible  to 

eii 

634 

145, 
123, 

245, 

423 

136, 

256, 

356, 

456 

361, 

461 

or,   omitling   the   factor   ((12  .  534;   and   expanding, 

iii.  256.  423. 3ta  + 245. 123.  4^.3^-245. 123, 3!^.  4^-245 

Considering  for  instance  m^,  ye,  ze  as  variable,  this  equation  expresses  evidently  that  the 
point  6  lies  in  a  cone  of  the  second  order  having  the  origin  for  its  vertex,  and  the 
equation  is  evidently  satisfied  by  writing  iv^,  y^,  es  =  ^i,  i/i,  ^u  o""  *3>  J'a.  -^a.  or  iCj,  i/j,  «,,  or 
a'o,  ^t.  %.  and  thus  the  cone  passes  through  the  points  1,  3,  4,  5.  For  a'„,y„,  ^6  =  '^2,  y^,  ^a. 
the  equation  becomes,  reducing  and  dividing  by  245 .  123, 


452 .  321  -  352 .  421  +  152 .  423  =  0, 


which  is  dcducible  from  Lemma  (2),  by  writing  iHg,  y^,  Sg  =  X3,  y^,  z.^,  and  is  therefore 
identically  true.  Hence  the  cone  passes  through  the  point  (2),  and  therefore  the  points 
1,  2,  3,  4,  5,  6  lie  in  the  same  cono  of  the  second  order,  which  is  Pascal's  Theorem. 
I  have  demonstrated  it  in  the  cone,  for  the  sake  of  symmetry;  but  by  writing 
throughout  unity  instead  of  z,  the  above  applies  directly  to  the  ease  of  the  theorem 
in   the   plane. 

The  demonstration  of  Chasles'  form  of  Pascal's  Theorem  (viz.  that  the  anharmonio 
relation  of  the  planes  61,  62,  63,  64  is  the  same  with  that  of  51,  52,  53,  54),  is 
very  much  simpler;  but  as  it  would  require  some  preparatory  information  with  reference 
to  the  analytical  definition  of  the  similarity  of  anharmonie  relation,  I  must  defer  it 
to   another   opportunity. 
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10. 

ON   THE   THEORY   OF   ALGEBRAIC   CURVES. 

[From  the  Cambridge  Mathematical  Journal,  vol.  iv.   tl843),  pp,  102^112.] 

Suppose  a  curve  defined  by  the  equation  U—0,  ET  being  a  rational  and  integi-al 
function  of  the  m'"  order  of  the  coordinates  x,  y.  It  may  always  be  assumed,  without 
loss  of  generality,  that  the  terms  involving  ic™,  )/™,  both  of  them  appear  in  JJ;  and 
also  that  the  coefficient  of  y™  is  equal  to  unity :  for  in  any  particular  curve  where 
this  was  not  the  case,  by  transforming  the  axes,  and  dividing  the  new  equation  by 
the  coefficient  of  y™,  the  conditions  in  question  would  become  satisfied.  Let  H^  denote 
the  terms  of  U,  which  are  of  the  order  m,  and  let  y  —  ax,  y  —  ^x  ...y  —  Xx  be  the 
factors  of  Hm-  If  the  quantities  a,  ^...\  are  all  of  them  different,  the  curve  is  said 
to  have  a  number  of  asymptotic  directions  equal  to  the  degree  of  its  equation.  Such 
curves  only  will  be  considered  in  the  present  paper,  the  consideration  of  the  far  more 
complicated  theory  of  those  curves,  the  number  of  whose  asymptotic  directions  is  less 
than  the  degree  of  their  equation,  being  entirely  rejected.  Assuming,  then,  that  the 
factors  of  Hm  are  all  of  them  different,  we  may  deduce  from  the  equation  U  —  O,  by 
known  methods,  the  series 

y^ax  +  a'  +  ^  + (1). 

y  =  /9^  +  /3'  +  ^'+ , 

y  =  \x  +  X'+ h  , 

and  these  being  obtained,  we  have,  identically, 

lf={y-ax^<z'^...){y-/3x-0'-...)...{y-\x^X'-...)  (2), 


Hosted  by 


Google 


ON    THE    THEORY    OF    ALGEBRAIC    CURVES. 


10] 

the  negative  powers  of  tc  on  the  second  side,  in  point  of  fact,  destroying  each  other. 
Supposing  in  general  that  fx  containing  positive  and  negative  powers  of  x,  Bfx  dcnotew 
the  function  which  is  obtained  by  the  rejection  of  the  negative  powers,  we  may  write 


tr=«  ; 


'.)■■■(' 


..(S), 


n    the    present    case,    because,    when    the    series    are 
,  the  negative  powers  no  longer  destroy  each  other. 


the    symbol    E    beic 
continued  only  to  the  powci 

We  may  henceforward  consider  U  as  originally  given  by  the  equation  (3),  the 
m(m+l)  quantities  a,  a'... a""',  ^,  0' ...  fff™'i,...\,  V.../\,*™'  satisfying  the  equations 
obtained  from  the  supposition  that  it  is  possible  to  determine  the  following  tenns 
a"^",  ^P"+"  ...X""+^', ...  so  that  the  terms  containing  negative  powers  of  x,  on  the 
second  side  of  equation  (2),  vanish.  It  is  easily  seen  that  a,  y3...X,  a",  0' ...\'  are 
entirely  arbitrary,  a,",  0" ...  \"  satisfy  a  single  equation  involving  only  the  preceding 
quantities,  a'",  ^"' ...X'"  two  equations  iuvolving  the  quantities  which  precede  them, 
and  so  on,  until  a'™>,  ^'""  ...X""',  which  satisfy  (m  — 1)  relations  involving  the  preceding 
quantities.  Thus  the  m{m  +  l)  quantities  in  question  satisfy  ^m(m— 1)  equations,  or 
they  may  be  considered  as  functions  of  m  (m  + 1)  —  Jm  (m  —  1)  =  ^m  (m  +  3)  arbitrary 
constants.  Hence  the  value  of  U,  given  by  the  equation  (3),  is  the  most  general 
expression    for    a    function    of   the    m""    order.      It    is    to    be    remarked    also    that    the 

quantities    ai™+",    ^(™+ii  ...  X('»+»,  are    all     of    them    completely    determinable    as 

functions  of  a,  ^...\,  ...  a""',  (S*™*  ...  XI™'. 

The  advantage  of  the  above  mode  of  expressing  the  function  U,  is  the  facility 
obtained  by  means  of  it  for  the  elimination  of  the  variable  y  from  the  equation 
U—O,  and  any  other  analogous  one  V  —  0.  In  fact,  suppose  V  expressed  in  the  same 
maimer  as  U,  or  by  the  equation 


e(y-^ 


Am 


-Ex.. 


-Ex.. 


Ki-> 


■■m. 


n  being  the  degree  of  the  function  V.  It  is  almost  unnecessary  to  remark,  that 
A,  B  ...K, ...  A'''^\  £'"'...^'"'  are  to  be  considered  as  functions  of  Jw(?H-3)  arbitrary 
constants,  and  that  the  subsequent  A'""'"",  5'"+''  ...K'^^'^"  ...  can  be  completely  determined 
as  functions  of  these.  Determining  the  values  of  y  from  the  equation  (3),  viz.  the 
values   given   by   the   equations   (2);   substituting   these   successively   in   the   equation 


V=(y'Ax^...)(y^Bx-...).. 


-Kx-...)^0  ... 


■  (5), 


analogous  to  (2),  and  taking  the  product  of  the  quantities  so  obtained,  also  observing 
that  this  product  must  be  independent  of  negative  powers  of  x,  the  result  of  the 
elimination  may  be  written  down  under  the  form 

j(„_^),...  +  -^_l^}...  )(„-g^).,,+»~;^-5"j'|    ...  (6), 


E 


\(X-A)x 


\(™"i-^i" 


K" 


(\-&)..,+  '— „,i; — 
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the  series  iii  {  }  being  continued  only  to  it)~™''+',  because  the  terms  after  this  point 
produce  in  the  whole  product  on!y  terms  involving  negative  powers  of  x.  It  is  for 
the  same  reason  that  the  series  in  (  ),  in  the  equations  (3)  and  (4),  are  only  continued 
to  the  terms  involving  x"™*^',  ar-"+'  respectively. 

The  first  side  of  the  equation  (6)  is  of  the  order  mn,  in  x,  as  it  ought  to  be. 
But  it  is  easy  to  see,  from  the  form  of  the  expression,  in  what  case  the  order  of  the 
first  side  reduces  itself  to  a  number  less  than  mn.  Thus,  if  n  be  not  greater  than  m, 
and  the  following  equations  be  satisfied, 


iti"=/3("...iJi=-»=^ 


■■(7), 


K^K,      /{>■'  = 


...K^'^^'^K 


the  degree  of  the  equation  (6)  is  evidently  mn- r~s ...  -  v,  or  the  curves  (7=0,  "F'  =  0 
intellect  in  this  number  only  of  points.  H  mn  —  r  —  s ... -v  =  0,  the  curves  11=0  and 
1^=0  do  not  intersect  at  all,  and  if  mn  —  r-s  —  v  he  negative,  =  — to  suppose,  the 
equation  (6)  is  satisfied  identically;  or  the  functions  U,  V  have  a  common  factor,  the 
number  w  expressing  the  degree  of  this  factor  in  x,  y. 

Supposing  the  function  V  given  arbitrarily,  it  may  be  required  to  determine  JI,  so 
that  the  curves  U=0,  V—  0  intersect  in  a  number  mn  —  k  points.  This  may  in  general 
be  done,  and  done  iu  a  variety  of  ways,  for  any  vakie  of  k  fi'om  unity  to  ^m(m  +  3). 
I  shall  not  discuss  the  question  generally  at  present,  nor  examine  into  the  meaning 
of  the  quantity  mn  —  im(m  +  3)  |  =  Jm  (2«  -  m-  3)}  becoming  negative,  but  confine 
myself  to  the  simple  case  of  JJ  and  V,  both  of  them  functions  of  the  second  order. 
It  is  required,  then,  to  find  the  equations  of  all  those  curves  of  the  second  order 
which  intersect  a  given  curve  of  the  second  order  in  a  number  of  points  less  than  four. 


Assume  iu  general 


y-E[,-A.-A'-^){y 


then  A".  B"  satisfy  A"  ■{■  B" - 
and  reducing,  we  obtain 

y={y- 


md  putting   B"  — -. ^,   and   therefore   A"  —  —  -. = 


-A')(y- 


-B')+K. 


Similarly 


U=e{,j-^~^  -  ^']  {,j-li^  -  ff  -^'), 


then   a",  /3"   satisfy  a"  +  )S"  =  0,   and   putting   /g"  =    _        and  therefore  a"  = — -^,   and 

redncing,  we  obtain 


0-&- 


a')(y-/3aj-/3')  +  i. 
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Suppose 

(1)  ^"  =  0,  V—0  intersect  in  three  points,  we  must  have  a— A,  or  the  ciirv-o 
^7=0  must  have  one  of  its  asymptotes  parallel  to  one  of  the  asymptotes  of  F=0- 

(2)  The  curves  intersect  in  two  points.  We  must  have  a=A,  a'  — A',  or  else 
a  =  A,  /3  =  B;  i.e.  l/^O  must  have  one  of  its  asymptotes  coincident  with  one  of  the 
asymptotes  of  the  curve  V=0,  or  else  it  must  have  its  two  asymptotes  parallel  to 
those  of  V=0.     The  latter  case  is  that  of  similar  and  similarly  situated  curves. 

(3)  Suppose  the  curves  intersect  in  a  single  point  only.  Then  either  a  — A, 
d  —  A',  <x."^A",  which  it  is  easy  to  see  gives 

U^(y-A^-A'j(,j~^^-0')  +  E^^, 

or  else  a=  A,  rd  —  A',  |8  =  iJ,  which  is  the  case  of  one  of  the  asymptotes  of  the  curve 
[/"=0,  coinciding  with  one  of  those  of  the  curve  F=0,  and  the  remaining  asymptotes 
parallel.  As  for  the  first  case,  if  a,  a,  are  the  transverse  axes,  B,  d^  the  inclinations 
of  the  two  asymptotes  to  each  other,  these  four  quantities  arc  connected  by  the  equation 

c^  _  tan^cos^^fl 
a^     tan  6^  cos^  \Q^ ' 

and  besides,  one  of  the  asymptotes  of  the  first  curve  is  coincident  with  one  of  the 
asymptotes  of  the  second.  This  is  a  remarkable  ease ;  it  may  be  as  well  to  verify 
that  f=0,  V==0  do  intersect  in  a  single  point  only.  Multiplying  the  first  equation 
by  y  —  Bx  —  B',  the  second  by  y  —  $x  —  yS',  and  subtracting,  the  result  is 

reducible  to 

^        A{B'-^')  +  B&'-B'li      .  ,        n     n 

^j-Ax  =  ^ _g_^^    ,     LC.  y-Ax-C^O. 

Combining  this  with  V—0,  we  have  an  equation  of  the  form  y  —  Bx  —  D  =  0.  And 
from  this  and  y—Aa;  —  C  =  0,  x,  y  are  determined  by  means  of  a  simple  equation, 

(4)  Lastly,  when  the  curves  do  not  intersect  at  all.  Here  a.  =  A,  a'  =  A',  /3  =  i?, 
0'  =  B',  or  the  asymptotes  of  U=0  coincide  with  those  of  y"=0;  i.e.  the  curves  are 
similar,  similarly  situated,  and  concentric:   or  else  a  — A,  a'  =  A',  a."  =  A",  ^  =  B;    here 

1J={!J-A^-A'){y-Bx-ff)+K, 

or  the  required  curve  has  one  of  its  asymptotes  coincident  with  one  of  those  of  the 
proposed  curve;  the  remaining  two  asymptotes  are  parallel,  and  the  magnitudes  of  the 
curves  are  equal. 

In   general,   if   two   curves   of    the   orders   m  and   n,   respectively,   are    such    that   )■ 
asymptotes   of  the  first  are  parallel  to  as  many  of  the  second,  s  out  of  these  asymptotes 
c.  7 
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being  coincident   in   the   two  curves,  the  number  of  points  of  intersection  i 
but  the  converse  of  this  theorem  is  not  true. 


[10 


In  a  former  paper,  On  the  Intersection  of  Curves,  [5],  I  investigated  the  number 
of  arbitrary  constants  in  the  equation  of  a  curve  of  a  given  order  p  subjected  to  pass 
through  the  inn  points  of  intersection  of  two  enrves  of  the  orders  m  and  n  respectively. 
The  reasoning  there  employed  is  not  applicable  to  the  case  where  the  two  curves 
intersect  in  a  number  of  points  less  than  mn.  In  fact,  it  was"  asstmied  that,  "^"=0 
being  the  equation  of  the  required  curve,  W  was  of  the  form  ulf+vV;  u,  v  being 
polynomials  of  the  degrees  p  —  in,  p  —  n  respectively.  This  is,  in  point  of  fact,  true  in 
the  case  there  considered,  viz.  that  in  which  the  two  curves  intersect  in  mn  points; 
but  where  the  number  of  points  of  intersection  is  less  than  this,  u,  v  may  be  assumed 
polynomials  of  an  order  higher  than  p  —  in,  p-n,  and  yet  uU+vV  reduce  itself  to 
the   order   p.     The   preceding  investigations  enable  us  to   resolve   the   question  for   every 


Considering  then  the  function.?   U,   V  determined  as  before  by  the  equations  (3),  (4), 
suppose,  in  the  first  place,  we  have  a  system  of  equations 


^A,    0-1 


9=11  (t  equations) (8). 


Q-l'j- 


-...)(S-/3«;-...)...(s/-fe-...), 

...)  ...  {y-KX-  ..:), 


'P. 


whence 
Suppose 


{^j-lx-...).-.{y-Kx~..:); 


T  =  A'T  +  AT,         -^  =  El'  +  AN[^ 
£^V  .V-ET.  F-  £^  .  PT  -  £T .  Q^P, 

=  fi* .  P  (ST  +  AT)  -E-r.Q  {E'V  +  A^), 
=  ET.E'-Jr.(P  -  Q)  +  E-V  .P.AT-ET.Q 
=  E  [ET .  E^V .  (P  -  Q)  +  El' .  PAT  -  ET . 
=  n  suppose. 


A^, 
?.A^!, 


In  this  expression  ET,  E'^¥  are  of  the  degrees  m  - 1,  n  - 1,  AT,  A'P  of  the  degi-ee 
-1,  and  P,  Q,  P—Q  of  the  degrees  t,  t,  t  —  1  respectively.  The  terms  of  II  are 
therefore  of  the  degrees  m  +  n-(  — 1,  m-1,  n  —  l  respectively,  and  the  largest  of 
these  is  in  general  m  +  n  —  t  —  1.  Suppose,  however,  that  m  +  n  —  t  ~  1  is  equal  to 
m—  1  (it  cannot  be  inferior  to  it),  then  t  =  n;  ^  becomes  equal  to  unity,  or  A"^ 
vanishes.  The  remaining  two  terms  of  11  are  ET  (P  —  Q),  PAT,  which  are  of  the 
degrees  ra— 1,  n—l  respectively,  11  is  still  of  the  degree  m— 1,  supposing  m>n. 
If  m  =  n,  the  term  PAT  vanishes.  11  is  still  of  the  degree  m~l.  Hence  in  every 
case  the  degree  of  11  is  m  +  n  —  t—1:  assuming  always  that  P  —  Q  does  not  reduce 
itself  to  a  degree  lower  than  (  —  1,  (which   is   always  the   case  as  long  as  the  equations 
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a'  =  A',   ^'  =  B' &  —  W   arc   not   all    of   them    satisfied    simultaneously).     It   will   be 

seen  presently  that  we  shall  gain  in  symmetry  by  wording  the  theorem  thus :  the 
degree  of  11  is  equal  to  the  greatest  of  the  two  quantities  m  +  n  —  t  —  l,  m  — 1. 

Suppose  next,  in  addition  to  the  equations  (8),  M'C  have 

a'  =  A',      /3'  =  £' r=-^.     t'  equations,  (' >. i ...  {8'). 

Then,  taking  T',  ">?',  P',  Q'  the  analogous  quantities  to    T,    ''V',  P,  Q,  and  putting 

E^'.  jj-ET.  r=n', 

we  have,  as  before, 

n'  =  £■  [ET .  £■*' .  (P'  -  Q')  +  E^r .  P'AT'  -  ET .  Q'A^'}. 

The   degree   of  P'-Q"   is  if-2  (unless   simultaneously  a"  =  A",  ^' =  B" f"  =  P",  in 

which  case  the  degree  may  be  lower).  The  degrees,  therefore,  of  the  terms  of  11'  are 
«i+n  — ('  — 2,  n—1,  m  —  1.  Or  we  may  say  that  the  degree  of  11'  is  equal  to  the 
greatest  of  the  quantities  m  +  Ji  —  ('  —  2,  m—1;  though  to  establish  this  proposition  in 
the  case  where  If  =  n  —  1  would  require  some  additional  considerations. 

Continuing  in   this   manner   until   we   come   to   the   quantity   11'*"",   the    degree    of 
this    quantity    is    the    greatest   of   the    two   numbers   m  +  n  — 1"'~^' —  k,   m  —  1.     And   we 

may  suppose  that   none   of  the  equations  «'*<  ^J.'*'  are   satisfied,  so  that   the  series 

n,  n' n'*~^'  is  not  to  be  continued  beyond  this  point. 

Considering  now  the  equation  of  the  curve  passing  through  the  mn -~t~f  ...  —  ('*"" 
points  of  intersection  of  f  =0,   F"=  0,  we  may  vmte 

w=uu+vv+pn+p'n' +p(H)nit-i)  =  o (9), 

for  the  required  equation ;   the  dimensions  of  u,  v,  p,  p'  ...p'*~"  being  respectively 
p  —  rn,    p—n;    p  —  in  —  n-^-t  +  lQrp  —  m-Vl; 

p  — m--M  +  t'  +  2  orp-m  +  1;    p-m-n  +  (1'^-^)  +  k  or  p-m  +  1, 

the  lowest  of  the  two  numbers  being  taken  for  the  dimensions  of  p,  p'...p**~".  Also, 
if   any  of    these    numbers  become   negative,   the   corresponding    term   is   to   be   rejected. 

In  saying  that   the  degrees  of  p,  p' p*-ii  have   these   actual   values,  it   is  supposed 

that  the  degrees  of  11,  IF rP~^  actually  ascend  to  the  greatest  of  the  values 

p-m-n  +  (+l,  or)B-l;     m  +  m-('-2,  orm-1;     -m  +  n-  t*-'^  -\-k,  or  m  -  1. 

The   cases   of  exception  to  this  are  when  several  of  the  consecutive  numbers  (,  t' ...f*'" 

are   equal.     In   this   ease    the   corresponding   terms   of    the   series   II,    11' II'*~'>,   are 

also  equal.  Suppose  for  instance  t,  t'  were  equal,  11,  II'  would  also  be  equal.  A  term 
of  p  of  an  order  higher  by  unity  than  p-m  —  n  +  t  +  1,  or  p-m+1,  which  is  the 
highest  term  admissible,  produces  in  pTl  a  term  identical  with  one  of  the  terms  of 
p'll ;    so   that   nothing   is  gained   in  generality   by   admitting   such   terms  into  p.     The 

equation   (9),  with   the   preceding  values   for   the   dimensions   of  p,  p' p'*""",  may   bo 

7—2. 
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employed,  therefore,  even  when  several  consecutive  terms  of  the   series  t,  t' t'*~''  are 

equal.  It  will  be  convenient  also  to  assume  that  p  —  tn  is  not  negative,  or  at  least 
for  greater  simplicity  to  examine  this  case  in  the  first  place. 

u,  U,  and  v,  Y,  cont^n  terms  of  the  form  afy^U,  a^yW,  a  + /3  If-  p  —  m,  y  +  B  ^  p  —n; 
pll  contains  terms  of  this  form,  and  in  addition  terms  for  which  a,  +  0  =  p+l  —  m, 
y  +  S  =  p  +  l  —n.  It  is  useless  to  repeat  the  former  terms,  so  that  we  may  assume  for  p, 
a  komogmeous  function  of  the  order  p~m  —  n  +  t+\,  or  p  —  m-^-l;  in  which  case  ^11 
consists  only  of  terms  for  which  aH-/3  =  ;3  +  l-m,  7  +  8  =  /^  +  !— n.  And  the  general 
expression  of  p  contains  p  — m— )i+(  +  2,  or  p  —  m+2,  arhitrary  constants.  Similarly 
p'H'  contains  terms  of  the  form  of  those  in  uU,  vV,  pli,  and  also  terms  for  which 
a+0  =  p  +2—m,  y+S  =  p+2—n;  the  latter  terms  only  need  be  considered,  or  p'  may 
be  assumed  to  be  a  homogeneous  function  of  the  order  p  —  m~n  +  t'  +  2,  or  p—m  +  1, 
containing  therefore  p~m-n  —  lf+S,  or  p~m  +  2  arbitrary  constanta 

Similarly  pf*-"  contains  p~-7n  —  n  +  t'''~^'  +  k  +  l  or  p  —  m+2  arbitrary  constants. 
Assume 

^     \p~m  +  2  J^[p-r>i  +  2  ^         lp-m  +  2  J--\^''h 

where,  in  forming  the  value  of  V  the  least  of  the  two  quantities  in  (  )  is  to  he 
taken ;  this  value  also,  if  negative,  being  replaced  by  zero.  The  number  of  arbitrary 
constants  in  p,  p' ...  j)*~^'  is  consequently  equal  to  V. 

The  numbers  of  arbitrary  constants  in  it,  v,  are  respectively 

{1+2 +(p_m  +  l)l  and  {1+2 +  (p_n+l)} 

i.e.  |(/)-TO+l)(p~m+2),  and  ^(p-n  + l)(p-K +  2) ; 

thus  the  whole  number  of  arbitrary  constants  in  W,  diminished  by  unity  (since  nothing 
is  gained  in  generality,  by  leaving  the  coeflScient  (for  instance  of  y^')  indeterminate, 
instead  of  supposing  it  equal  to  unity)  becomes 

S(p-.»+l)(p-»  +  2)  +  Hp-»+l)(p-»  +  i!)  +  V-], 
reducible  to 

}p  (p  +  3) +i  (p -.»-»  +  ].)(? -»>-«  + 2) -m,.+  V. 

By  the  reasonings  contained  in  the  paper  already  referred  to,  if  p+i— m  — ji  +  1 
he  positive,  to  find  the  number  of  really  disposable  constants  in  W,  we  must  subtract 
from  this  number  a  number  ^(p +  fc  — m  — m+ I)(p  +  A;  —  m  — ji  +  2).  Hence,  calling  ^ 
the  number  of  disposable  constants  in   TF,  we  have 

0  =  V(p  +  3)  +  i(p-m-!i  +  l)(p-m-)i  +  2)-mK  +  V-A (11), 

where  A  =  0,  if  /)  + A:  — m  —  «  +  1  be  negative  or  zero (12), 

A  =  J  (P  +  ^  -  «<■  -  "  +  1)  (/)  +  ^  -  «i  -  »  +  2), 

ifp  +  A;  — m  — Ji  +  1  be  positive;    and  y  is  given  by  the  equation  (9). 
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Also,  if  6  bo  the  number  of  points  through  which  the  curve  W=0  can  be  drawn, 
including  the  points  of  intersection  of  the  curves   [/"  =  0,   F=0,  then 

e  =  4,  +  {mn-t-i! -(*-")  or 

^  =  J/»(p  +  3)+i(/>-m-w  +  l)(/3-m-K  +  2)  +  v-A-i-r..,  -(*-■>  (13). 

Any  particular  cases  may  be  deduced  with  the  greatest  facility  from  these  general 
formulte.  Thus,  supposing  the  curves  to  intersect  in  the  complete  number  of  points  mn, 
we   have 

^  =  ^p(p  +  ^)  +  1  {I  ~  H)  (p  -  in-  n  +  X)  ip  ~  m  -n  +  2)  -  mn, 
y   being  zero   or   unity  according  as  p  <in  +n  —  \  or  p  >7h+  n~l.     Reducing,  we  have, 
for  p  :f»  m  +  «  —  3, 

^  =  i/>(p+3)+^(p-m-»i  +  l)(/)-m-m+2)~mrt, 

0=.},p{p  +  S)  +  h{p-ni-n+l)ip-m-n  +  2); 
and  for  p  >'ni  +  n  —  S, 

^  =  ^P  (p  +  3)  -  mn, 

0=i-p(p  +  ^). 

Suppose,  in   the   next  place,  the  curves  have  t  parallel  pairs  of  asymptotes,  none   of 
these  pairs  being  coincident.     Then 
p:^m  +  n-t-2. 

<f>  =  y{p  +  S)  +  ^{p~m-n  +  l){p-m-n+2)-m7i. 
e  =  y(p  +  S)+l{p~m-n+l){p-m~n  +  2)-t; 
p>m  +  n-t-2,    p1i>  m+n-2, 

<P  =  ^p(p  +  3)  +  -k(p-m-n  +  2)(p^m'~n+'S)-mn+t, 
0  =  ^p(p  +  3)-\-^(p-m-n+2)(p-m-n  +  3), 
p  >m  +  n  —  2, 

<j>  =  ^p(p  +  S)-mn  +  t, 
fl  =  Jp(p+3). 
In  these  formulse,  if  t  be   equal  to  2  or  greater  than  2,  the  limiting  conditions  are 
more   conveniently  written 

p>»m  +  m-i-2;      p^m+n  —  t—2>m  +  n  —  4!;      p>m  +  n  —  4'. 

Similarly  may  the  solution  of  the  question  be  explicitly  obtained  when  the  curves 
have  t  asymptotes  parallel,  and  t'  out  of  these  coincident,  but  the  number  of  separate 
formulae  will  be  greater. 

In  conclusion,  I  may  add  the  following  references  to  two  memoirs  on  the  present 
subject:  the  conclusions  in  one  point  of  view  are  considerably  less  general  even  than 
those  of  my  former  paper,  though  much  more  so  in  another.  Jacobi,  Theoremata  de 
punctis  intersectionis  duarum  curvarum  algebraicanira ;  Crelle's  Journal,  vol.  xv.  [1836, 
pp.  285 — 308];  Plucker,  Th^orfemes  g^neraux  concemant  les  equations  h  plusieurs  variables, 
d'un  degri?  quelconque  entre  un  nombre  quelconquc  d'inconnucs.  D"  vol.  XVI.  [1837, 
pp.  47—57]. 
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As  an  exemplification  of  the  preceding  formulfe,  and  besides  aa  a  question  interesting 
in  itself,  it  may  be  proposed  to  determine  the  asymptotic  curves  of  the  r"'  order  of 
a  given  curve  having  all  its  asymptotic  directions  distinct, — r  being  any  number  less 
than  the  degree  of  the  equation  of  the  given  curve. 

Definition,  A  curve  of  the  j-"*  order,  which  intersects  a  given  curve  of  the 
m"'  order  in  a  number  of  points,  =mr  —  ^r  (j-  +  3),  is  said  to  be  an  asymptotic  curve 
of  the  J-""  order  to  the  curve  in  question.  Suppose,  as  before,  U=  0  being  the  equation 
to  the  given  curve, 

tr=£(!,-»-...-|^)...(j-x....-^)i 

and  let  0,  ip ...  w  denote  any  combination  of  r  terms  out  of  the  series  a ...  X,  and  0',  <}>'...  w', 
&c. ...  the  corresponding  terms  out  of  a'...V,  &c.     Then,  writing 


Eify-ex...-  —]■ 


{where   the   quantities   <I>™,  ■^i™-»,  ^m^   £i'...lii'"i    are   entirely  determinate,    since,   by 

what  has  preceded,  ff,  <!>'...  il'  satisfy  a  certain  equation,  0",  <f)", ...  CI"  two  equations 

0'"'\  $""',...  fl""'(m  — 1)  equations),  we  have  F"  =  0  for  the  required  equation  of  the 
asymptotic  curve.  It  is  obvious  that  the  whole  number  of  asymptotic  curves  of  the 
order  r,  is  n  (n  ~  1)  ...  [n  -  r  +  1),  viz.  1  .  2  ...  r  curves  for  each  combination  of 
— _ — _i--^.--'-__ '.    asymptotes.     Some   particular  instances   of  asymptotic   curves  will 

be  found  in  a  memoir  by  M.  Plucker,  Liouvilles  Journal,  vol.  I.  [1836,  pp.  229 — 252], 
Enumeration  des  courbes  du  quatrifeme  ordre,  &c.  The  general  theory  does  not  seem  to 
be  one  to  which  much  attention  has  been  paid. 
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CHAPTERS    IN    THE    ANALYTICAL    GEOMETRY    OF    (n) 
DIMENSIONS. 


[From  the  Oambtidc/e  Mathematical  Journal,  vol.  iv.  (1843),  pp.  119 — 127.] 

Chai'.  1.     On  some  preliminary  formuke. 

I   TAKE   for   granted  all   the   ordinary  formulae  relating  to   determinants.     It  will  be 
convenient,  however,  to  write  down  a  few,  relating  to  a  certain   system  of  determinants, 
which    are    of    considerable    importance   in    that   which    follows :     they   are    all    of    them 
either  known,  or  immediately  deducible  from  known  formuJEe. 
Consider  the  series  of  terms 

^,  ,     ^.  ^.  (1)- 

A,,     A, A„ 

k„    K, kn 

the    number    of    the    quantities    A  K    being    equal    to    q  (q  <  n).      Suppose    q+1 

vertical  rows  selected,  and   the  quantities  contained  in  thera  formed  into  a  determinant, 

this  may  be   done   in     ^j — s —   — =-^  different  ways.     The  system  of  determinants 

so   obtained   will   he   represented   by   the   notation 


1  A„    A, A,, 

;  k,,    K, kn  ! 

and   the   system   of  equations,  obtained   by  equating  each  of  these  detci-minants  to  zero, 
by  the  notation 

) (3). 
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«(» 


-1) (g  +  2)  , 


j—^ r—- — —yr-  cquations   represented    by   this    forimila    reduce    thcmBolvcs  to 

{n  -  q)  independent  equations.     Imagine  these  expressed  by 

(1)=0,     (2)  =  0 {n-q)=0 (4), 

any  one  of  the  determinants  of  (2)  is  reducible  to  the  fonn 

@,(l)+0,(2)...  +  e^,(»-5) (5). 

are  coefficients  independent  of  iC,,  Xi,...Xn.     The  equations  (3)  may 


where  0i,  ©^  •■ 
be  replaced  by 


,  Xn^n, 


li^Xi  4-  . 

/(l-di  + . 


..{(;), 


and  conversely  from  (6)  we  may  deduce  (3),  unles.s 


■  Mu 


(7). 


(The   number  of  the  quantities  \,  ft, .. 
may  also  be  expressed  in  the  form 


is   of  course   equal   to   n.)     The   equations    (3) 


X, 


\A,  +  ...  (o,Ki,    \A^+  ...  t^,K^,  ...X,An  . 
\A,  +  ...a^K„    XgA.,+  ...a>,^K^. ...  X,,A^  . 
the  number  of  the  quantities  X,  /j....'i>  being  q. 

And  conversely   (3)  is  deducible  from   (8),  unless 


'^,-'f«  I 


.(9). 


Chap.    2.     On    the    determination    of   linear    equations    in    cci,    a:,,  .,,a^„    which    are 
I  the  values  of  these  quantities  derived  front  given  systems  of  linear  equations. 

It  is  required  to  find  linear  equations  in  aii, ...  x^  which  are  satisfied  by  the  values 
of  these  quantities  derived — 1.  from  the  equations  ^'  =  0,  33'  =  0 ...  ffi'  =  0;  2.  from  the 
equations  gl"  =  0,  J3"  =  0  ...^"  =  0;    3.   from  ^'"=0,  J3"'  =  0 ...  lt'"  =  0,  &c,  &c.,  where 


^'  =  A.^Xi  +  .AyiCs  . . .  +  AnX„, 


-(1). 


and  similarly  f 


W,  23"', ...,  &c.  are  linear  functions  of  the  coordinates a^i,  a^^, ., 
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Also  /,  r"...  representing  the  number  of  equations  in  tlie  systems  (1),  (2). 
number  of  these  given  systems, 

(n-r')\{n-T")'r  ...>%-l  or  (i- l)>i  + 1  }.. •'  +  !■"  + ... 


=  X'a'  +  /B'+..., 
VB'  +  /I'M'  +  . . .  .  i"a"  +  /i"lS"  +  . 


57 
ind  /f  tlie 


■(2). 


the  latter  equations  denoting  the  equations  obtained  by  equating  to  zero  tlie  terms 
involving  iCi,  those  involving  «s,  &c. ...  separately.  Suppose,  in  addition  to  these,  a 
set  of  linear  equations  in  V,  /*'...  X",  i^' ...  so  that,  with  the  preceding  ones,  there 
ia  a  BufBeient  number  of  equations  for  the  elimination  of  these  quantities.  Then, 
performing  the  elimination,  we  thus  obtain  equations  '^  =  0,  where  '^  is  a  function  of 
a'l,  a^j...  which  vanishes  for  the  values  of  these  quantities  derived  from  the  equations 
(1)  or  {%)  ...  &c.     The  aeries  of  equations  '?'  =  0  may  be  expressed  in  the  form 


...GC', 


Al'  ,...0'\, 


A(',...Ol' ,     A/",. 
An",  ■■■On",     An'",. 


Chap.  3.     On  reciprocal  equations. 
Consider  a  system  of  equations 


■  (3). 


Ar:*,+A'^,.,.  +  /rA=o, 


(»■  in  number). 


The   reciprocal   system   with   respect    to   a   given   function   (U)   of  the    second   ordet 
a^i,  ic^.-.x^,  is  said  to  be 


,.(2), 


l^JJ  ,    d^U,^..d^,U    j:=0 

A,,        A^,...      An  i 
k„       K...     K  1 

()),  —  r  in  number). 

It   must    first   be   shown   that   the   reciprocal   system   to   (2)    is    the    system   (1),   > 
that  the  systems  (1),  (2)  are  reciprocals  of  each  other. 
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Consider,  in  gcncmi,  the  system  of  equations 

a,d,fl+ii,d^U...  +a.d,.U-0   


[11 


..(3). 


Suppose  2C"=S(a>.'  +  2S(»|3)«.a'li,  so  tliat  d^n=S{m)i. (1),  (5). 

Tile  equations  (3)  may  be  written 

«,K(l')  +  a,  (12)  ■■■  +  "»  (1»)1  +  -- +  ^»K(»l)  +  ".(»2)-.- +  «.("')! -0  (''). 

&c. 

and   forming   tlie    reciprocals   of  these,  also   replacing   d^^U,   d^JJ ...    by   their   values,   we 
have 


I,  (!■)  +  ^1  (12)  +  , . .  x,  (1»),  ...X,  (»1)  +  X,  (»2)  ...  +  x,  (,,') 
a,  (1-)  +<t,  (12)+  ...  J.  (lii), ...  a,  (»1)  +«,  (»2) ...  +  ».  (i.-) 

V(l'i).  ■.■>..(nl)  +  ^.("2)...+l,(n=) 


,.(7). 


A,  (1>)+X,(12) 
,  assuming 


(1-),      (12),,..  (1»)   ,+  0 
(21),     (2'),...(2») 


(»1).     (»2),. 
we  obtain,  for  the  recijirocal  system  of  (3), 


Now,   suppose  the   equations   (3)   represent  the   system   (2) ;    their   number   in   this   case 
must  be  n  —  r.     Also  if  0  represent  any  one  of  the  quantities  n,  ^  ...\  we  have 

AA  +  AA...  +  A,A,-o (10), 

jr,«,+  ifA...  +  irA-(i. 

By  means  of  these  equations,  the  system   (9)   may  be  reduced   to  the  form 


\  +  A.,x 
0 


0 


.+K,. 


.0...(11), 


whicli   are   satisfied    by   the   equations    (1).     Hence   the   reciprocal   system   to   (2)   is   (1), 
or  (1),  (2)  are  reciprocals  to  each  other. 
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Theorem.     Consider  the  equations 

(»'   =0,     J8'    =()...ffi'    =0)  

(a"-0,     J8" -0..,il"  =0), 

(a"'-o,  a3"'=o...a"'-o). 


■  (12). 


of  Chap.  2.     The  equations 


<i..ff   ,     d,^n   ,...  4.i7 
4,",  A,",...       A„" 


0," ,  0,",.. 


0„" 


which  are   the   reciprocals  of  these   systems^  represent  taken   conjointly  the  reciprocal   of 
the  system  of  equations  (3)  of  the  same  chapter. 

Let  this  system,  which  contains  n  —  [{n  —  r)  +  (n  —  r')  +  ...]  equations,  be  represented  by 


..(14), 


The  reciprocal  system  is 


ft»,+A,r,...+/3,ir.-0. 
f.«,+f,»:.... +  f,i,..0. 

4,P",     <f,...4.J''  i|-0  (15), 

i.  :! 


containing  (;n  ~r)  +  (b  -  r')  +  &c —  equations. 
Also,  hy  the  formula!  in  Chap,  2, 

a,^,+ ...+a,ir, -X,'a'  +  /»/J3'+....r,'ffi'  (X,  ft 
A^,  +  ...+Ai..X,-a'  +  ft'»+...ir,'«5' 


writing   0  = 


.  +  f,«„-x,'a'+»'a3'+...»«'<fi.. 


..(16), 


Also,   assuming   any   arbitrary   Cjuantities  %,   t;,  ...  tji,  ...  (^i,  ^^.-.^n    (the   iiumbtr   of 
sets  being  {r'  —  d))  such  that 


■  (17). 
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From  the  equations  (15)  we  deduce  the  {n  —  r)  equations 


[11 


Hence,  writing 


=  \'A+j^'B+...<T,'G  . 


,   (19). 


and  reducing,  by  the  formula  (8)  of  Chap,  1,  we  have 

d:c.U,     d^U,  ...  d^,U  |j  =  (3 (20); 


A,' , 


0(  ,      Gi  , 


Gn 


aiid  similarly  may  the  remaining  formulae  of  (13)  be  deduced  from  the  equation  (15). 
Hence  the  required  theorem  is  demonstrated,  a  theorem  which  may  be  more  clearly 
stated   as   follows  : — ■ 


The  reciprocals  of  several  systems  of  equations  form  together  the  reciprocal  of 
the  equation  which  is  satisfied  by  the  values  of  the  variables  which  satisfy  each  of 
the  original  systems  of  equations.  (The  theorem  requires  that  the  number  of  all  the 
reciprocal  equations  shall  be  less  than  the  number  of  variables.) 

Conversely,  consider  several  systems  of  equations,  the  whole  number  of  the  equations 
being  less  than  the  number  of  variables.  These  systems,  taken  conjointly,  have  for 
their  reciprocal,  the  equation  which  is  satisfied  by  the  values  satisfying  the  reciprocal 
system  of  each  of  the  given  systems. 

Chap.  I.     On  some  'properties  of  functions  of  the  second  order. 

Suppose,  as  before,   U  denotes  the  general  function  of  the  second  order,  or 

^V'  =  %(a')a:j  +  ^^{a0)x^xs  (21). 

Also  let  V  denote  a  function  of  the  second  order  of  the  form 

r^H''     T,,    x„...a: 


{H  being  the  symbol  of  a  homogeneous  function  of  the  second  order,  and  the  number 
r  of  the  quantities  a,  ^...p,  being  less  than  n  —  \).  [Observe  that  a,,  /3i,  ...p,, ... 
0,,,  0n,...pn,  or  say  the  suffixed  quantities  a,  ^,...p  (r  in  number)  are  used  to  denote 
coefficients :  a,  0,  without  suffixes,  are  any  two  numbers  in  the  series  of  suffixes 
1,  2,  3,.,.«.]     Then  2U~2kV,  k   arbitrary,  is  of  the  form 

X[a^]^.^^  +  2%[a^]a:^a; (23). 
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Suppose  Xi,  X.i,...Xn  determined  by  the  equations 

[P]X,  +  [12]X,...+[1«.]Z„  =  0 (24), 

[21]Xi  +  [2=]Xj...  +  [2«]X„  =  0, 

[wl]Z,  +  [ii2]Z2  ...+[«.']X„  =  0; 

equations  that  involve   the   condition   that   k  satisfies  an  equation  of  the   order  n  —  r,  as 
will  be  presently  proved. 

Then  shall  «!  =  Xj ...  x^^ X„  satisfy  the  system  of  equations,  which  is  the  reciprocal  of 

,     x„...x,,   1  =  0 (25j. 

a,, ...  a,,   ; 

To    prove    these    properties,    in    the    first    place    we    must    find     the    form    of     V. 
Consider  the  quantities  f^,  fs>  ■■■It.  {n  —  r)  in  number,  of  the  form 

L  =  -di  iCi  4-  ^2  3^2  - . .  +  -d„  a-„,  (20), 

^i_=L,w,+L._x^  ...  +L„x„; 
where,  if  0  represent  any  of  the  quantities  A,  B  ...  L, 

5(i®,  +  a,0^  ...  +  a„0„  =0,      (27), 

Aei  +  zSA...  +y8„0„  =  O, 

Pi®!  +  Ps0!  ■  - .  +  Pn^n  =  0, 

Hence,  if  2^=2  {a=]^,=  +  22  [q^I  a;^^-^ (28), 

we  have  for  the  coeificients  of  this  form 

[V]  =  2  (A^)  A,^  +  22  (AS)  A,B„     {12}  =  2  (A^)  A,A,  + 1  (AB)  (A A  +  A,B,), 

and   consequently   the   coefficients  of  2!7  —  2^■F  are 

[l-]  =  (l")~i-|l-j,  [12]  =  (12)-til2|. 

Hence,  6  representing  any  of  the  quantities  a,  0  ...  p, 

0,{v]+e4i2]...+e4in)^o (29), 
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whencs  also  «,  [1"  ]  +  ...  9»[1«]  =  «,(1") +...  ».(!«), 

«,[»!]  +  . ..e,.[«']-e,(»i)  +  ,.,e.(i>>). 

Hence,  the  equations  for  determining  X^,...Xn  may  be  reduced  to 
X.[.,  (!•)  +  . ..a.  (1»)]+X,[«,  (21)... +«,(2«)]...+X.["i  («1) -+"»(»■)]  =(>• 


[U 


X,[ft  (!•)  +  . ../3.(1»)]+Z,[A  (21)  ...+/3,(2»)].. 


!,(»1).,,+ A  («•)].  0. 


Z.[p,(r)  +  ...p,.(l'«)]+-r.[f>.(21)...+/'»(2")].-+^.[p»(»l).-.+(>.  («")]-o. 
Jr,[r  +  1,  1]+  X,[r  +  1,  2]..,+  Z.[r  +  l,n]  -  0, 


X,[u,  1]  + 


A-,[»,  2]., 


J^.M 


Eliminating   X,...Xa,   since    the    first    r    equations   do   not   contain   k,   the   equatio 
this  quantity  is  of  the  order  m  —  r. 

Next  form  the  reciprocals  of  the  equations  (25).     These  arc 

A^,      A^,...  A 

L[  ,        L,,...    I 

From  which  wo  may  deduce 

I   a,d^,U...+a.J^U,    J3A,U...  +  0nd^U,...p,d^^U...pJ:cJ^,     d^^,U,  ...d^^^U  1=0...  (M), 
I  0  ,  0  ,...  0  ,       Ar+,....A„     j 


which  are  evidently  satisfied  by  ici  =  X,,  w^^Xz ...  iVn  =  X^. 

In  the  ease  of  four  variables,  the  above  investigation  demonstrates  the  following 
properties  of  surfaces  of  the  second  order. 

I.  If  a  cone  intersect  a  surface  of  the  second  order,  three  different  cones  may 
be  drawn  through  the  curve  of  intersection,  and  the  vertices  of  these  lie  in  the  plane 
which   is  the  polar  reciprocal  of  the  vertex  of  the  intersecting  cone. 

II.  If  two  planes  intersect  a  surface  of  the  second  order  through  the  cur\-e  of 
intersection,  two  cones  may  be  drawn,  and  the  vertices  of  these  lie  in  the  lino  which 
is  the  polar  reciprocal  of  the  line  of  intersection  of  the  two  planes. 


Both   these   theorems  are   undoubtedly  known,   though   I   ; 
them  to  any  given  place. 


not   able   to   refer    for 
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12. 

ON   THE   THEORY   OF   DETERMINANTS. 
[From  the  Transactions  of  the  Cambridge  I'hilosophioal  Society,  vol.  viii.  (1843),  pp.  1 — 16.] 

The  following  Memoir  ia  composed  of  two  separate  investigations,  each  of  them 
having  a  general  reference  to  the  Theory  of  Determinants,  but  otherwise  perfectly 
unconnected.  The  name  of  "  Determinants "  or  "  Kesuitants "  has  been  given,  as  is  well 
known,  to  the  functions  which  equated  ,to  zero  express  the  result  of  the  elimination 
of  any  number  of  variables  from  as  many  linear  equations,  without  constant  terms. 
But  the  same  functions  occur  in  the  resolution  of  a  system  of  linear  equations,  in  the 
general  problem  of  elimination  between  algebraic  equations,  and  particular  cases  of  them 
in  algebraic  geometry,  in  the  theory  of  numbers,  and,  in  short,  in  almost  every  part 
of  mathematics.  They  have  accordingly  been  a  subject  of  very  considerable  attention 
with  analysts.  Occurring,  apparently  for  the  first  time,  in  Cramer's  Introduction  ci 
VAnalyse  des  Lignes  Courbes,  1750 :  they  are  afterwards  met  with  in  a  Memoir  On, 
Elimination,  by  Bezout,  M4moires  de  I'Acaddinie,  1764;  in  two  Memoirs  by  Laplace 
and  Vandermonde  in  the  same  collection,  1774 ;  in  Eezout's  Theorie  gdnirale  des 
Equations  algehriques  [1779] ;  in  Memoirs  by  Binet,  Jon/rnal  de  I'Ecole  Polytecknique, 
vol.  IX.  [1813];  by  Cauchy,  ditto,  vol.  x.  [1815];  by  Jacobi,  Crelle's  Journal,  vol.  xxir. 
[1841] ;  Lebesgue,  Liouville,  [vol.  ii.  1837],  &c.  The  Memoirs  of  Cauchy  and  Jacobi 
contain  the  greatest  part  of  their  known  properties,  and  njay  be  considered  as  constituting 
the  general  theory  of  the  subject.  In  the  first  part  of*the  present  paper,  I  consider 
the  properties  of  certain  derivational  functions  of  a  quantity  U,  linear  in  two  separate 
sets  of  variables  {by  the  term  "  Derivational  Function,"  I  would  propose  to  denote 
those  functions,  the  nature  of  which  depends  upon  the  form  of  the  quantity  to  which 
they  refer,  with  respect  to  the  variables  entering  into  it,  e.g.  the  differential  coefficient 
of  any  quantity  is  a  derivational  function.  The  theory  of  derivational  functions  is 
apparently  one  that  would  admit  of  interesting  developments).  The  particular  functions 
of  this  class  which  are  here  considered,  are  closely  connected  with  the  theory  of  the 
reciprocal  polars  of  surfeces  of  the  second  order,  which  latter  is  indeed  a  particular  case 
of  the  theory  of  these  functions. 

In  the  second  part,  I  consider  the  notation  and  properties  of  certain  functions 
resolvable  into  a  series  of  determinants,  but  the  nature  of  which  can  hardly  be  explained 
independently  of  the  notation. 
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ON   THE   THEOKY    OF   DETERMINANTS. 


[12 

In  the  first  section  I  have  denoted  a  determinant,  by  simply  writing  down  in  the 
form  of  a  square  the  different  quantities  of  which  it  is  made  up.  This  is  not  concise, 
but  it  is  clearer  than  any  abridged  notation.  The  ordinary  properties  of  determinants, 
I  have  throughout  taken  for  granted ;  these  may  easily  be  learnt  by  referring  to  the 
Memoirs  of  Cauchy  and  Jacobi,  quoted  above.  It  may  however  be  convenient  to  write 
down  the  following  fundamental  property,  demonstrated  by  these  authors,  and  by  Binet. 


P' 


■  (®). 


pa  +po 


an  equation,  particular  eases  of  which  are  of  very  frequent  occurrence,  e.g.  in  the 
investigations  on  the  forms  of  numbers  in  Gauss'  Disquisitiones  Arithmetica  [1801],  in 
Lagrange's  Determination  of  the  Elements  of  a  Comet's  Orbit  [1780],  &e.  I  have  applied 
it  in  the  Cambridge  Mathematical  Journal  [1]  to  Camot'a  problem,  of  finding  the  relation 
between  the  distances  of  five  points  in  space,  and  to  another  geometrical  problem.  With 
respect  to  the  notation  of  the  second  section,  this  is  so  fully  explained  there,  as  to 
tender  it  unnecessary  to  say  anything  further  about  it  at  present. 

I  1,     On  the  properties  of  certain  determinants,  considered  as  Derivational  Functions. 
Consider  the  function 


■■x(c^^  +  ^^ +  ...)  + 


(n  lines,  and  n  terms  in  each  line) ; 
and  suppose 


(The   single   letter   «   being  employed  instead  of  KU,  in   cases  where  the  quantity  -KT7, 
rather  than  the  functional  symbol  K,  is  being  considered.)     And  write 


A«+AV+  ...,      BiC  +  BV  +  . 


Hf+S)J+..., 


...    (3). 


A^  +  B)?+..., 


The    symbols   K,    F,    V    possess    properties   which   it    is    the    object    of    this    section   to 
investigate. 
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,  A',  B'....,...  be  given  by  the  equations: 


1  /3"',  y,  7'",  s' 

(The  upper  or  lower  signs  according  as  Ji  is  odd  or  even.) 
These  quantities  satisfy  the  double  series  of  equations, 

Aa  +B0  +  ...  =K, 

Aa'  +  B^'  +  ...=0, 

A'a+B'/3  +  ...  =  0, 
^V  +  B'/3'+...-«, 


..(6), 


Aa  +  A'a!  +  .. 
AI3  +  A'0'+. 

Ba  +  B'a'  +  . 
B^  +  B'0'  +  . 


the   second   side    of    each   equatioi 
of  equations  in  the  systems. 

Let   X,  /i, ...  represent   the   r"',   r  +  1"',  . 


■  0,   except   for  the   r"'  equation   of  the   r""   set 


corresponding  terms   of  the   sei 
consider  the   determinant 


i  of  the  series  «,  ^, . , 
A,    B ... .   where   r  is   any  number  h 

-i         I 


L,  M,...  the 
.   than  n,   and 


..(8). 


which  may  be  expressed  as  a  determinant  of  the  n*''  order,  in  the  form 
A       ,...L       ,0,     0,... 


AM, 

..L'-' 

,     0, 

0, 

0 

0 

,     1. 

0, 

0       , 

0 

,     0, 

1, 
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Multiplying  this  by  tho  two  sides  of  the  equation 


[12 


and   reducing   the  result   by  the    equation    (©),   and   the   equations    (6),   the   second   side 
becomes 


«,     0        ,     0 
0,      ;".'>■+",      i/''^ 


which  is  equivalent  to 


or  we  have  the  equation 


which  in  the  particular  case  of  r  =  n,  becomes 

A,     B,... 
A',     B', 


.,(14), 


which  latter  equation  is  given  by  M.  Cauchy  in  the  memoirs  already  quoted ;  the 
proof  in  the  "  Exercises,"  being  nearly  the  same  with  the  above  one  of  the  more 
general  equation  (13).  The  equation  (13)  itself  has  been  demonstrated  by  Jacobi 
somewhat  less  directly.  Consider  now  the  function  FU,  given  by  the  equation  (3). 
This  may  be  expanded  in  the  form 

S'JJ  =  {li^+S'ri  +  ,..)[A  (A3;  + aV +...)+  iJ  (Ba;  +  HV+.,.)  4-  ...}+    (15), 

{r'I  +  s'i;  +  . . .)  {A'  (A3;  +  aV  +...)  +  B'  (Ba;  +  bV  +.,,)+■■]  + 


which  may  bo  written 


i^C;"-a:(A^  +  E7,  +  .,,)  + 
a;' (A'^  +  B't, +  ,..)  + 


..(16), 
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ON    THE   THEORY    OF   DETERMINANTS. 

A  =A  {b.A+b.'A'+  ...)  +  u  {nB  +  ii'B'  +  ...)+  . 
B  =A  (bA  +s'A'+  ...)+b  (sB  +  s'B'+  ...)+  . 

A'  =  a.'[rA  +r'A'  +  ...)  +  b'  (sB+r'B'+  ...)  +  . 
h'  ^ a'  (sA  +S-A'  +  ...}  +B' {sB  +  ?i'B'  +  ...)+  . 


11 ,       H  ,  . . 

r',    s', 


or  observing  the  equation  (14),  and  writing 


this  becomes 

Hence  likewise 


,.(21), 


KFn.Jr.lKV)"-' (22), 

K1U=Jr.{Kirf'-' (23), 


Consider  next  the  equation 

'iFU  =  -  ,  Rie  +  eV  +  , 

Af  +  B);+,,,,     A 
A'l^  +  b't?  +  , , ,  ,     A! 


«',    A,    B, 
as',    A\    B', 


f,  1,, 
",  A,  B, 
icV    A\    B', 


(2-1), 
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If  the   two   sides   of  this  equation  are  multiplied  by  the  two  sides  of  the  equatio 
(2),  written  under  the  form 

1,  (27). 


a,     /3,... 


the  second  side  is  reduced  to 


■  (28), 


and  henee 
Similarly 


^^Jr.n-'.  U   

'iIFU-jr.(KU)-'.U 


.  (30). 

..(31); 


FlU-Jf.iKlTi'-.U   

also  combining  these  witli  the  equations  (22),  (23), 

1FV  _  mu  __  V_ 

KFV     KIJJ     KU  '     '■ 

It  may  be  remarked  here  that  if  JJ,   V  are  functions  connected  by  the  equation 
FV  =  cFY,     or  in=cir,       (33), 

then  in  general  JJ  —c'^'^V (34). 

To  pTOvc  this,  observing  that  tlie  iirst  of  the  equations  (33)  may  be  written 

FU=F((i^^V)  (35), 

ive  have  '1  .FII=1  .F  {c^^  F)  (36), 

or  //-.(ZfJ)— ET.  J/[iZ-(ci^i7)]— e"  V (37). 

If  neither  J,  f  nor  (KIT)  vanish,  this  equation  is  of  the  form 

(38), 


whence  substituting  in  (33), 


i™"'  =  c  . . . 


■  (39), 
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which  demonstrates  the  equation  (3i) ;  and  this  equation  might  be  proved  in  like 
manner  from  the  second  of  the  equations  (33).  If  however,  J"  =  0,  or  /*  =  0,  the  above 
proof  fails,  and  if  KU  =  0,  the  proof  also  fails,  unless  at  the  same  line  k  =  2.  In  all 
these  cases  probably,  certainly  in  the  case  of  KV  =  0,  n  ^  2,  the  equation  (34)  is  not 
a  necessary  consequence  of  (33).  In  fact  FJJ,  or  "JU  may  bo  given,  and  yet  U 
remain  indeterminate. 

Let    U^,   a,,   ^,,...j4,,   £,,   &c. ...    be    analogous    to    U,   a,   ^...,   A^,   B,   &c....    and 
consider   the   equation 

K{KU,.FU+gKU.FU) (40), 

K^A  +gKA,,     K^B  +  gK:B^,  ... 
K,A'  -\-gKA',     K_B  +  gieB,', 

by   the    two    sides    of    the    equation    (2),   the    second    side 


Multiply  the   two   sid 
becomes,  after  reduction. 


K,K  +  (JK{Afl  +B^^   - 

ff>c(A/  +  B,^'A 


+ gic  (Ay +b;s' +  ■■■), 


Multiplying   by   the   two   sides   of  the   analogous   equation 


and  reducing,  the  second  side  becomes 


■■,+90).- 


=  K".K^^.K(U,  +  gU) (44), 

whence  K  {KU, .  FU  +  gKU .  FU;)  =  {KVy'-'  {KUy^'K {U,+  gU) (45), 

and   similarly 

K{KU,.fiU  +  gKU.'iU,)  =  {KUr-^KU;)^'K{'U,^gU) (46). 

In   a   similar  manner  is   the   following   equation   to   be   demonstrated, 

'^(KU,.FU+gKU.FU)^F{KU,.^U+gKU.^U,)=^     (47), 

-jr.{KUr~^{KV;)^-'x 

a  1  +  0^...,     a     +gfx 

a'f  +  I3'v  ■■■  ,     a;  +  ga'  ...,     /S/  +  gl3'  . 
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Suppose  U^'^{p^  +  a-7!  + ...)  {ax  +  a'x' +  ...)     . 

this  expression  being  tlie  abbreviation  of 

U-(i,(+<rti  +  ...){ax  +  aV  +...)+  . 
(P,f  +  ",1  +  ■•■)  ((i,a;  +  ii,V+  ...)  + 


[12 


^  («). 


[{n  —  1}  lines,  or  a  smaller  number"]. 


which  follows  from  the  equation  (©). 

Conversely,  whenever  KU—  0,   U  is  oi  the  above  form. 
Also        FV  = 


AiC+AV+,.. 

BX+X'!t 

R?+S7;  +  ... 

S-, 

%arr 

e'?  +  ii'v+  ... 

So> 

SoV 

which   may  he   transformed   into 


H^  +  Sv  ...,     R'l  +  S't;  . , 


.   (50), 


(for  shortness,  I  omit  the  demonstration  of  this  equation). 

And  similarly, 

Y [7  =  I  lU  +  sfie'  +  ...,     Hjh  +  s's/  +  ...  ,  ...  a|  +  B17  +  . . . ,     a'I  +  B'7  +  , . . ,  , 

P  ,  " 

where  it  is  obvious  that  if  the  sum  %  contain  fewer  than  (w-l)  terms,  FIJ^O,  'iU=Q. 

The  equations  (52),  (53)  express  the  theorem,  that   whenever  KU=Q,  the  functions 
Fij,   "iU  are  each  of  them  the  product  of  two  determinants. 
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then  in  (45)  taking  .y  =  -l  [the  Numbers  (56)  &c.   which   follow  are   as   in   the   original 
memoir] 

K:{K{U+U).FU-  KU,F{U+U)]  =  K[K{V  +  ~n}.'^U-KU.'^{U+U}] (5B), 

=  (ZP)"-' .  {K{U  +  Ufr-' .  KtJ, 

or   observing   the   equation  (50), 

K\KiU+  U).FU-KU.F(IX+V)]^K{E(U+  U).'S(f-KU.1{U+U)}  =  0  (57). 

Hence  F  {(KiU+U)  .'^IT- KU .^  {U +U}]^'S  [K (U +V) .  FU- KU .  F  (U+U)] 
are  each  of  them  the  product  of  two  determinants.  But  this  result  admits  of  a  further 
reduction :    we   have 

,.(58) 


y{KiU+U}.'i[U-KU.'i{U+U}]  =  'S{K{U+U).FU-KU.F{U+U)].. 


-jr(KU)'^.iK{u+u)r 


/3,a;  +  /3>'  +  ., 


substituting  a,  =  a  +  S/)«,  &c. . , , ,  also  observing  that  if  the  second  line  be  multiphed 
by  ic,  the  third  by  a/,  ...  and  the  sum  subtracted  from  the  first  line,  the  value  of 
tho  determinant  is  not  altered,  and  that  the  effect  of  this  is  simply  to  change 
a,,  a/,,,  into  a,  a' ...  in  the  first  line,  and  introduce  into  the  comer  place  a  quantity 
—  U,  which  in  the  expansion  of  the  determinant  is  multiplied  by  zero:  this  may  be 
written   in   the   form 


-  Jf  [KJjy^  (K  (U-h  U))''-'- 


which   may   be   reduced   to 


ax  +  aw 
a'l  +  /3'i?  +  . . . ,         Xpa' 


Stra 


(59), 


jr .  (KUY- .{K {V  +  U))'- 


..(60), 


aV+...,     lix  +  pV+.. 


af  +  /3,+  ...,     o'{  +  /3'l 


If   each   of  these   determinants   are   multiplied   by   the   quantity    {KVy^^, 
under  the   two   forms 


■  (61), 
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they  would  become  respectively 
KU.  X  ,  «■  ....     ,     KU. 

Ap+Ba+...,  A'p+B'a  +  ..., 


[12 


f  ,  1  .. 

Aa+A'a'  +  ...,   Ba+B'ii'+..., 


that   finally 

F{K(U+  0).  IV  -  KU  .V  (JJ  +  IJ)\-1{K{U+  V)FU-KU.F{V+U)\ . 


-.rri^E^r 


Ap  +  B(T+...,  A'p+B'ij+..., 


Aa+A'a'+...,  Ba+B'a'- 


Tho   second   side   of  this   may  be   written   under   the   forms 


rK(U+U)\'-' 
[      KU     I 


K(Af+Ba.)  +  lJ{A'f  +  B'^..)  +  ...,  li(4p  +  £<r..)+B'(JV+-B'<'.,)+. 


multiplied  into 
R(Aa+  A'a'..)  +  S{Ba  +  B'a'..)  +  ...,  R  (Aa  +  A'a'  .)  +  S' (Ba  +  Ka' ..)+ .... 


(KjU+UW 

(      KU      I 


Ra  +  PJx'  +  ...  ,  S«  +  SV  +  . , . 

R(Ap+B„..)+E\A'p+R;i..)^...,   S(Ap  +  Ba..)+S'(A'p+BW.. )+..., 


multiplied  into 

j  Al+B7,+  ...  ,  A't  +  -B'iJ+... 

A  {Aa  +  A'a'..)+B(Ba  +  B'a'. .)  +  ...,     A'(Aa  +  A'a'..)  +  B'{Ba+B'a'..)+..., 

And   again,   by   the   equations   (52),    (53),   in   the   new   forms 
(^'^^^"'y"-F,S[[(Ap  +  Ji,r   ,..)(A|  +  B,   ...)  +  (^>  +  -BV.,.)(A'|  +  B',. ..)...] 
x[(4o+4'o'...)(itt  +  RV...)  +  (Bo  +  BV  ...)(iii;+sV. ..)...]!.. 

("'^'(^y)'"'?.2:!K-^P  +  -B<r    ...)(B{  +  S,     ...)  +  (4>'  +  BV...)(E'f  +  S',. .,).,,] 


(C3). 


x[{Aa  +  AV...){Aa,  +  i 


V  ..,)(bic  +  bV...)..,]|  .,,(67). 
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Comparing  these  latter  forms  with  the  two  equivalent  quantities  forming  the  first  side 
of  (53),   and   observing   (33),    (34),   it   would   appear  at   first   sight   that 

K{U+  U).'''IU~KU.'i{JJ+U) 

=  (^^J^^)""' (2  [(^p+5cr...)(Aj+B^...)  +  (^>  +  S'<7...)(A'?  +  B'^, ..)..-] 

X  [{Aa^-A'a'...)  (r«  +  rV...)  +  (-B»  +  -BV  . ■ .)  (fix  +  s'^  ...) ...]}, 
K{U+U).FU~KU.F{U+JJ) 

=  (^-J-'V"'2i[(vlp+-B<r-..)(H?  +  s^...)  +  (^'p  +  SV..KR'l  +  s''J.-)-] 

y.[{Aa  +  A'a'...){kx  +  k'x'...)^{Ba  +  B'a'...)  (b«  +  bV...)  ...]}, 

which  however  are  not  true,  except  for  n  =  2,  on  account  of  the  equation  (57).  In 
the   case   of  n  —  'l,   these   equations   become 

=  [(^p+S<7...)(A?  +  B.7...)  +  (yl>  +  £V...)(A'?  +  B'7;. ..)+...] 

x[(^a.+  ^V;..)(iw  +  RV...)+(Ba  +  BV...)(s3^  +  sV...)...] (68), 

K(U^U)FU~KU.F{U^  U) 

=  [(Ap  +  iJ<7...)(R^  +  S^...)  +  (^l'p  +  -BV...)(R'^  +  S'^. ..).-.] 

X  [(Act +  ^V...)(Aa!  +  AV...)  +  (5o  +  5V...)(Ba^  +  BV +  ...)...] (69), 

and  it  is  remarkable  that  these  equations  ((6S),  (69))  are  true  whatever  be  the  value 
of  n,  provided  2  contains  a  single  term  only.  The  demonstration  of  this  theorem  is 
somewhat  tedious,  but  it  may  perhaps  be  as  well  to  give  it  at  full  length.  It  is 
obvious  that  the  equation  (69)  alone  need  be  proved,  (68)  following  immediately  when 
this  is  done. 

I  premise  by  noticing  the  following  general  property  of  determinants.     The  function 

I  a+tpa,     /3+2<ra,.,,   1 (70), 

c^  +  tpa',    ^'  +  to'a, 

(where  Xpa  —  p,a,  +  p-ia^...  +  ps %),  contains  no  term  whose  dimension  in  the  quantities 
a,  a'  ...,  or  in  the  other  quantities  p,  a-...,  is  higher  than  s.  (Of  course  if  the  order 
of  the  determinant  be  less  than  s  or  equal  to  it,  this  number  becomes  the  limit  of 
the  dimension  of  any  term  in  a,  a'...  or  p,  a-...,  and  the  theorem  is  useless.)  This 
is  easily  proved  by  means  of  a  well-known  theorem, 

1  tpa,     So-a,...   ;  =  0  (71), 

I  Ip'a,     l.'a,        \ 
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whenever  s  is  less  than  the  number  expressing  the  order  of  the  determinant.  Hence 
in  the  formula  (70),  if  S  contain  a  single  term  only,  the  first  side  of  the  equation 
is  linear  in  p.  a,...  and  also  in  o,  a',...,  i.e.  it  consists  of  a  term  independent  of 
all  these  quantities,  and  a  second  term  linear  in  the  products  pa,  pa',...Ta,  o-cr', ... 
This  is  therefore  the  form  of  K  {U+  JJ). 


Consider  the  several  equations 


it  is  easy  to  deduce 


K  =  KJJ=AcL+B^  + 

=  &c. 

^  K  (U+U)  =  KU  +  A  pa-  +  B  <ja  + 

+  A'pa'  +  B'a-a  + 


-  (73). 


To  find  the  values  of  A,  J 


ic.  corresponding  to   U  +U,  ^ 

A  =m'^  +  n'7'  +     

=  m"/3  +  N'7"  + 


i  must  write 


^  (7.5), 


the    order   of    each    of   these    determinants    being  w  —  2,  and   the   upper   or   lower   signs 
being  used  according  as  h  —  1  is  odd  or  even,  i.e.  as  Ji  is  even  or  odd.     Hence 

A,=  A  +m'  era'  +n'  Ta'+ (76), 

+  m"  o-ffl"  +  n"  ra"  +  ... 

!ind  therefore 

k^A-kA,^         A-'pa  +(AB  )o-«  +{AC  )to  + (77), 

4-  A  A'  pa'  +  {AB'  —  km'  )  a-a'  +  {AC  —ks')  ra'  +  ... 
+  AA"pa"  +  {AB"  -  kM")  a-a"  +  {AC"  —  ks")  ra"  + 

the   additional   quantities   0,  r   having   been   introduced   for   greater   clearness.     Now   the 
equations 

AB'  -kM'  =A' B,     AC  -kN'  ^A'O. (78), 

AB"-kW  =  A"B,     AC'-kN"^A"C 
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written  UBder  the  form 

AB'-A'B^>cM;    AC  -A'G^kN',  (79). 

AB"  -  A"B  =  kM-\     a  0"  -  A"G  =  kN", 

are  particular  eases  of  the  equation  (13),  and  are  therefore  identically  time.  Hence, 
substituting    in    (77), 

k,A-kA,^  A^pa    +ABo-a+AGTa    ...+     (80), 

+  AA'pa'  +  A' Ba-a' +  A' 0-ra'  ...  + 
+  A"Apa"  +  A"Ba-a"  +  A"CTa"  . ..  + 

^{pA  +  <TB  +  ...)(Aa  + AW +...). 

Forming  in   a  similar  manner,   the   eombinationa   k,B  ~  kB^,  ...  k,A'  —  kA/,   k^B—  kB,',  ..., 
multiplying    by  the    products   of   the    different    quantities   Ax  +  A'x'...,   Bx  +  B'x' ....  ... 

B^  +  Sfj...,  R'l+S'v.-.,  ■■■  and  adding  so  as  to  form  the  function  K{U+U).FU 
-  KU  .  F{U+U),  we  obtain  the  required  formula,  viz.  that  the  value  of  this  quantity  is 

^[(pA  +  <^B    ..,)(Rf  +  S^    ...)  +  (A'p+B'a...)[-R'^+s'v. ..)+-..] (81); 

x[{Aa  +  A'a'  ...){/^^  +  A'af  ...)  +  ( Ba  +B'a' ...)Cbx +  b'x:'  ...)  +  ...] 

with  this  theorem,  I  conclude  the  present  section, — noticing  only,  as  a  problem  worthy 
of  investigation,  the  discovery  of  the  forms  of  the  second  sides  of  the  equations 
(68),  (69),  in  the  case  of  2  containing  more  than  a  single  term. 

§  2.  On  the  notation  and  properties  of  certain  functions  resolvable  into  a  series 
of  determinants. 

Let    the    letters  Tj,     r,,...;-^ (1), 

represent  a  permutation  of  the  numbers 

1.     2,  ...  k  (2). 

Then  in  the  series  (1),  if  one  of  the  letters  succeeds  mediately  or  immediately 
a  letter  representing  a  higher  number  than  its  own,  for  each  time  that  this  happens 
there  is  said  to  be  a  "derangement"  or  "inversion."  It  is  to  be  remarked  that  if 
any  letter  succeed  s  letters  representing  higher  numbers,  this  is  reckoned  for  the 
same  number  s  of  inversions. 


Suppose   next   the   symbol 


■(3), 


denotes   the   sign   +   or  — ,   according  as   the   number   of  inversions  in   the  series   (1)   is 
even  or  odd. 
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This   being   premised,   consider   the   symbol 

fAp.<r....(n)l 

]     ^  \   W' 

I,    Pk(rk  ...        ) 

denoting  the  sum  of  all  the  different  terms  of  the  form 

+  .+,...  ^/J,,0-,, ^Pr,<^s, (5), 

the   letters  r,,     r^-.-n;    Si,     S5...Si;&c (6), 

denoting  any  permutations  whatever,  the  same  or  different,  of  the  series  of  n\imbers 
(2)  [and  the  several  combinations  of  per...  being  understood  as  denoting  suffixes  of 
the   A'sj.     The  number  of  terms  represented  by  the  symbol  (5)  is  evidently 

(l.2...kY' (7), 

In  some  cases  it  will  be  necessary  to  leave  a  certain  number  of  the  vertical 
rows  p,  <r  ...  unpermuted.  This  will  be  represented  by  writing  the  mark  {■^)  immediately 
above  the  rows  in  question.     So  that  for  instance 

Ph'^k  ■■■  ^k4>k 

the  number  of  rows  with   the  (f)  being  x,  denotes  the  sum  of  the 

(1.2-..i)-^ (9) 

terras,  of  the  form 

±r±>  .■■  Apr^rr,^...  e^j)^  ...  Apr^iTi^...  Ok-pk (10). 

Then  it  is  obvious,  that  if  all  the  rows  have  the  mark  (■[")  the  notation  (8)  denotes 
a  single  product  only,  and  if  the  mark  (■[")  be  placed  over  all  but  one  of  the  rows 
the  notation  (8)  belongs  to  a  determinant.     It  is  obvious  also  that  we  may  write 

(Ap,^,...e,<i,,...{ny\  =s±.±„...  [•^p,a,...i,i,-Wl 
;  -I  :  ("). 

[  PkTt  ■  ■  ■  S^4>k  J  I  Pi:°'i:  -  ■  ■  ^",4;,^         ) 

where  S  rei'ers  to  the  different  permutations, 

u„     1*2,...!*^;     Hi,     V2,...vie;   &c (12), 

which  can  be  formed  out  of  the  numbers  (2).  The  equation  (11)  would  still  be  true, 
if  the  mark  ("f*)  were  placed  over  any  number  of  the  columns  p,  o- ... 

Suppose  in  this  equation  a  single  column  only  is  left  without  the  mark  {■f)  on 
the  second  side  of  the  equation ;  the  first  side  is  then  expressed  as  the  sum  of  a  number 

(1.2.,.  ;t)"-,  or  generally  (1.2... /c)''-=^'    (13), 
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of  determinants,  according   as  we   consider   the  symbol   (4)  or  the  more   general   one  (H). 
And  this  may  be  done  in  n  or  (w  —  ic)  different  ways  respectively. 

It  may  be  remarked,  that  the  symbol  (8)  is  the  same  in  form  as  if  a  single 
column  only  had  the  mark  (•(•)  over  it ;  the  number  n  being  at  the  same  time 
reduced  from  ri  to  [n  —  m  +  1):  for  the  marked  columns  of  symbols  may  be  replaced 
by  a  single  marked  column  of  new  symbols.  Hence,  without  loss  of  generality,  the. 
theorems  which  follow  may  be  stated  with  reference  to  a  single  marked  column  only. 

Suppose   the   letters 

pi,     p2,---Pk;     o-i,     a-^,  ...a-i;  &c (14) 

denote  certain  permutations  of 

a„     o,,...^,;     A,     A,-.  A;  &c (15), 

in   such   a   manner   that 

P^  =  «p,,     Pi^'^B,-  —  Pk=-a^^;     'Ti^i^K,     o-2^0K'  ■■■  a-k^^k, (Ifi). 

Then    the   two   folhiwing   theorems   may   be   proved : 

I  '  ■  I    m. 


if  n   be   even :    but   m   the   contrary   case 

fjlp,,,.. .,(»))  -  +  +,...  (AaSi.:('i)\ 

■M  \  \      ^  <'«■ 

I  ph'^k        }  y  0i!/3i        J 

By    means  of  these,  and    the    equation    (11),   a    fundamental  property   of  the    symbol 
(3)  may  be  demonstrated.     We  have 

f^.,A...(»)1-S±„fil  ft/3,.. .(»)■! 

\     ■■■  \     ■■■  I <'')■ 

I   "A         J  I    pA         ) 

which    when   n   is   even,   reduces   itself  by   (17)   to 

j'  ^=>j3....(«)l   -  M»j3....WlS(+,+,.]) (20) 

1,     «A        J      I   «»A         J 

=  1.2...i^^i.,ft...(»)l 

I   "A         ) 
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But  when   n   is   odd,  from   the   eijuation  (18), 

.(«)1S(+,I)  =  0 (21), 


since   the   number   of  negative   and   positive   values   of   +^  arc   equal. 

From   the   equation    (20),   it   follows   that   when   n   is   eveu,   the   value   of    a   symbol 
of  the   form 

M«,ft,  («)i 

■j      i  \ '(22) 

I    "A         ) 

is    the    same,   over    whichever    of    the    columns    a,    j3 ...    the    mark    (-f)    is    placed.     To 
denote   tliis   indifference,  the   preceding   quantity  is   better   represented   by 

p.„     0,. ..{„)] 

i      i  (23). 


this   last   form   being  never  employed   when   n   is  odd,  in  which  case  the  same   propertj- 
does   not   hold.     Hence   also   an   ordinary  determinant   is   represented   by 

(Aa,0,]  ,      (All  ^ 

;    M   -  !■ *^*!- 

l.     «tftj         [     kk  } 
the    latter    fomi    being    obviously    equally  general    with    the    former    one. 

It  is  obvious  from  the  equations  (17),  (18),  that  the  expression  (22)  vanishes,  in 
the  case  of  n  even  whenever  any  two  of  the  symbols  a  are  equivalent,  or  any  two 
of  the  symbols  ^,  &c. ;  but  if  n  be  odd,  this  property  holds  for  the  symbols  ,8,  &c,, 
but  not  for  the  naarked  ones  a.  In  ftict,  the  interchange  of  the  two  equal  symbols, 
in  each  case,  changes  the  sign  of  the  expression  (22),  but  they  evidently  leave  it 
unaltered,   i.e.   the   quantity  in   question   must  be   zero. 

Consider   now   the  symbol 

f^ll..,(2y)l 


I     kk  J 

whicli,   for  shortness,   may   be   denoted   by 


■  (23), 


[A.k.ip]   (26). 
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I   proceed   to   piwve   a   theorem,   ivhich   may   be   expressed   as   follows : 

+■                  t                   _____ 
{A.k.2p].{B.k.^]^{AB\k.2p+2q-2]   (27), 

where  Ze!™...^,.,  =  5,  ^,,„,;  B^„.;    (28), 

the  number  of  the  symbols  r,  s, ...  being  obviously  2p  —  l,  and  that  of  «,  ;/,...  being 
2g  —  1.  .  The  summatory  sign  S  refers  to  I,  and  denotes  the  sum  of  the  several  terms 
corresponding  to  values  of  I  from  ^  =  1  to  l  =  k.  Also  the  theorem  would  be  equally 
true  if  /  had  been  placed  in  any  position  whatever  in  the  series  r,  s...l;  and  again, 
in  any  position  whatever  in  the  series  x,  y ...I,  instead  of  at  the  end  of  each  of  these. 
With  a  very  slight  modification  this  may  be  made  to  suit  the  case  of  an  odd  number 
instead  of  one  of  the  two  even  numbers  Ip,  1q;  (in  fact,  it  is  only  necessary  to  plaee 
the  mark  (f)  in  (Xfij...}  over  the  column  corresponding  to  the  marked  column  in 
{A...},  (A...}  being  the  symbol  for  which  the  number  of  columns  is  odd),  but  it  is 
inapplicable  where  the  two  numbers  are  odd.  Consider  the  second  side  of  (27) ;  this 
may  be  expanded  in  the  form 

2 +  ±,...±^+y...ZB|, ,,,„:«.!,,.... is'.', s,...*^,...-.-iB'|j;,^.„^^,^..,    (29), 

where  2  refers  to  the  different  quantities  s,  ..,,  a;,  y,-..  as  in  (11). 

Substituting   from    (28),   this  becomes 

S.Si,  ...S,^  (+  +  ,...  +«+„^i,,..,F,...^i,,„.i,...B^,y,  ..;,... -B.r,„,„0-- (30)- 

Effecting  the  summation  with  respect  to  x,  y...  this  becomes 

(Bll...h) 

s.s,, ...S4++...  A,,..,,, ...^,.,,„iJ    :        [ (31), 

[    kh...lt] 
X   now   referring   to  s, . . .    only.     The   quantity  under   tiio    sign    2    vaiiislies    if   any   two 
of  the   quantities   I   are   equal,   and  in   the   contrary   case,   wc   have 
+                            + 
(Bll...ln'\  =+,|B.t.2j)     (321, 

1    iK-.U 
which  reduces  the   above   to 
t 
{if.i.2gl.S  +  ±,...+,^i,«„„i,...^ft,s,„,,,      (33), 

2  referring  to  the  quantities  s...,  and  also  to  the  quantities  I.  And  this  is  evidently 
equivalent  to 

+  t 

[A.k.1p\{B.k.2q\       (34). 

the  theorem  to  be  proved.  It  is  obvious  that  when  p=l,  y=l,  the  equation  (27), 
coincides  with  the  theorem  (©),  quoted  in  the  introduction  to  this  paper. 
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13. 

ON   THE   THEORY   OF   LINEAR   TRANSFORMATIONS. 

[From  the  Cambridge  Mathematical  Journal,  vol,  iv,  (1845),  pp.  W'i — 209.] 

The  following  investigations  were  suggested  to  me  by  a  very  elegant  paper  on 
the  same  subject,  published  in  the  Journal  by  Mr  Boole.  The  following  remarkable 
theorem  is  there  arrived  at.  If  a  rational  homogeneous  function  U,  of  the  n"'  order, 
with  the  m  variables  x,  y...,  be  transformed  by  linear  substitutions  into  a  function 
V  of  the  new  variables,  ^,  i]...\  if,  moreover,  6U  expresses  the  function  of  the 
coefficients  of  JJ,  which,  equated  to  zero,  is  the  result  of  the  elimination  of  the 
vanables  from  the  series  of  equations  dxJJ=0,  dyU^O,  &c.,  and  of  course  0V  the 
analogous  function  of  the  coefiicienta  of  V:  then  9V=E^'^ .9U,  where  E  is  the 
deteiminant  loimed  by  the  coefficients  of  the  equations  which  connect  x,  y ...  with 
^,  ri  ,  '  and  a  =  (n  —  1)  '"~^.  In  attempting  to  demonstrate  this  very  beautiful  property, 
it  occuiied  to  me  that  it  might  be  generalised  by  considering  for  the  function  U,  not 
a  homogeneous  function  of  the  ji""  order  between  m  variables,  but  one  of  the  same 
order,  containing  n  sets  of  m  variables,  and  the  variables  of  each  set  entering 
linearly.  The  form  which  Mr  Boole's  theorem  thus  assumes  is  $V=  E^'^.E./ ...E„'^.6U. 
This  it  was  easy  to  demonstrate  would  be  true,  if  OU  satisfied  a  certain  system  of 
partial  differential  eqiiations.  I  imagined  at  first  that  these  would  determine  the  function 
$U,  (supposed,  in  analogy  with  Mr  Boole's  function,  to  represent  the  result  of  the 
elimination  of  the  variables  from  d^U—O,  dyJJ  =(),  ...dx^U  —  (^,  &c.)  ;  this  I  afterwards 
found  was  not  the  case ;  and  thus  I  waa  led  to  a  class  of  functions,  including  as 
a  particular  case  the  function  6U,  all  of  them  possessed  of  the  same  characteristic 
property.  The  system  of  partial  differential  equations  was  without  difficulty  replaced 
by  a  more  fundamental  system  of  equations,  upon  which,  assumed  as  definitions,  the 
theory  appears  to  me  naturally  to  depend ;  and  it  is  this  view  of  it  which  I  intend 
partially  to  develope  in  the  present  paper, 

'  The   value  of  o   was   left   iindetermineii,   but   Mr  Boole   has   einoe   iaformed   me,   he   was  acquainted  with 
it  at  the  time  his  paper  was  written;    and  has  given  it  in  a  subsequent  paper. 
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I  havo  already  employed  the  notation 


/,     8', 
y",    S", 


(where   the   number  of    horizontal   rows   is   less   than    that    of   vertical    ones)   to    denote 
the   aeries   of  determinants, 


which  can  be  formed  out  of  the  above  quantities  by  selecting  any  system  of  vertical 
rows;  these  different  determinants  not  being  connected  together  by  the  sign  +,  or  in 
any  other  manner,  but  being  looked  upon  as  perfectly  separate. 

The   fundamental   theorem   for   the   multiplication   of  determinants   gives,   applied   to 
these,  the  formula 


A 

B  , 

0  ,    D  ,  ... 

=  E 

«  , 

A' 

B', 

C.    D', 

»', 

A" 

B", 

C",    D", 

""■ 

A  =Xa  +XV  +\"a"  + 

B  =x/3+x'/9'  +  A"/3"  + 

^'  =  ^a  +  /a'  +  ^'V  + 

£'-rf  +  //3'  +  /'/3"  + 

&o. 

.,(3), 


and  the   meaning   o£  the  equation   is,  that   the   terms   en   the   first  side   are  equal,  each 
to  eaeh,  to  the  terms  on  the  seeond  side. 

This  preliminary  theorem   being   explained,   consider  a   set    of   arbitrary   coefficients, 
represented  by  the  general  formula 

"f (6), 

in   which   the   number  of  symbohcal   letters   r,   s, ...   is  n,   and  where   each   of  these    is 
supposed  to  assume  all  integer  values,  from  1  to  m  inclusively. 

0.  11 
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,,(7) 


represenb    the    whole 
is  a.     Similarly, 


3s,   taken    in    any   order,   in   whiflh    the    first    symbolical    letter 


r>(,;...,     r,;'at,;', (8), 

I  he  whole  series  of  those  in  which  the  second  symbolical  letter  is  a,  and  so  on. 
Imagine  a  function  u  of  the  coefficients,  which  is  simultaneously  of  the  forms 
if  =ffp  I  Is/*;  ...  ,    1  V'V  ■■■  -  ■■■  I W. 


2s'«' 


2  5,"r  , 


&c. ;  in  which  Hp  denotes  a  rational  homogeneous  function  of  the  order  p.  The 
function  H  is  not  necessarily  supposed  to  be  the  same  in  the  above  equations,  and 
in  point  of  fact  it  will  not  in  general  be  so.     The  number  of  equations  is  of  course  =n. 

The  function  u,  whose  properties  we  proceed  to  investigate,  may  conveniently  be 
named  a  "  Hyperdeterminant."  Any  function  satisfying  any  of  the  equations  {A), 
without  satisfying  all  of  them,  will  be  an  "  Incomplete  Hyperdeterminant."  But,  con- 
sidering in  the  first  place  such  as  are  complete — 

Let  rst ...  be  a  new  set  of  coefficients  connected  with  the  former  ones  by  a  sj^tem 
of  equations  of  the  form 

rst...=Wlst...  +  V  2s( . , .  +  X,/ ms( (9), 

(where  the  r  in  V''---  is  ^"^^  ^'^  exponent,  but  an  affix). 

Suppose  V,  is  the  same  function  of  these  new  coefficients  that  u  was  of  the  fonner 
ones.     Then  consider  the  first  of  the  equations  (A)  and  the  equation  (3),  and  writing 


;  have  immediately  the  equation 

u^D'.a  

Consider  the  new  set  of  coefficients 

rst  ...  =/ii*rl(  ...  +;ta' f2S  ..,  +  .,,  -\- ii^rnit .. 


(10). 


■  (12), 
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and  u  the    analogous  function   of    these ;    then,   from   the   second   of   the   equations   (A) 
and  the  equation  (3),  and  writing 


u=Mp.u^1>M:p.u (14). 

In  like  manner,  considering  the  new  coefficients  rsi  ...  ,  where 

rsi ...  =  y^'  rsl  ...  +  v,frs2 +  p^*  rsm (15), 

the  new  function  w,  and  the  quantity  iV  given  by 

N^\  v,\     j.,=, (16), 


we  have,  as  before, 

u  =  JSfp  u  =  Li'M^Ni' u (17), 

or  u^LPMPN^u, (18) : 

whence,  generally,  denoting  the  last  result  by  «', 

u'^LpM^Np  ...u  (B,  1). 

Consider  now  the  function 

222...(7-si...a^,(/^i...)   (19), 

where  the   2'a    refer    successively   to  r,   s,   t, ... ,   and   denote   summations    from    1   to  m 
inclusively.     If  u  be  looked  upon  as  a  derivative  from  the  above  function,  we  may  write 

u^®  .tXt ...  {rst ...  x^ys^i  ■■■) (20). 

Assume  x^  =  \'  a^i  +  X^^  x^...  +  Xr™  im  "1 

^i  =  Ms'  ^J  +  M/  1/2  - . .  +  Ms™  !/m   j  (21)' 

It  is  easy  to  obtain 

•Z%%...{rst...x,.y,z,...)  =  tt%...{rst...Xry^,...\...^Tl-l...{r.3i...kry^,...) (22), 

and  the  formula  for  (u)  becomes 

@2S£...  {i-si...i,.y,it)--.^LPMpNP  ...(^tXt  ...(rst...Xry,z;) (B,  2). 

Proceeding    to    obtain    the    expression    of    the    coefficients    Hi ...    in    terms    of    the 
coefficients  rst...,  we  have 


=  £22  ...  (X//j,/i'k'  ...fgh  ...)  . 
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where    the    S's    refer    successively   to  f,    g,    k,...,    denoting  summations    from    1    to 
inclusively.     Having  this  equation,  it  is  perhaps  as  well  to  retain 


u'^L^M^M  ...u   . 


(B,  1), 


instead  of  (B,   2),   that   form   being  principally  useful   in   showing    the    relation    of   the 
function  u  to  the  theory  of  the  transformation  of  functions. 

It  may  immediately  be  seen,  that  in  the  equations  (B),  (C)  we  may,  if  we  please, 
omit  any  numher  of  the  marks  of  variation  (),  omitting  at  the  same  time  the 
corresponding  signs  S,  and  the  corresponding  factors  of  the  series  L,  M,  N ... 

Also,  if  M  be  such  as  only  to  satisfy  some  of  the  equations  (A) ;  then,  if  in  the 
same  formula;  we  omit  the  corresponding  marks  (■),  summatory  signs,  and  terms  of  the 
series  L,  31,  N ... ,  the  resulting  equations  are  still  true. 

From  the  formuhe  (A)  we  may  obtain  the  partial  differential  equations 

iS...last...-,-^)u.O.».pu (D). 


ss... 


■("'-*?r:.)''=°'"3'"' 

i  not  equal,  or  is  equal,  to  ^ ; 


according  as  ; 

and  so  on:   the  summatory  signs  referring  in  every  case  to  those  of  the  series  r,  s,  (,..., 
which  are  left  variable,  and  extending  from  1  to  m  inclusively. 

To   demonstrate   this,  consider  the  general  form   of  u,  as   given   by  the  first  of  the 
equations  (A).     This  is  evidently  composed  of  a  series  of  terms,  each  of  the  form 


cPQR...(p  factors) 

1«,' 

t;...,    is,"t," 

< 

/...,     as,"t;'..., 

k, 

t;... ,  ^s,"t;'..., 

Q,   R,  &.C.  being  of  the  same  form ;   and  we  have 

SS...  (ast...y~-]u  =  cQR...lX...Ut... 

'  isft; ... ,   ^s;'t" 

Ois't' ...  ,     ''s''t'' . 


and 


■fist.. J 


as.'t,' . . 


cts/'t" 


-'JP  +  &C. +  &C., 
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SO  that  all  the  terms  on  the  second  side  of  the   equation  vanish.     If,  however,  ^  —  i, 

whence,  on  the  second  side,  we  have 

cQfl...P+cPi2...Q  +  &c.=p.cPQi;...+&c.  +  &c. 

or  the  theorem  in  qiiestion  is  proved. 

In  the  case  of  an  incomplete  hyperdeterminant,  the  corresponding  systems  of 
equations  are  of  course  to  be  omitted.  In  every  case  it  is  from  these  equations  that 
the  form  of  the  function  v,  is  to  be  investigated ;  they  entirely  replace  the  system  (A). 

A  very  important  case  of  the  general  theory  is,  when  we  suppose  the  coefficients 
rst...  to  have  the  property  r's'if  ...=r"s"{!' ... ,  whenever  r's't' ...  and  r"s"^' ...  denote 
the  same  combination  of  letters ;  and  also  that  the  coefficients  \  are  equal  to  the 
coefficients  fx,  v...,  ea«h  to  each.  In  this  case  the  coefficients  rst...  have  likewise 
the  same  property,  viz.  that  f"i"i"  . . ,  =  r'i'i' . . . ,  whenever  fs'tf  ...  and  r"s"if'  ...  denote 
the  same  combination  of  lettei^. 

The   equations  (B,  1),  (B,  2),  become  in  this  case 

vf  =  L''P.u (B,  3), 

e2S2-|. -.J|!^"       rii...i^^f\  =  L'^''-®LJ^^rst...a^^A..\ (B,  4), 

where  only  different  combinations  of  values  are  to  be  taken  for  r,  s,  (,  ...  and 
a,  ^, ...  express  how  often  the  same  number  occurs  in  the  series.  In  the  equation 
(G),  fi,  V  must  be  replaced  by  \  the  equations  (D)  are  no  longer  satisfied;  the 
equations  (A)  reduce  themselves  to  a  single  one,  (so  that  there  can  be  no  question 
here  of  incomplete  hyperdeterminants)  :  but  this  is  no  longer  sufficient  to  determine 
the  function  sought  after.  For  this  reason,  the  particular  case,  treated  separately, 
would  be  far  more  difficult  than  the  general  one ;  but  the  formulse  of  the  general  case 
being  first  established,  these  apply  immediately  to  the  particular  one '.  The  case  in 
question  may  be  defined  as  that  of  symmetrical  hyperdeterminants,  (a  denomination 
already  adopted  for  ordinary  determinants).  It  would  be  easily  seen  what  on  the  same 
principle  would  be  meant  by  partially  symmetrical  hyperdeterminants. 

I  have  not  yet  succeeded  in  obtaining  the  general  expression  of  a  hyperdeterminant ; 
the  only  cases  in  which  I  can  do  so  are  the  following :  I.  ^  =  1,  n  even,  (if  n  be  odd, 
there  only  exist  incomplete  hyperdeterminants).  II.  p  —  2,  m—  %  n  even.  UI.  p  —  3, 
m-2,  n  =  i. 

I.  The  first  case  is,  in  fact,  that  of  the  functions  considered  at  the  termination  of 
a  paper  in  the  Ga/inhridge  Philosophical  Transactions,  vol.  Viir.  part  I.  [12] ;  though  at 
that  time  I  was  quite  unacquainted  with  the  general  theory. 

'  See  coiieluding  paragraph  of  this  paper. 
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Using  the  notation  there  employed,  we  have 

u^  (   11...  W 

_)     22 

^  mvi  ) 

a  complete  hyperdetcrminant  when  n  is  even ;   and  when  n  is  odd  the  functions 


[13 


I !,..(»)  ■ 


f   ll.,.(»)   ■ 


are  each  of  them  incomplete  hyperdetcrminants. 

(A)    In   the  case   of  ?i  =  2,   the    complete  hyperdeterminant   is   simply   the   ordinaiy 
determinant 

11,     12....  Im 
21,     22,  ...2m 

ml,     m2,  ...mm 

Stating  the  general  conclusion  as  applied  to  this  case,  which  is  a  very  well  known  one, 
"If  the   function 

r/  =  SS(rs.a;,!/,) 
be  transformed  into  a  similar  function 

2S(fs.ii,.^B), 
by  means  of  the  substitutions 

then 


11,     12,  ...     =1  V, 

X,', . , . 

/m\ 

f^\--- 

u, 

12 

21,     22.               1  V, 

:                         1    : 

V, 

^% 

21, 

22 

-by 

what  has  preceded, 

so  that  the  theorem  is  easily  seen  to  amount  to  the  following  one — "  If  the  terms  of 
a  dctenninant  of  the  m"'  order  be  of  the  form  %^a{rs.Xrfysa),  r,  s  extending  as 
before,  from  1  to  m  inclusively,  the  determinant  itself  is  the  product  of  three  deter- 
minants ;  the  first  formed  with  the  coefficients  rs,  the  second  with  the  quantities  w, 
and  the  third  with  the  quantities  i/." 
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In  a  following  number  of  the  Journal  I  shall  prove,  and  apply  to  the  theories  of 
Maxima  and  Minima  and  of  Spherical  Coordinates,  (I  may  just  mention  having  obtained, 
in  an  elegant  form,  the  IbrmuliB  for  transforming  from  one  oblique  set  of  coordinates 
to  another  oblique  one)  the  more  general  theorem, 

"  If  k  he  the  order  of  the  determinant  formed  as  above,  the  determinant  itself 
is  a  quadratic  function,  its  coefficients  being  determinants  formed  with  the  coefficients 
rs,  its  variables  being  determinants  formed  respectively  with  the  variables  x  and  the 
variables  y ;  and  the  number  of  variables  in  each  set  being  the  number  of  combi- 
nations of  k  things  out  of  m,  { =  1   if  ^  =  m;   if  fc>w  the  determinant  vanishes)." 

I  shall  give  in  the  same  paper  the  demonstration  of  a  very  beautiful  theorem, 
rather  relating,  however,  to  determinants  than  to  quadratic  functions,  proved  by  Hesse 
in  a  Memoir  in  Crelle's  Jcnti-nat,  vol.  sx,,  "  De  curvis  et  superficiebus  seeundi  ordinis;" 
and  from  which  he  has  deduced  the  most  interesting  geometrical  results.  Another 
Memoir,  by  the  same  author,  Grelle,  vol.  xsviii.,  "  Ueber  die  Elimination  der  Variabeln 
aus  drei  atgebraischen  Gleichungen  vom  zweiter  Grade  mit  zwei  Variabeln,"  though 
relating  in  point  of  fact  rather  to  functions  of  the  third  order,  contains  some  most 
important  results.  A  few  theorems  on  quadratic  functions,  belonging,  however,  to  a 
different  part  of  the  subject,  will  be  found  in  my  paper  already  quoted  in  the  Cambridge 
Philosophical  Transactions  [12] ;  and  Ukewise  in  a  paper  in  the  Journal,  Chapters  in 
the   Algebraical  Geometry  of  n   dimensions   [11], 

I  shall,  just  before  concluding  this  case,  write  down  the  particular  formula  corre- 
sponding to  three  variables,  and  for  the  symmetrical  case.  It  is,  as  is  well  known,  the 
theorem, 

"  If  U^  Ax'  +  Ihf  +  Cz''  +  2Fyz  +  2Gxg  +  IHxy 

be  transformed  into 

^f + Mi'  -H  m'  -i-  ^Sfrid  -I-  %iSf^e  +  -21^1^ 

by  means  of  a3  =  a^-i-/3fj  +  7^, 

y  =  «'  ^  +  /3'  ij  H-  7'  5, 

.s  =  o"^  +  ^"t)  +  7"^, 
then  {^33®  -  ^JF^  -  33^5^  -  ®|^'  +  2  jFCG?^)  = 

(a^V"  -  «/S'Y  +  a'^'V  -  a'/37"  -I-  a"^7'  -  a"y3V)'  {ABG-AF"  -  BG'  -  CIP  +  2FGH)." 
(B)    Let  n==3,  and  for  greater  simplicity  m=2;   write 

((=1:1,         e  =  112, 

6=211,        /=212, 

c  =  121,        i?  =  122, 

d  =  221,         A  =  222, 
so  that         U ~  a, x^yiZi  +bx^i/iZi  ■\-  c  aiiy^i-\-  d x..y^i  +  e  Xji/^z^^+f  x^iZ2  +  g x,y^z.^  +  h  ii^yy.^.,. 
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There  ia  no  complete  hyperdetenninant  (i.e.  for  ^  =  1),  and  the  incomplete  ones  are 

ak  —  hg~cf+de~%  ,  suppose, 

ah  —  de  —  hg  +  cf—  u^, , 

ak~cf  —  de  +  bg  =  m„,  , 

Thus,  suppose  the  transforming  equations  are 

+  V 


[13 


,  +  v^'e 


then 


We  might  also  have  assumed 

M,  =ad—  be,   or  eh  — 

u^^—af—he,   or   oh  — 

«/„  =  0.9 

but  these  are  ordinary  determinants. 

(0     «  =  4,  » 


,  where  y,  z  arc  changed 


bh-df, 


0.1111, 

i-m% 

6-2111, 

J.  2112, 

0-1211, 

t=1212. 

ei  =  2211. 

I  =  2212, 

e-1121. 

m.ll22. 

/-212I, 

m-2122. 

ff  =  2211. 

0  -  2212, 

t-2221, 

y=2222. 

Xiy^^iWi  +  b  x^y^^vh  +  c  «ii/s2iWi  +  d  x^^^w^ 

x^VA  w,  +/o:22/i2eM'i  +  9  x^y^Vh  +  k  a^y^HiWi 

x^y^ZyW^+jx^y^z^i 

Oa  +  A  x^^Wi  +  I  X^y^ZyWt 

n  x,yyZsWi+ n  x^y^z^ 

ij.,+  0  x^y^z,w^  +  p  x.,y^,Wi 

a~  bo~cn  +  dm- 

el+fk  +  gj-hi; 
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SO  that,  with  the  same  sets  of  transforming  equations  as  above,  and  the  additional  one, 

we  have  w  =(VV~  W)  (/^iW - /^>i°)  W''^-v.^vfj  ip-.'-pi- pip,^}.^; 

this  is  important  when  viewed  in  reference  to  a  result  which  will  presently  be  obtained. 
If  we  take  the  symmetrical  case,  we  have 

U  =ax^  +  4/3  ic^y  +  67  x^y"^  +  iSxy"  +  ey'; 
which  is  transformed  into 

V  =  aV^  +  4^0'x''y'  +  Gy'^e'^y'^  +  iS'xy  +  e'l/", 
by  means  of 

x  —  Xx'  +  fi  t/', 


y-xy  +  ft./'; 

n,  if                                               u  =a6-4/9S  +37^ 

M'  =  «V-4/3'6'  +  37'^ 

have                                               h'  =  {X/i,  -  X,^)* .  u. 

11.     Where  p- 2,  m- 2,  »  is  odd. 

The  expression 

(1111...  (n)|           (1111. 
(1222            } '         (2222 

■'"'}, 

(1111  ...(n)l           (2111. 
1 2222            I  ■        12222 

■«}, 

is  a  complete  hyperdeterminant ;  and  that  over  whichever  row  the  mark  (f)  of  nonper- 
mutation  is  placed.  The  different  expressions  so  obtained  are  not,  however,  all  of  them 
independent  functions :  thus,  in  the  following  example,  where  n—S,  the  three  functions 
are  absolutely  identical. 

(A).    n,  =  3,  notation  as  in  I.  (B). 

u  =  a%^  +  iy  +  d'/'  +  d?e^  -  2akbff  -  2ahcf-  2akde  -  2bgcf~  2hgde  -  2cfde  +  iadfy  +  ^hech, 

and  then  u  —  { V V - ''^i><-\Y {fH^P^I -  p~}l*if  iv,W - v^Wf  it. 

This    is    in    many   respects   an    interesting    example.      We   see    that    tho   function   h 
may  be  expressed  in  the  three  following  forms : 

u^iah-hg-  cf-\-  de^  +  i  {ad  ~  ha)  (fg  -  eh) (1), 

u^(a}i-bg-de  +  cfy+4<(a/-be)(dg-ch) (2), 

u ^{ak~ cf  -  de  +  bgy  +  4  [ag  -  ce)  (df-bh) (3), 

0.  12 
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which  ai'e  indeed  the  direct  results  of  the  general  fonri  above  given,  the  sign  (f) 
being  placed  in  succession  over  the  different  eohimns :  and  the  three  forms,  as  just 
remarked,  are  in  this  case  identical. 

We  see  from  the  first  of  these  that  u  is  of  the  second  or  third,  from  the  second 
that  u  is  of  the  first  or  third,  from  the  third  that  u  is  of  the  first  or  second  of  the 
three  following  forms: 

b,d,f,k  I 


11=  ff. 

a,  h. 

c,  d   ,. 

u  =  H,j  a, 

I,  e, 

f  \  ' 

u-II, 

1 

',/. 

S,  * 

,  c, 

d.g. 

h 

!  '. 

which  is 

as  it  should  h 

The 

following 

is  a  singular 

property  of 

». 

Let 

■ 

,_    du 

,,      ,  du 

,,      ,  du 

then,  ..' 

being  the 

same 

function 

of  these  new  cooflicicnts  that 

u  i 

Tu 

prove  this, 

write 

m'  =  ■■' 

J). 

ah-bg 

-cf+de,    q 

.(ad 

-be), 

r  =  eh 

-fg 

«;' 

--af-tqe. 

^.  = 

-2ra  +  pe, 

l>,' 

■hp-lgf, 

/:- 

-  2rt  +pf, 

"/  = 

•  op  -  2g<,, 

?,- 

~  2rc  +  pg, 

<- 

dp  -  2qk, 

*,= 

-^rd 

^-ph; 

we  have 

as  a  particular 

case  of  the  general 

ormula  just 

obtained, 

» 

-(p'-V) 

»  =  ' 

•"■■ 

Also 

a-     K, 

«, - 

d; 

b.-S'. 

/  = 

-e', 

»,--/. 

s,- 

-b', 

d,  =      e', 

*,- 

a'; 

of  the   former  ones, 


whence  «,  =  u',  that  is  u'  =  u\ 

There    is    no    difficulty    in    showing    also,    that    if    a",    b",  ...h"    are    deiived    from 
a',   h'  ...  h',  as  these  are  from  a,  b,  ...k,  then 

a"  =  iCa,     h"  =  u%  ...k"  —  u'h. 

The  particular  case  of  this  theorem,  which  corresponds  to  symmetrical  values  of  the 
coefficients,  is  given  by  M.  Eisengtein,  Grelle,  vol.  sxvii.  [Ib44],  as  a  corollary  to  his 
;  on  the  cubic  forms  of  numbers. 


Considering  this  symmetrical  case 

u  =  a^S^  -  6a^/S7  -  3^'7=  +  4/3"6  -F  45^7, 
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so  that  if 

U  be 

transformed  into 

c"  -  »V' + s;3  vy  +  37  vj-  +  sy, 

by  means 

of 

then  it 

,1'  =  t.'"8"  -  6ii'S'/3V  -  3/3  V  +  W  +  ♦»'¥ 

we   liave 

ii'-(X;., -X.rt'.ii. 

III. 

ji  =  3.     m-2.     »-t 

Notation  ; 

>s  in  I. 

(C). 

where  A,  B  are  arbitrary  constants,  and  ^,  J3,  &c.  .,.|^  are  functions  of  the  coefficients, 
given  as  follows : — 

gl  =  ay  -  b'o'  -  cV  +  d'm'  -  ^l^  +f'Jt^  +  g'j'  ~  hH\ 

33  =  -  aYl^o  +  P<?a/p  +  cW<im  -  d?m?m   +  e=i^/&   -  /*ei  -  ^/M  +   /tVg? 

-  ajyun.  +  6Vdm  +  &n^ap   -  dhnHto   +  6=%    -  f^k^M,  -  g^fel  +  liH^fk 

-  ayel  +  if  Iff k    +  (fn"^    -  dPmPhi    +  ^fap  ~  /"k^bo  -  g^fm  +  hH'dm 

-  ayki  +  b^o^gj     +  <?v?fk    —  dhn^el    4-  eHHm  —  f'k^cn  ~  g^'^ho  +  h'^ap. 
CD  =  +  a^^tfoi  -  b^o'^n  -  &n^ho  +  ^m?ap  -  e^PU  +  fkfgj    +  gffk  -  kH^el 

+  aY/k    -b^o^el    -  (hehi    +  dhn^gj    -eH^o+f^^ap    +  g^fdm  ~  kH'cn 

+  aYgj     -  6V/ii   -  (!Wel    +  dM'^fk   -  e'Pen  +f'kHm  +  g^fap    -h^bo. 

M='apbocn  -  apbodm—apcndm  +  bocn&m  —  elfkgj  +elfkhi  +elffjhi    —    higjfk 

+  apboel   —apbojk  —cndmgj  +  dmcnki  —  dfkap  +  eifkbo   -\-gjkicn  —  higjdm 

-  apbogj  +  aphohi  +  cndmel  —  dmGnkf+  elf  ken  —  elfkdm  —  gjhiap  +  higjho 
+  apcnel  —  hodmfk  —  cnapgj    +  dmboki  —  elgjap  +fkkibo  +  gjelcn  —  hifkdm 

—  apcnfk  +bod7nel  +cnapki   —dmboel  +elgjbo  —fkhiap  —gjeldm+    hijkcm 

—  apdmel  +  boonkf  +cmbogj  —  dmuxphi  +  elhiap  ~  fkgjbo  —gjfkcm.  +  kidmel. 
<&  =  apdmfk  —  bocnel  —  bocnih  +  dmapgj  ~  elkibo  -^fkapgj  +  gjfkdm  —  hielcn. 
^  =  a'phjo    -b^goip    -  <?nfhn+ d^emkn  -  €>dlkn    +  f'chml  +  g^bjpi  -   h^aijo 

-  i^hbg  +  fogak  +  k^nfde  -  Pmecf  +  rnHdcf  -  n^ckde  ~  o^hjah  +  p'^aibg 
+  a?phhn  —  b^golm  ~  cHifip  +  d^emjo  —  ^dljo  +  /"ckip  +  fbjpl  -  h^aink 
-i^hcf  +fogde  +  k?nfah  -  Pmebg  +  mHdbg  -  tfckah  -  (Pbjde  +  p^aicf 
+  d^pklm  -  b'^gokn  -  (fnj^'o    +  d^emip    -  ^Idpi    +  pckjo  +  g^bjnk  ~  k^aimi 

+  m'dlah  —  •nfckhg  —  <fhjcf  +  p^aide 
~  ^hjkl  +  pgilk  +  fflij  -  h^el^i 
+  m?pbcd  ~-  h?aode  —  o^ndab+p^bca 
~  ^cpjl  +f'doik  +  g^ardj  -  h^bmki 
+  m^khbd  -  nHgoG  ~  oH/bd  +  pHeca 
-  e^bpkl  +faolk  +  gHnij  -  h?cmji 
+  m^jhcd  —  nHgcd  —  (flfab  +  ykeba. 
12—2 


-  ■i'phde 

+  fgocf    +  k^fbg  ~  thneah 

■iro^pdno 

—  b\inpo  —  (fbpmn  +  d^aomn 

-nfgh 

+  fkehg    +k^jhef   -  IHgfe 

+  a^lng 

—  b^hkmo  —  t^ejpn    +  d?fiovi 

-  i\,d/k 

+  'fpoeg    +  ¥fnkbf  -  hiage 

+  a^l/o 

-  Ifekpo   -  c''hjmn  -f  d'gimn 

—  v'n.dgh 

+  fmchg  +k^pbef  -Poafe 
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-boalhm  -  cndiep   +  dmqfo  -  elfocj       -\-fkpied  +gjkmla—    ignbk 

—  ihjocf    +  gjidep   +  kflamk  —  lekhng  +  mxhnhkg  —  ncmhal  -  obpied  +  paojjo 
+  aphglm  —  hoahJcn  —  ondejo    +  dmcfip  —  elcfip      +  fkedoj  +  gjhakn— Idhgml 

—  ih^ode    +  gijpof   +  kfl/mhg  —  lehnah  +  mdknah  —  ncmlbg  —  obpicf  +  paojde 
+  apcflg  —  bqjehh    —  cnjehk    +  dmilgf  —  ehnpbc     +  fkadno  +  gjadno  —  Mpmcb 

—  ihadno  +  gjbmcp  +  kfcbpm  —  eladno  +  mdjehk    —  iicilfg    —  obilfg   +  pahejk 
+  apoflm  —  bodkne  —  cnahjo   +  dmbgip  -- elbgip      ■\-fkahjo  +  gjednk  —  hicfml 

—  ihknde  +  mdahjo  +  hfipbg  —  bocfml  +  gjcfml     —  ncpigb  —  leahjo  +  paknde 
+  apidng  —  bojcmh  —  cnhkpe  +  dmaflo  —  elmhjc     —  fkidng  +  gjaflo  —   ikbkpe 

—  ihaflo    +  gjbkpe   +  fkcjkm  -  elidng  +  mdbkpe  —  cnaflo  —  boidng  +  pahmcj 
+  apid/o  —  bcjcep    —  nbkkm  +  c(^nalng  —  elmnbk   —  fkatng  +  gjidfo  —    ikpecj 

—  ihalng  +  gjkbmh  +  fkcjpe    —  elid/o      +  mdjcep    —  ncidfo   ~  obalng  +  pakmbk. 
'^^a^konl   —Ifpgmk  —  c^pfmj    +  d^onie      —  ^dpkj     +f'ilco    +  g'bhii  —  h^anikj 

—  i^dfg   +  foech     +  k^nbeh   —  I'lnafg      +  rn?hlch    —  n^kadg  —  o^jadf  +  pihec : 
we  have,  as  usual, 

Particular  forma  of  IT  are 
^  =  1,     B  =  0; 

M  =  a  +  830  +  3®  +  610  +  6lS  =  (ap  -  60  -  en  +  (^m  -  e^  +fk  +  gj  -  Idy.  =  v  siippose. 
^  =  1,     S  =  9: 

M  =  a  +  333-6GC-3B  +  33(S  +  9jf:-18ffi-27?^,  =8U  suppose, 

where  OU—0  is  the  result  of  the  elimination  of  the  variables  from  the  equations 
d^^U=i),  dyJJ^Q,  d^U=0,  d^JJ^O.  d^^U  =  0,  d^^U^O,  d^JJ^O,  d^JJ^Q.  In  jact,  by 
an  investigation  similar  to  Mr  Boole's,  applied  to  a  ftinction  such  as  V,  it  ia  shown 
that  611  has  the  characteristic  property  of  the  function  u:  also  in  the  present  case 
n  is  the  most  general  function  of  its  kind,  so  that  8U  is  obtained  from  JJ  by 
properly  determining  the  constant.  This  has  been  effected  by  comparing  the  value  of 
u,  in  the  symmetrical  case,  with  the  value  of  dJJ,  in  the  same  case,  the  expanded 
expression  of  which  is  given  by  Mr  Boole  in  the  Journal,  vol.  iv.  p.  169,  Assuming 
A='i.,  the  result  was  .6=9.  [Incorrect:  the  result  of  the  elimination  is  not  $U~0, 
but  an  equation  of  a  higher  degree.] 

The  general  form  of  u  now  becomes 


We  have  u  =  av'  + /3eU-=  M(uv'  + ^dU), 

where  M  =  (X.'Xj-  —  X^'A,,^)'  (^V/  -  /A^/^i'T  {^tW  —  "2V,'}'  {pipi^  -  p-ipi) 
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and   thence  i'^  —  Mv', 

which   coincides   with   a  previous   formula,   and 

whence,  eliminating  M, 

an  equabioD  which  is  remarkable  as  containing  only  the  constants  of  U  and  XJ :  it  is 
an  equation  of  condition  which  must  exist  among  the  constants  of  U  in  order  that 
this  function  may  be  derivable  by  linear  substitutions  from   U. 

In  the  symmetrical  case,  or  where 

JJ—ax'  +  ^^'j?y  4-  Q'yx'y'  +  iSxy'  +  ey', 
it  has  been  already  seen  that  v  is  given  by 
7'  =  a€- 4^38  +  37". 
Proceeding  to  form  6U,  we  have 

ae  =  4  {ae^^  -  aV=^8  +  Sy^/S^S^  -  S/SSt*), 

®  =  3  {a^eV  +  2/  +  aeY  -  4^8^), 

13  =  6  (ae/3=8=  -  2ae/3  V  +  S^SyS^  -  WW), 

®  =  3ae7*-4;3'8"  +  7*, 

jF  =  6  (a'S=7e  +  e=/3^R  -  2y3=eyg  -  2S"a/37  -  4/9^^5= .  +  4  .  (3^7*  +  7'^'e  +  rfa&), 

eS  =  12  (a6^87^  -  a^7S=  -  e72;3^  +  7>a8'  +  7=^/3^  +  ^8/  -  2^^'^=), 

H  =  (0=5'  +  e'^  -  4/3^67=  -  4a7'8=  +  Wf^% 
and  these  values  give 
i9 [/"  =  «=«=  -  65^8V  -  12n3^Se^  -  ISoye^  -  27«^6*  -  27^9^6'  +  36/9^2=  +  54  a^^e  +  54  a^^e' 

-  5*07=8^  -  54/3Ye  -  64,S^S=  +  SlOT^e  +  1080^78^  +  108/3^Se  -  180a/37=8e, 

so  that  this  function,  divided  by  («e  —  4(3S  +  87^)^,  is  invariable  for  all  functions  of  the 
fourth  order  which  can  be  deduced  one  from  the  other  by  linear  substitutions.  The 
function  ae  —  4^8  +  Z'f  occurs  in  other  investigations :  I  have  met  with  it  in  a  problem 
relating  to  a  homogeneous  function  of  two  variables,  of  any  order  whatever,  a,  ^,  7,  8,  e 
signifying  the  fourth  differential  coefficients  of  the  function.  But  this  is  only  remotely 
connected  with  the  present  subject. 

Since  writing  the  above,  Mr  Boole  has  pointed  out  to  me  that  in  the  transform- 
ation of  a  function  of  the  fourth  order  of  the  form  ate'  +  4<bafy  +  Qca^y'  +  4<da;y''  +  ey',— 
besides  his  function  $u,  and  my  quadratic  function  ae  —  ibd  +  Scf, — there  exists  a  iimction 
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of  tlio   third   order   o,(;e  -Ife  —  ad-  ~  c'  +  ^bdc,   possessing   precisely  the  same  characteristic 
property,  and  that,  moreover,  the  function  0ti  may  be  reduced  to  the  form 


(ae  -  ibd  +  Zc^  -  27  (ace  -  ad'  -eh'-(^  +  2bdcy ; 

the  latter  part  of  which  was  verified  by  trial ;  the  former  he  has  demonstrated  in  a 
manner  which,  though  very  elegant,  does  not  appear  to  be  the  most  direct  which  the 
theorem  admits  of.  In  fact,  it  may  be  obtained  by  a  method  just  hinted  at  by 
Mr  Boole,  in  his  earliest  paper  on  the  subject,  Mathematical  Journal,  vol.  II.  p.  70. 
The  equations  dxhi  =  0,  d^^yU  —  0,  dy'u  =  0,  imply  the  corresponding  equations  for  the 
transformed  function :  from  these  equations  we  might  obtain  two  relations  between  the 
coefficients,  which,  in  the  case  of  a  function  of  the  fourth  order,  are  of  the  orders  3 
and  4  respectively  i  these  imply  the  corresponding  relations  between  the  coefficients  of 
the  transformed  function.  Let  J.  =  0,  £=0,  ^'=0,  F  =  0,  represent  these  equations; 
then,  since  A=0.  B  =  0,  imply  A'-Q,  we  must  have  A'  =  AA'  +  MB,  A,  M,  being 
functions  of  X,  X',  /j.,  &c.  /jf:  but  B  being  of  the  fourth  order,  while  A,  A'  are  only  of 
the  third  order  in  the  coefficients  of  u,  it  is  evident  that  the  term  MS  must  disappear, 
or  that  the  equation  is  of  the  form  A' =  AA.  The  function  A  is  obviously  the  function 
which,  equated  to  zero,  would  be  the  result  of  the  elimination  of  a^,  xy,  t/',  considered 
as  independent  quantities  from  the  equations  aaf"  +■  2biey  +  cy'  =  0,  hx'  +  2aci/  +  di/  =  0, 
CO?  +  'idixy  +  e)/'  =  0,  viz.  the  function  given  above.  Hence  the  two  functions  on  which 
the  linear  transformation  of  functions  of  the  fourth  order  ultimately  depend  are  the 
very  simple  ones 

ae  —  ibd  +  Sif,     ace  —  ad'  -  eb'  —  c^+  2bdc, 

the  function  of  the  sixth  order  being  merely  a  derivative  from  these,  The  above 
method  may  easily  be  extended:  thus  for  instance,  in  the  transformation  of  functions  of 
any  even  order,  I  am  in  possession  of  several  of  the  transforming  functions ;  that  of  the 
fourth  order,  for  functions  of  the  sixth  order,  I  have  actually  expanded :  but  it  does  not 
appear  to  contain  the  complete  theory.  Again,  in  the  particular  case  of  homogeneous 
functions  of  two  variables,  the  transforming  functions  may  be  expressed  as  symmetrical 
functions  of  the  roots  of  the  equation  u  =  0,  which  gives  rise  to  an  entirely  distinct 
theory.  This,  however,  I  have  not  as  yet  developed  sufficiently  for  publication.  There 
does  not  appear  to  be  anything  very  directly  analogous  to  the  subject  of  this  note,  in 
my  general  theory :  if  this  be  so,  it  proves  the  absolute  necessity  of  a  distinct  investi- 
gation for  the  present  case,  that  which  I  have  denominated  the  symmetrical  one. 
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[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  i,  (1846),  pp.  104 — 122.] 

In  continuing  my  researches  on  the  present  subject,  I  have  been  led  to  a  new 
manner  of  considering  the  question,  which,  at  the  same  time  that  it  is  much  more 
general,  has  the  advantage  of  applying  directly  to  the  only  case  which  one  can 
possibly  hope  to  develope  with  any  degree  of  completeness,  that  of  functions  of  two 
variables.  In  fact  the  question  may  be  proposed,  "  To  find  all  the  derivatives  of  any 
number  of  functions,  which  have  tho  property  of  preserving  their  form  unaltered  after 
any  linear  transformations  of  the  variables."  By  Derivative  I  understand  a  function 
deduced  in  any  manner  whatever  from  the  given  functions,  and  I  give  the  name  of 
Hyperdeterminant  Derivative,  or  simply  of  Hyperdeterminant,  to  those  derivatives  which 
have  the  property  just  enunciated.  These  derivatives  may  easily  be  expressed  explicitly, 
by  means  of  the  known  method  of  the  separation  of  symbols.  We  thus  obtain  the 
most  general  expression  of  a  hyperdeterminant.  But  there  remains  a  question  to  be 
resolved,  which  appears  to  present  very  great  difficulties,  that  of  determining  the 
itidepmdent  derivatives,  and  the  relation  between  these  and  the  remaining  ones,  I 
have  only  succeeded  in  treating  a  very  particular  case  of  this  question,  which  shows 
however  in  what  way  the  general  problem  is  to  be  attacked. 

Imagine  p  series  each  of  m  variables 

i^i,     2/i,-''&e.       «s,     i/j,  ...&c.       Xp,    yp,...&c.. 

where  p  is  at  least  as  great  as  m. 

Similarly  p^  series  each  of  m    variables 

^i\     yi\  ■  ■  ■  i^e.       X:i,     y^, ... ,   &c.        . . .  Xp ,     i/p, . . .  &c., 
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p'    at   least   as  great    as   m\   and  so   on.     Let   the   analogous   variables   ; 
nected   with   these   by   the   equations 

a:  =\ih    +iJ.y    +..., 
y  =X'x  +ij:y  +..., 

x'  =  ^  ^  +liy'  +  ■■■, 


[14 


■;  X,  y,...  stand  for  Xi,  y-^ 
,  yi,...  or  ic'p,  y\ 


...  or  i»s,  2'!.---  or  '>^p>  yp,---\^>  y\---   stand  for  «i\  y^,. 
The  coefficients  \,  /i, ...,  X',  ^', ...  &c.;   X\  /i\  ,..,  \",  ^'\  . 


remain  the  same  in  all  these  systems.     Suppose  next, 

i.e.  ?,  =  S..,     ^.  =  8„ ^.  =  S^„... 

(where  Z^,  8y...   are  the  symbols  of  differentiation  relative  to  *■,  y,  &c.).     Then  evidently 
|  =  X|  +  V^+..., 


with  similar  equations  for  ^\  17',... 


11^11  = 


that    is  to   say   ||ii[|   is   the   series   of  determinants   formed   by   choosing   any   in    vertical 
columns   to   compose   a   determinant,   and   similarly   \\^\,   &c.     Suppose,   besides, 


X', 


^'\ 


Then,  by  the  known  properties  of  determinants, 

:|D|l-£||fl||,     ||ffl|.£'|in-||  Ssc, 
i.e.  the  terms  on  the  ooe  side  are  respectively  equal  to  the  terms  on  the  other.     Hence  if 

n  =  f(i\n\\',   ip'iK-,...), 

i.e,  □  a  rational  and  integral  function,  homogeneous  of  the  order  /  in  the  quantities 
of  the  series  ||il||,  homogeneous  of  the  order  f  in  the  quantities  of  the  series  ||ii'|], 
&e.,  we   have   immediately 
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Of    if     U    be    any    function    whatever    of    the    variables    «■,    y ...    which    iw    transformed    by 
the  linear  substitutions  above  into   U,  then 

or   the   function  Q  ^ 

is  by  the  above  definition  a  hyperdeterminant  derivative.     The  symbol  □  may  he  called 
"symbol  of  hyperdeterminant  derivation,"  or  simply  "hyperdeterminant  symbol." 

Let  A,  B,...  represent  the  different  quantities  of  the  series  ||il||, — A",  B',...  those  of 
the  series  ilil'il,  &c then   Q  may  be  reduced  to  a  single  term,  and  we  may  write 

0  =  A'-BK..A''''B^... 

Aiao   U  may  be  supposed  of  the  form 


where  0,  $  are  functions  of  the  variables  of  one  of  the  seta  x,  y,...,  of  one  of  the 
sets  s^,  7/\  . . . ,  &c.,  thus  0  is  of  the  form 

and  so  on.  The  functions  @,  ^...  may  be  the  same  or  different.  It  may  be  supposed 
after  the  differentiations  that  several  of  the  sets  x,  y,...  or  of  the  sets  d,  i/\  ... 
become  identical:  in  such  cases  it  will  always  be  assumed  that  the  functions  @, ... 
into  which  these  sets  of  variables  enter,  are  similar;  so  that  they  become  absolutely 
identical,  when  the  variables  they  contain  are  made  so.  Thus  the  general  expression 
of  a  hyperdeterminant   is 

<OU=A-B^...A''B'^  ...^^^  ... 

in  which,  after  the  differentiations,  any  number  of  the  sets  of  variables  ai-e  made  equal. 
For  instance,  if  all  the  sets  a:,  y  ...  and  all  the  sets  x,  y  ...  are  made  equal,  the 
hyperdeterminant  refera  to  a  single  function  F(x,  y...i^,  y' ■■■).  In  any  other  ease  it 
refers  not  to  a  single  function  but  to  several. 

What  precedes,  is  the  general  theory :  it  might  perhaps  have  been  made  clearei- 
by  confining  it  to  a  particular  case :  and  by  doing  this  from  the  beginning,  it  will 
be  seen  that  it  presents  no  real  difficulties.  Passing  at  present  to  some  developments, 
to  do  this,  I  neglect  entirely  the  sets  x\  y''  ...  and  I  assume  that  the  mimber  m  of 
variables  in  each  of  the  sets  x,  y ...  reduces  itself  to  two;  so  that  I  consider  functions 
of  two  variables  x,  y  only.  The  functions  %,  ^,  &c.  reduce  themselves  to  functions 
Fj,  Fa...  Vp  of  the  variables  x^,  y,,  or  w^,  y^...   or  Xj,,  yp.     Writing  also 

the  symbols  A,  B ...  reduce  themselves  to  12,  13... .  Hence  for  functions  of  two 
variables,  there  results  the  following  still  tolerably  general  form 

0(1  =  12°  13^  W  ...2:f  24^  ...34"  ...  V,VJ^^V,... 


Hosted  by 


Google 


98  ON    LINEAR    TRANSFORMATIONS,  [14 

The  functions  Fi,  V^...  may  be  the  same  or  different;  but  they  will  be  supposed  the 
same  whenever  the  corresponding  variables  are  made  equal.  This  equality  will  be 
denoted  by  writing,  for  instance, 


to  represent  the  value  assumed  by 


aw'vv.. 


nv,v,r,v,.. 


when  after  the  differentiations 


It  is  easy  to  determine  the  general  term  of  Q  JJ.     To  do  this,  writing  for  shortne 


a  +/3'  +  7'  ,.,=/,, 


jT.(-r 


[tT 

■  [t'T 


F-,'1'  < 


where  i\  s,  t,...ti',  t',...t",...  extend  from  0  to  o,  A  7...^',  y',...j"...  rospcetively.  It 
would  be  easy  to  change  this  general  term  in  a  way  similar  to  that  which  will  be 
employed  presently  for  the  particular  ease  of  Q^i'^sl's- 

If  several  of  the  functions  become  identical,  and  for  these  some  of  the  letters 
/  are  equivalent,  it  is  clear  that  the  derivative  □?/  refers  to  a  certain  number  of 
functions  V^,  V^...  the  same  or  different,  of  the  variables  a;,  y\  x',  y';---  and  besides 
that  this  derivative  is  homogeneous,  of  the  degrees  ^1,  0i,...  with  respect  to  the 
differential  coefficients  of  the  orders  ft,  /i', ...  &c.  of  fi,  (consequently  homogeneous  of 
the  order  d-y  +  B^  +  ...  with  respect  to  these  differential  coefficients  collectively),  homo- 
geneous and  of  the  degrees  6^,  B^,.--  with  respect  to  the  differential  coefficients  of 
the  orders  _/i,,  /s'...  of  Y^,  (consequently  of  the  order  6^  +  0^. ..  with  respect  to  these 
collectively),  and  so  on.  The  degree  with  respect  to  all  the  functions  is  of  course 
^1  +  ^/...  +  ^n  +  ^/+  ...,=p  suppose.     In  general,  only  a  single  function  will  be  considered. 
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and  it  will  be  asBumed  that  [JU  only  contaius  the  differential  coetBcieiits  of  the 
/"'  order.  In  this  case,  the  derivative  is  said  to  be  of  the  degree  p  and  of  the 
order  /.     The  most  convenient  classification  is  by  degrees,  rather  than  by  orders. 

Commencing   with   the   simplest   case,   that   of    functions    ot   the    second    order   (and 
writing  V,  W  instead  of  F,,  V,),  we  have 

(where  fi,  ?;,  apply  to  V  and  f^,  5?j  to  W).  TJiis  will  he  constantly  represented  in 
the  sequel  by  the  notation 

T2''VW  =  Ii,(V,   W). 


Heiioe,  writing                             S,-r=V';     S,-'S,V  =  7 ■'  . . . . 

we   have                               B.{V,    F)- F'-IF-- KE  F'i»'-->+ ...  ; 

and  in  particnlar,  according  aa  a  is  odd  or  even, 

H.(V,  F)  =  0. 

iB.iV,  F)-F'F--j7''7.— +..., 

continued    to    the    term    wliicli     contains     F5°F'^°,    tire    coefficient     c 

if    this    last     term 

being  divided  by  two. 

Thus,    for    the    functions  ^  {aafi  +  2bicy  +  cy^),  ^  {aai^  +  4<bxhj  +  Hachf  +  ifdxy' ■{■  e}f),    &c„ 
if  a  be  made  equal  to  2,  4,  &c.  respectively,  we  have  the  constatit  derivatives 

ac  —  b', 

ae  —  ibd  +  3c-, 

ag-Qbf+loce-lOd', 

ai  -  8bk  +  2Scg  -  »<idf+  35e^ 


which  have  all  of  them  the  property  of  remaining  unaltered,  a  un  facteur  prh,  when 
the  variables  are  transformed  by  means  of  x  =  \x-\-  (ly,  y^X'x  +  fify.  Thus,  for  instance, 
if  these   equations  give 

aj>f  +  2bxy  +  cy'  —  dx^  +  2h^y  +  cy^, 

then  (ic  -  i)'  =  {Xfi  —  X'/j-Y .  {ac  -  b^), 

and  so  on.  This  is  the  general  property,  which  we  call  to  mind  for  the  case  of  these 
constant   derivatives. 

13—2 
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The    above    functions    may    be    transformed    by    means    of  the    identical    equation 
B,(V,   W)  =  i2''~'°Bt(V,   W), 
to  make  use   of  whieh,  it  is   only  necessary  to  remark  the  general  formula 

Thus,  if  /i:  =  l,  we  obtain  for  the  above  series,  the  new  forms 

(ae-bd)-Z{hd-<f). 

{ag  -bf)-5  (if-ce)  +  10  (ce  -  d'), 

(ai  ~hh)-1  {hh  -  eg)  +  21  (eg  -  df)  -  35  {df-  e=), 

&c„ 

the   law    of  which    is    evident.     This   shows    also    that   these    functions   may   be   linearly 
expressed  by  means  of  the  scries  of  determinants 

ll  a,     h  jl     ||  tt,     6,     c  ]  &c. 

\    b.     0  i     ii  b,     c.    d  I' 

We    may   also   immediately   deduce   from   them   the   derivatives   B  which    relate    to    two 
functions.     For  example,  for  functions  of  the  sixth  order  this  is 

ag'  +  a'g-6  {bf  +  b'f)  +  15  [ce'  +  c'e)  -  20dd', 

which  has  an  obvious  connection  with 

and  the  same  is  the  caae  for  functions  of  any  order. 

The  following  theorem   is   easily  verified;   but   I   am   unacquainted   with    the  general 
theory  to  whieh  it  belongs. 

"If  U,    V  are  any  functions  of  the  second  order,  and    W  —  'kU  +  fiV;    then 

B:[B,{W,  IF),    B,(W,  ir)]  =  o 

(where    5/  relates    to    X,  //.)   is    the    same    that   would    be    obtained    by  the  elimination  of 
ic,  y  between  ^7=0,  F  =  0."     (See  Note'.) 


which  is  one  of  the  forms  under  which  the  result  of  the  elimination  of  the  variables 
from  two  quadratic  equations  may  be  written.  This  is  a  result  for  which  I  am 
indebted  to  Mr  Boole. 
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Pasaing  to  the  tliird  degree,  we  may  consider  in  particular  the  derivatives 

writing    for    shortness 

we   have   the   general   term 

where   )-,  s,   t   extend   from    0   to   a.     By  changing   the   suffixes   /■.   s   the   following  more 
convenient   formula 

where  (  extends  from  0   to  2a :   p,   t,  and  3a  —  p  —  o-   must   be   positive   and   not   greater 
than   2a. 

In  particular,  according  as  a  is  odd  or  even, 

C\{U,   U,   (7)  =  0, 

G,{U.   U,   V)^QX%[(-y+'V-''U-'V-'--^-'X[(-yA,_tA,n-.At]l 

omitting  therein  those  values  of  p,  <t  for  which  p>  a  or  o-  >  3a  —  p  —  ct,  and  dividing  by 
two  the  terms  in  which  p  —  a-  or  a  —  ^a  —  p  —  a-,  and  by  six  the  term  for  which 


In   particular,   for   functions   of  the   fourth   or   eighth   orders    we   have   the   constant 
derivatives 

ace  —  ad'  —  b'e  —  c*  +  2bcd ; 

aei -  iibd -  iafh  +  Sag'  +  3i"c=  +  12beh ~ Sckd -  Bbcjf-  22ceg  +  24cf"-  +  2U^g  -  ZUef+  Voe'; 

the  first  of  which  is  a  simple  determinant.  Thus  we  have  been  led  to  the  functions 
ae  —  ibd  +  Be"  and  ace  —  ad"  -eb^~  c'+  2bcd,  which  occur  in  my  "  Note  sur  quelques 
formulas  &c."  {Crelle,  vol.  sxix.  [1845]  [15]),  and  in  the  forms  which  M.  Eiaenstein  has 
given   for  the  solutions  of  equations  of  the  first  four  ( 


Let    [/"  he   a   futnotion    of   the    order    4a ;    the   derivative   C    may   be   expressed    by 
means  of  the  derivatives  B. 

For,  consider  the  function 
paying  attention  to  the  signification  of  B,  this  may  be  written 
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where  the  symbols  fs,  Ve  refer  to  the  two  systems  x,,  y^  :  x,,  y,.     Thus  it  i 
that  we  may  write 


l^e=|3  +  f„     jj,-j,,  +  %,   or    1^- 12  +  1;-} -12 -31, 
whence  the  function  becomes 

of  which  all  the  terms  vanish  except 

f-|?f  T2"'23'"3"rtr)^ff". 

Hence  putting 

_  [4«P»  _  2^°  1.3..,  (4a- 1) 
[2a]^~  2.4... 4a 

wo  have  B,^{U,  B,,(V,   W)]^KC^{IJ,   V,   W), 

or  in  particular 

B,^[U,  B,^(U,   V)]  =  KC,(U,   U,   U). 

Thus  for  example,  neglecting  a  numerical  factor, 

{ax^  +  2hxy  +  cy"")  {ex"  +  tdxy  +  ey")  -  (bt^  +  2cicy  +  dy'/- 
-  (ac  -  ¥)  a,^  +  2  (ad  -  bo)  ^y  +  {m  +  'ihd  -  3c0  a;y  +  2  (6e  -  ct^)  a;y^  +  {ce  -  d'')  y\ 
and  then 

e  [ac  -  H")  -  4rf  I  {ad  -  &c)  +  6c  ^  {ae  +  2bd  -  Sc^  -ih^  {be  -  cd)  +  a  (ce  -  rf"^) 
=  3  (ace  -  (Td'  -  6=e  -  c^  +  2Z.cc^). 
We  have  likewise  the  singular  equation 

where  U  =  y^ ,-^  U„a:^"  -  ^-^^  a.af"-^ ...+  a,„;/'"j  ,  Sec. 

If  however   (/=  F=  If,  we  must  write 

the  reason  of  which  is  easily  seen.     This  subject  will  be  resumed  in  the  sequel. 
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The  functions  G  may  be  transformed  in  the  same  way  as  the  functions  B  have  been. 
In  fact 


if  in  particular  k  —I,  then 

c,(fr,  y,  W)  =  \  n-'  n-'  u-' 

I  F..  F''    ¥■• 
i  ^..  ]f.i  If.. 

but  in  general 

^•"'ni^^/v'^/v/G^iU,  V,    W),  where  p  + p'  =  a-  +  cr'=  th- T'  =  2a- 2, 


Y-  r-'*'    V-'*' 


,    U'^  for  [/"■?,  &c. 


whence     0.((7,  7,   If) - SS  ((-)'+•  I   U-'     V--'  W---'-"  :%[(-)•  A,' A;_,A'„t,]\, 

each  of  them  any  positive  values  not  greater  than  2a  —  2. 
In  particular 

I  (/,p+i  J/..    [^,.»-,^-i 

where  p,  a  need  only  have  such  values  that  p  <  it  —  \,  o-— 1<3a  —  p  —  tr—  2. 


In 

particular  the 

derivative  aei  — 

...  +  1.51;^  may  be  transformed  into 

a,     d,    g    -2, 

".  e,  f 

-3 

i.     c.    g 

+  6    6,     d,    f  .-\^:  c,     d,     e 

h,     e,     h 

».  /.  g 

c,    d,    h 

«,«.?(            *     e,    / 

c,    /,     i 

0.    g.    h 

d,    e,    i 

i,    /.    *              «,    /,    » 

in  which  form  it  is  obviously  a  linear  function  of  the  determinant; 
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^,  c,  d.  e,    f,    g    j, 

c,  d,  e,  f,g,h\ 

d,  e,  f,  g,    k,     i 
which  is  tnie  generally. 

Omitting  for  the  present  the  theory  of  derivatives  of  the  form 

□  fTFIf  =  23*"  81^  12''  UVW, 

we  pass  on  to  the  derivatives  of  the  foiirth  degree,  considering  those  forms  in  which 
all  the  differential  coefficients  are  of  the  same  order.     We  may  write 

UUVWX^{i2.U)''{Ui.¥2f{U.2^)'U'VWX  =  D,_B_y{U,   V,   If,  JT )  =  ZJ„, «, , ; 
or  if  for  shortness 

12.34  =  .^,     13.42  =  33,    U.23  =  GC, 

we    have  D^,^_^=^^-W€y .  UVWX. 

Suppose  U—V—W=X,  and  consider  the  derivatives  which  correspond  to  the  same 
value  /'  of  a  +  0  +  y.  The  question  is  to  determine  how  many  of  these  are  independent, 
and  to  express  the  remaining  ones  in  terms  of  these.  Since  the  functions  become 
equal  after  the  differentiations,  we  are  at  liberty  before  the  differentiations  to  inter- 
change the  symbolic  numbers  1,  2,  3,  4  in  any  manner  whatever.     We  have  thus 

but   the  identical  equation 

a  +  as  +  GT  =  0, 

multiplied  by  '^"'WQL'  and  applied  to  the  product    UVWX.  gives 

whence  if  a+h  +  c~f'~-l,  we  have  a  set  of  equations  between  the  derivatives  Da,ii,-/ 
for  which  a  +  S  +  7  =f.  Reducing  these  by  the  conditions  first  found,  suppose  0/  is 
the  number  of  divisions  of  an  integer  f  into  three  parts,  zero  admissible,  but  permu- 
tations of  the  same  three  parts  rejected,  The  number  of  derivatives  is  0/,  and  the 
number  of  relations  between  them  is  0(/— 1).  Hence  0/— @(y— 1)  of  these  derivatives 
are  independent;  only  when  /  is  even,  one  of  these  is  -D/,","'  ^■®-  ^^  ^*  .UVWX, 
i.e,  i^^UV.di^WX,  or  B^  (U,  V)Bf{X,  W),  i.e.  [Bfif,  D")]';  rejecting  this,  the 
number   of  independent   derivatives,   when  /  is    even,   is   0/~— 0  (/— 1)— 1.     Let    -^  [  j- ] 

be  the  greatest  integer  contained  in  the  fraction  -.  ;  the  mimber  required  may  bo 
shown  to  be 

D  6 
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according  as  /  is  even  or  odd.     Giving  to  /  the  six   forms 

Gg,     6g  +  l,     6g+2,     Gg  +  3,     Gg  +  i,     6g  +  5, 

the  eorrespoudiiig  iiumberB  of  the  independent  derivatives  are 

9,    9.    9>    £'  +  1.     9-    S'  +  l; 

thus   there   is   a   single  derivative  for   the  orders  3,  5,  6,  7,  8,  10, . 
9,  11,  12,  13,  14,  16,  .,,&c. 


two  for   the  orders 


When  /  ia  even,  the  terms  Df-f^^,,,  i>j'_e,9.o  ■■■,  and  when  /  is  odd,  the  terms 
-C'/~i,i,i)-  J^f-i.i.m  J^f-7.7,i>,  i^c.  may  be  taken  for  independent  derivatives :  by  stopping 
immediately  before  that  in  which  the  second  sufEx  exceeds  the  first,  the  right  number 
of  terms  is  always  obtained.  Thus,  when  f~9  the  independent  derivatives  are  D^^^, 
i)s4o,  and  wo  have  the  system  of  equations 


I>, 

+  A„ 

+  A.,-0, 

-0- 

,+A.,  +  A..=  o. 

D, 

+  A.  +  A.,-o. 

-D, 

.  +  A.„  +  A„-0. 

D^ 

+  A„  +  A„.[I, 

n. 

+  A„  +  A_  =  0, 

Dn 

+  A„ 

+  A.„-0, 

A=  +  A.„  +  A.-0, 

Vm  +  D, 

+  A»,  =  0, 

A^ 

,  +  A„  +  A,..-0, 

which  a 

■u  to  be  reduced  by 

A..- 

-A„-0, 

A. 

-  -  -B„„  &o. 

It  is  ea. 

y  to  form  the  tab 

e 

2)„-        &-, 

A.„. 

0, 

A,.--i-B,', 

A,., 
A„.= 

-A„„ 

A..-0, 

A„,. 

0, 

A... 

A.,- 

0, 

A„  -  0, 

A..- 

B,: 

A„=      B,; 

-D„  = 

-iB.: 

D„  — iA', 

A..- 

-}■£>» 

+iB.: 

A«-    4  A", 

A,„  = 

JA. 

+  iB,'. 

A,„.0, 

A.., 

A„  = 

-in. 

-iB.: 

A»- 

iD. 

+  iA', 

A.  =  o, 

A,,., 

A.,,  =  -A,.. 

Au  =  0, 
A„=    A.. 
A.„  =  0, 
O„-0, 

A..-0. 
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D„-  B.;  D„  =  o, 

A,.=  -  J-B.",  -Z).,., 

D„-  -  |Z),.+  iB,;  -D„--   A». 

Ai,-        ii'«.+  i  -B,",  -C,„=0, 

-0=.,  !)».-     lAL-iK^, 

D„.  -  iD„-^B,',  -D„=     iAi.  +  iD«.. 

A.,-     AA..-A-B.',  -D,,--iA,.-i^«., 

-04.=     Ti*«.  +  -n>-B.',  -B.,-0, 

-0«  =  -  A  A.  -  A  Bf,  A.,  -  0, 

A.,=     iA,.  +  i-D„, 
A.,-0. 

Whatever  be   the   value,  all   the   tables  except   the  three  iirst  commenee  thus,  according 
as  /  is  even  or  odd, 

A,.,.     -        B/,  or      D,,.,,     =0, 

A'-.,.,«=-J-B/.  -0/-...,.. 

A-..=..--»A-.,.,.+iJ5/.         ■»/-.,  .,.=-»/-...,.. 
A--!,.,.-    iA-...,.+JV.         -"/-..■,.  =  <•• 

B,-,.,..  i 

but  beyond  this  I  am  not  acquainted  with  the  law. 

To   give   some   formulas    for    the    transformation    of   these   derivatives;    we   have,   for 
example, 

Df_,j,=(ii.H}''"Ts.i2unub'=Ts.^B,_,{u,  U)B,^-,ijj,  u). 

But  13.42  =  ^iJj2?73^4  -  ?i?i^3T7i  -  '?l^=M4  +  V>^^iV.  , 

"■1  t.%%f4  B/-I  (P",   n)Bf.,(U,  I7)-B,_,(f£J,  ,0")B,_,(,P,  fU) 

- B,_, (U-'U-')B,_,{U--U--).  &<-.. 
(where   U'",   U-'  stand  for   U^'^tj'',  &c.);  or 

A--,, ,. ,  .  -  2  («,_,  (U' •  I'- •) B,^,{U^ ■  P' ■)  - fl/-  (fT'-  &■■)  B,_,  (fj''  P'-)), 
which   reduces  itself  to 

■0/-.,.,.  =  -2|S/-.(C'-C''')l-. 

-D/- ,,,.-- 2 1£,^,  ( ff- •  E7' •)  JJ/-,  (&■■  P' ■)- [-B/-.  ( f'- ■  ET' ')]■). 
according  as  /  ia  oven  or  odd. 
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For  example,  for  the  orders  3,  5,  7,  9,  we  have 

J)^  =  -  2  {4  (oc  -  6=)  (bd  -  c')  -  (ad  -  bcf], 

A,,  =  -  2  (4  (ae  -  ibd  +  3c=)  (6/~ 4ce+  3(f)  -  {af-Bbe+  •2od)% 

D^,  =  -  2  {4  (a,?  -  5bf+  Uce  -  lOd?)  (bk  -  6c£r  +  15d/-  10e=)  -  (aS  -  &hg  +  9c/-  5rfe)=|, 

■Dsio  -  -  2  |4  (ai  -  8Wi  +  SBcgr  -  5C(;/+  35e=)  (bj  -  8ci  +  2%dh  -  56ejr  +  35f ) 

-  {aj  -  Ibi  +  20cA  -  28dg  +  14e/)=j- 

The  derivatives  D  will  be  presently  calculated  in  a  completely  expanded  form  up  to 
the  ninth  order.  We  have,  therefore,  still  to  find  the  derivatives  of  the  sixth  and 
eighth  orders,  and  a  second  derivative  of  the  ninth  order.  For  the  sixth  order,  the 
simplest  method  is  to  make  use  of  D^^,  which  is  easily  seen  to  be  equal  to 

b,  0,  d  \. 

c,  d,  e 

d,  e,  f 
d,    e.  f,  g\ 

For  the  two  others  we  have  the  general  formulte 

+  Bj_,  (U-'U-  0  B,^, (U^U'^)  +  2  [Bj.,  (U-'U-  ^)]% 


U-^ :    a    formula  which  is  demon- 


where    U-  °,   U'  \   U- ''   have   been   written  for    U' ",   (7- 
strated  in  precisely  the  same  way  as  that  for  J)^_i_i^„. 

-D/-.,.,o  =  -  2(       Bj^^iU-"  U'^)By^(U'^U''')-QBy_(U'^U'')Bj_,iU  "  ^''0 

~9B^^,{U-'U-'}Bj_,(U' '[/■')-  Bf_,{U-'U^')  Bf_,{U-'U% 
(in  which    U- ",  &c.  stand  for   U- ",  &&).     In  particular 
i>^  =  2  {4  (ag  -  &bf  +  Uoe  -  lOd')  (ci  -  Gdh  +  15eg  -  10/)  -  4  (ah  -  5bg  +  9cf~  Me)  x 

{U  +  boh  +  ddg  -  oef)  +  {ai  -  6&A+  16c^ ~  26d/+  lod^f  +8(bh-  Qcg  +  lodf-  10e=)^|, 
D^  =  -2{i{ag-  6bf+  15ce  -  lOd'')  (dj  -  Qei  +  Ihfh  -  lO^r")  -  6  (oA  -  5&^  +  9c/-  5de)  x 

{cj-  Hi  +  9dA  -  5fg)  +  6  {ai  -  Qbh  +  16cg  -  2Gdf+  15e^)  (bj  -6€i  +  Udh  -  2Geg  +  15/') 

+  36  {bh  -  6cg  +  Udf  -  10e=)  (ci  -  6dh  +  loeg  -  10/=j  -  9  (hi  -  och  +  Ug  -  oe/y 

- (aj-6bi  +  lock  -  19dg  +  deff]. 

Hence  we  have  all  the  elements  necessary  for  the  calculation  of  the  following  table 
of  the  independent  constant  derivatives  of  the  fourth  degree,  up  to  the  ninth  order.  [I 
have  arranged  the  terms  alphabetically  and  in  tabular  form  as  in  my  Memoirs  on 
Quautics,  and  have  corrected  some  inaccuracies] ; 

14—2 
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oW 

+  1 

aiod 

-6 

ae 

+  4 

W 

+  1 

bv 

-3 

a'f 

+    1 

ahej 

-10 

aeif+    i 

ac^ 

+  16 

ad^e 

-12 

fdf  +  16 

6W 

+    9 

hd-f 

-12 

beile 

-76 

W 

+  48 

A 

+  18 

eW 

-32 

aceg  +  1 

»o/--l 

a(i^^  —  1 

o*/+  2 

ue"    -1 

i'ej  -  1 

h'f  +  1 

lKdg+2 

beef  -  2 

6#/  -  2 

M«-  +2 

c-y    -1 

c'df  +  2 

cW   +  1 

cd^e  -3 

(!•     +  1 

A,.- 

2x 

oW  + 

1 

d)gh~ 

11 

asfli  + 

18 

acf  + 

21 

adek- 

10 

«dfg- 

60 

m'g  + 

10 

m  + 

21 

Vg'  + 

26 

bcek- 

60 

bcffi- 

231 

bd%  + 

10 

bdeg  + 

50 

W  + 

360 

yf- 

210 

d'eg  + 

860 

i'f  + 

81 

cd'g  - 

210 

ciie/- 

990 

oe-     +  600 

d-f   + 

600 

dv  +  375 

1},,= 

2x 

aV     + 

1 

abhi    - 

16 

acgi    + 

36 

ach"    + 

20 

adfi   - 

62 

oAgh  — 

60 

aeH     + 

30 

mfh   + 

20 

mg'    + 

60 

«/■»    - 

40 

6"Sri     + 

20 

iW     + 

« 

bcfi     - 

60 

fc<,4  - 

388 

Mei    + 

20 

H/4  + 

696 

My'    + 

180 

ie'i     - 

340 

fa/S    - 

160 

bf     + 

210 

Ai     + 

60 

o'/i    + 

180 

»y   + 

611 

Cli'i      - 

10 

cdeh  - 

160 

rf/9   - 

2396 

ce^y    + 

2310 

«/■    - 

420 

«     + 

210 

d^eg    - 

420 

d'f    + 

12856 

rf#/  - 

3280 

e'        + 

1026 

eqaations   which   give 

^5901   ^530!   ^6401   ''J  "l^l^HB    of   whIch 

the  others  have  been  exprosaed. 


E,.- 

2x 

A,..4x 

o-j\  + 

1 



abij  — 

18 

aohj  + 

40 

+      2 

82 

-      2 

adgj- 

56 

-      7 

adki  — 

112 

+      7 

'•^fj  + 

28 

+      6 

aegi  + 

221 

+    22 

mh'    .. 

-    27 

a/H  - 

110 

-    26 

afgh  ,. 

+    15 

ag'     .. 

-    20 

b'hj  + 

32 

-      2 

Iff    + 

19 

+      2 

begj  - 

112 

+      7 

bad  - 

536 

-      7 

M/i  + 

224 

+    22 

bdgi  + 

392 

-    71 

bdli'  + 

896 

+    52 

tfj   ~ 

140 

-    25 

befi  - 

196 

+    73 

begh- 

1792 

-    23 

bfk  + 

1120 

-    70 

V'f   ■■ 

+    15 

■='/]     - 

-    27 

c'gi  + 

896 

+    52 

<?*■   + 

400 

-    25 

odej   .. 

+    16 

cdfi- 

1792 

-    23 

cdgt- 

1256 

-    22 

a^   + 

1120 

-    70 

ce/h  + 

660 

+  127 

ceg'  + 

6272 

-    32 

"Pg- 

3920 

-    26 

d-j      .. 

-    20 

dyk+ 

6272 

-    32 

iy  + 

784 

+    47 

d-d    .. 

+    16 

difh- 

3920 

-    26 

itfS- 

13328 

-    85 

df   + 

7840 

+    50 

e'g    + 

7810 

+    60 

#/.   - 

4704 

-    30 

+  36022 

+  698 
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We  may  now  proceed  to  demonstrate  an  important  property  of  the  derivatives  of 
the  fourth  degree,  analogous  to  the  one  which  exists  for  the  third  degree.  Let 
JJ,  V,   W,  X  be  functions  of  any  order  /:   then,  investigating  the  value  of  the  expression 

«■/-.[£.  (ff,   F),     B.{W,X)l 
this  reduces  itself  in  the  first  place  to 

d^^""  l2"  34"  UYWX, 
where    ^b,    Ve   refer    to    U    and    V,    and    ^j,.    t}^    to    W    and    X:    this    comes     to    writing 
|e  =  ?i  +  ?2.  Ve^Vi-^Vi,  and  ^*  =  ?a+^4,  Vi>  =  Vt  +  Vt\    ■whence 


^^  =  13+14  +  23  +  24, 
or  the  function  in  question  is 

(13  +  14  +  23  +  24)^"°"  W  34°  UVWX. 
But   all   the   terms   of  this   where   the   sum   of    the   indices   of    ^j,    ijj    or   f^,    ij,    or 
?3.  Vs  '^r   1^4,  j/4,  exceed  /,  vanish :   whence  it  is  only  necessary  to  consider  those  of  the 
form 

K,  (13  .  42)''  (l4  .  23)''^°"'  (Ta .  347  UYWX, 
where  K,.  denotes  the  numerical  coefficient 


M'  H'  If-'-  <■]'--'  [/-'-  <■¥--  ■ 

or  B.j_^[B.(U.  V),     B.(W,  X)-i  =  -!.{K,D.,,j^.-,(.U,   Y,   W,  X)}. 

In  particular,  if  U^  F-  W  =  X,  writing  also  B„  for  B,iU,   V), 
B.^^(B..  B.).i{K,D.,,,,^^,). 
If  a  is  odd,  this   becomes 

an  equation  which  must  he  satisfied  identically  by  the  relations  that  exist  between 
the  quantities  D :  if,  on  the  contrary,  a  is  even,  we  see  that  there  are  as  many 
independent   functions   of  the   form 

£=/-.(«.,  B.) 

as  there  are  of  the  form  D;  and  that  these  two  systems  may  be  linearly  expressed, 
either  by  means  of  the  other.  Thus,  for  the  orders  3,  5,  7,  the  derivatives  Z>  are 
respectively  equal,  neglecting  a  numerical  factor,  to 

for  the  sixth  order  they  may  be  linearly  expressed  by  means  of 

and  so  on.  All  that  remains  to  complete  the  theory  of  the  fourth  degree  is  to  find 
the  general  solution  of  this  system  of  equations,  as  also  of  the  system  connecting  the 
derivatives  B. 


Hosted  by 


Google 


110  ON    LINEAR   TRANSPOEMATIONS.  [14 

Passing  on  to  a  more  general  property ;   let   U-,,  U^, ...  Up  be  functions  of  the  orders 
fi,  fs  ■■■fp]    and  suppose 

%(0^...  Up),  ^uu^...Up, 

a  function  of  tlie  degree  ft  in  the  variables :  suppose  that  0  ( P3 . . .  JJ^  contains  the 
differential  coefficienta  of  the  order  r^  for  t/",,  r^  for  r/^,  &e.,  so  that  /,  =  {/^  —r^-¥ . . .  (fp—r^)- 
Consider  the  expression 

which  reduces  itself  in  the  first  place  to 

then   to  K (U^''"'  1^^'"". . .  l^/"'"' uU,U,...U^; 

where  for  sliortncss 


{f,~nV'-'....[f,-r,Y,-f.- 

For   if  one   of  the   indices  were   smaller  another  would   be   greater,   for  instance  that   of 

12 1    and   the   symbols   ^b,   %  in   12  '   ^     Q    would  rise   to   an   order   higher   than  /g,  or 
the  term  would  vanish.     Hence,  writing 

Q  =  12"^'"^'  iV''^' ...  Ip -'"'■' 
and  0'(?/i,  JJ^...,     Up)^ClU,U^...JJp, 

we   have  B^A^u  ®(U„...  Up)]^K&{U„   U.,...  Up); 

i.e.  the  first  side  is  a  constant  derivative  of  U,   U...Up. 

Suppose  "' 


K&  iU...  Up)=  a,Af,  -  J  Oi^/.-i  +  -  ■  ■ 


or  finally,  0(U..  ...  f,,)  =  j|-,,  (./-^ -./.-,  j^-^ +  ...)  e"  (ff..  ...  U,). 

an  equation  which  holds  good  (changing,  however,  the  numerical  factor,)  when  several 
of  the  functions  Ui...Up  become  identical.  Hence  the  theorem:  if  J7  be  a  function 
given   by 
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and  S  be  any  constant  derivative  whatever  of  U,  then 


(«"4-'""*3|:;+-> 


is  a  derivative  of  U,  and  its  value,  neglecting  a  numerical  factor,  may  be  found  by 
omitting  in  the  symbol  D.  which  corresponds  to  the  derivative  S,  the  factors  which 
contain  any  one,  no  matter  which,  of  the  symbolic  numbers. 

If,  for  example, 

-  i  i),i(,  =  0  =  Qahcd  -  iac^  -  ibd'  +  3&=c'  ~  a^d\ 

or  n  =  12^  3i^  13 .  42; 

reduces  itself,  omitting  a  numerical  factor,  to 

12^TliUUU^-^B,lU,  B,{U,   U)]. 

This   may   be   compared   with  some   formulae   of  M.   Eiscnstein's   (Crelle,   vol   xxvii. 
[1844,  pp.   105,  106] ;    adopting  hia  notation,  we  have 

^  =  00."  +  ^ha?y  +  ^cxf  +  dy\ 
F=^-^\B,  (*,  <&)  =  (ac  ~  h")  x^  +  (ad  -  be)  xy  +  {hd  -  c')  y\ 

where  D  is  the  same  as  0.  Hence  to  the  system  of  formulfe  which  he  has  given, 
we    may   add   the  two   following : 

^  ^  /^*    dF_  d^   dF\ 

'  ^  \dx    dy      dy    dot) ' 

fl>=_    >    1^   ^   rf<l'        d'if>    /     d^^    ^,^  ^\ 
'        ^^\d(c^    d^    dy      dx^dyx    dxdy   dy      dy     dx) 

d?^    f     d'^     m     ^   d*\      d^    f^    d^\ 
dxdy^  \   dasdy    dx      daP     dy)      dy'     dx'    dxj' 
the  first  of  which  explains  most  simply  the  origin  of  the  function  *!. 

It  will  be  sufficient  to  indicate  the  reductions  which  may  be  applied  to  derivatives 
of  the    form 

'^=,P,y(t^.  y<   W)  ^n'.'sf. 12' UVW, 
where    U,   V,   W  are  homogeneous  functions.     In  fact,  if 

lx  +  vy=3, 
the  above  becomes,  neglecting  a  numerical  factor, 

(Si .  23)° .  (S, .  STf  .  (a. .  12/  UVW, 
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where    the    symhols    ^,   ij    arc    supposed   not    to    affect    the   x,   y   which    enter   into    the 
expressions  S,     But  we  have  identically 

Hi23  +  E231  +  H,li  =  0, 
an  equation  which  gives  rise  to  reductions  similar  to  those  which  have  been  found  for 
the  derivatives  D^^^^y,  but  which  require  to  be  performed  with  care,  in  order  to  avoid 
inacceuraeies  with  respect  to  the  numerical  factors.  It  may,  however,  be  at  once 
inferred,  that  the  number  of  independent  derivatives  C^o,  fl,  ^  is  the  same  with  that  of 
the  independent  derivatives  i>„,3,^for  the  same  value  oia  +  ^+j. 

From  similar  reasonings  to  those  hy  which  B  [U,  B  (U,  U)]  has  been  found,  the 
following  general  theorem  may  be  inferred. 

"  The  derivative  of  any  number  of  the  derivatives  of  one  or  more  functions,  or 
even  of  any  number  of  functions  of  those  derivatives,  is  itself  a  derivative  of  the 
original    functions." 

For  the  complete  reduction  of  these  double  derivatives,  it  would  be  sufficient, 
theoretically,  to  be  able  to  reduce  to  the  smallest  number  possible,  the  derivatives  of 
any  given  degree  whatever.  This  has  been  done  for  the  derivatives  of  the  third  degree 
C\,B,v'  ^^^  *^^  those  of  the  fourth  degree,  in  which  all  the  differentiations  rise  to 
the  same  order  (i)„,  0,  y):  it  seems,  however,  very  difficult  to  extend  these  methods  even 
to  the  next  simplest  cases, — extensive  researches  in  the  theory  of  the  division  of 
numbers  would  probably  be  necessary.  Important  results  might  be  obtained  by  con- 
necting the  theory  of  hyperdefcerminants  with  that  of  elimination,  but  I  have  not  yet 
arrived  at  anything  satisfactory  upon  this  subject.  I  shall  conclude  with  the  remark, 
that  it  is  veiy  easy  to  find  a  series,  or  rather  a  series  of  series  of  hyperdeterminants 
of  all  degrees,  viz.  the  determinants 


c,     d, 


h,    ic,    6d,    4e, 
c,     id,     6e,     4/. 


/    9 


id,     e 

fa. 

ie,    f 

¥.    S 

f.     ■ 

S.     ■ 

&,     3c,     M,     e 


h,     3c,     3d,       e, 


[I  have  inserted  in  these  determinants  the  numerical  coefficients  which  were  by 
mistake  omitted.] 

However,  these  functions  are  not  all  independent ;  e.g.  the  last  may  be  linearly 
expressed  by  the  square  of  the  second  and  the  cube  of  {ae  —  46(i  +  3c^) ;  nor  do 
I  know  the  symbolical  form  of  these  hyperdeterminant  determinants. 
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NOTE  SUU  DEUX  FORMULES  DONNEES  PAR  M.  M.  EISENSTEIN 
ET   HESSE. 


[From  the  Journal  fiir  die  reine  und  angewandte  Mathematik,  (Crelle)  vol.  xxix.  (ISio), 
pp.  54—57.] 

Mr.  Eisenstein  a  donne  [Journal,  t,  xxvii.  (1844),  pp.  105 — 106]  cette  formule  assez 
remarquable  i 

(a^  -  3i'c=  +  iac'  +  ibd^  -  Qahcdf  -  A^D-"-  ^IPC  +  ^tAC  +  WB'  -  6ABCD, 

oh  A,  B,  C,  D  sont  des  foiictions  dotm^es  de  a,  b,  c,  d.     Cela  pent  se  g^neraliser  comme 
suit. 

Soit 
u  =  a*  +  by  +  d'p  +  d'e  -  2akbg  -  2akcf-  2ahde  -  ^bgcf-  2bgde  -  2cfde  +  iadfg  +  ibceh, 
et  de  plus 

^  da  ^  db  ^  dc  ^  dh 

Repr^sentons   par    IT  la  m^me   fonetion   de   A,   B,   C,  ...  H,  que   la   fonction   u   Test   dcs 
itit^  a,   b,  0,  ...  h,  Ton  a  I'^quation 


Cest   uii   eas  particulier   d'lme   propri^t^   g^nerale   de   la  fonction   u,   que   I'on    peut 
eiioncer  ainai.     Imaginons  la  fonction 

transform^e    en 
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[15 


par  les  substitutions 

Xj  =  \   Xi'+Xs  ^2   J 

et  soit  u',  la  fonction  analogue  a  ti 
En  ^changeant  seulement  les  z 


',a  +  ji/e,    /' 


yi  =  fhyi  +;'s 2/a,   Zi  =  v-t si  +P3Z2 

dos  nouveaux  coefficients  a',  h', 


4,V)'(ft%'- 

fhfhj 

■(».»,' 

-0, 

.".')■ 

.«. 

ced  doime 

«'  =  (v/  - 

v^vi'y 

.«, 

=  .,!>  +  </ 

C'  =  1 

',C  +  « 

I'ff. 

li'. 

-r,d  +  r,'h. 

-••■t +  ■■.'/ 

/=..<,+. 

'.v. 

i'. 

-Vsd-i-v^'h. 

I't  ^ah-hg 

-c/- 

lie. 

,,'=-2(ad 

-fc), 

p, 2(«i. 

-fg). 

v^  =  ah~  hg 

-«/- 

■de{. 

i-i), 

on  trouve  d'abord 

(ViV,'  -  V^Vi)  =  if,    ou    u'  =  m', 

et  puis,  en  ayant  ^gard  aux  valeurs  de  A,  B,  0,  ...  H: 

e-^D,    f  =  -B,    g'  =  ~0,     h'^A, 
de  inaniere  qne  u'  =  U,  d'oii  enfin 

La  propriety  de  la  fonction  u  que  je  viens  d't5nonccr,  se  rapports  k  une  th^orie 
assez  g^n^rale,  d'une  nouvelle  espfece  de  fonctiona  algt^briques  dont  je  m'occupe  actuelle- 
ment,  et  lesquelles  a  cause  de  leur  analogie  avec  les  d^terminantes,  on  pourrait  comme 
je  crois  nommer  "  Hyperd^terminantes."  Je  me  propose  de  poser  les  premiers  fondemens 
de  cette  th&rie  dans  un  memoire  qui  va  paraitre  dans  le  prochain  No.  du  Cambridge 
Mathematical  Journal  (No,  sxiii.)  [13]. 


je  ] 


une  formule  de  Mr.  Hesse  \Jowmal,  t.  xxviii.  (1844),  p.  88], 
qui  se  rapporte  au^i  a  la  memo  throne,  Soit  V,  une  fonction  homog^ne  du  troisieme 
ordre,  et  a  trois  variables  a;,  y,  z.  Soit  VP",  la  d^terminante  formee  avec  les  coefficients 
du  second  ordre  de   V,   arranges  en  cette  forme: 

fV  d?V_  d?V 

ds?  '        dxdy '        dxdz  ' 
^r  d'V  d'V 


d'V 
dzda:' 


d'V 

dsd]/ ' 
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soit  a  une  quantite  constante  quelconque  et  aoient  A  et  B  deux  autres  constantes 
d^termin^s ;    Mr,  Hcsso  k  d^montri?  f'^quatioQ  remarquable 

V  (U  +  aVU)  =  AU  +  B^U ; 

mais  sans  donner  la  forme  des  coefficients  A  et  B,  ce  qui  parait  6tre  tres  difficile 
a  cffectuer.  En  consid<5raiit  Ic  cas  d'une  fonction  homogfene  de  deux  variables  seule- 
ment,  mais  d'ailleura  d'un  ordre  quelconqiie,  on  parvient  a  un  th^oreme  aualogue  qui 
m'a  paru  int^ressant, 

"  Soit   U  une   fonction  homogene   et   dc   I'ordro    v  des   deux   variables  a:,   y,   et   W 

da^  '  dy^      xdxdy)  ' 
(y-'2.){p-'S;f  .V  (U  +  aVU)^{-  v(y  -l){v  ~^rJa  +  V  {v-\){2v  ~af  la']  U 

+  {{v ~2){v-  3)^  +  (^ -  2)  (^ -  3) {2^ -  5)  Jo?]  V U. 

En  repr^sentant  par  i,  j,  k,  I,  m,  les  coefficients  diffdrcntiela  du  quatrieme  ordre 
de   U.  on  a 

I  —  ikm  —  iP  ~jw?  —  A'  +  %kl, 

de  manifere  que  Z,  J  sent  des  fonctions  de  x,  y  des  ordrcs  3  (!■  -  4)  et  2(v  —  4) 
respectivom  ent. " 

Ce   qu'il   y  a   de   remarquable,  e'est   la  forme   de   ces  deux   quantit^s  I,  J.     On  voit 
d'abord  que  la  fonction  I  est  la  determinante  form^e  avec  les  termes 

i.  3'  ^ 
3,  h  I 
k,     I,    m. 

Mais  de  plus  les  deux  fonctions  /,  /  out  la  propri6t^  suivante.  Si  Ton  imagine  une 
fonction  du  quatrifeme  ordre 

transfonn^e   en 

l'^'4  +  if^'^f,-  +  Qk'^\^  +  W^'ri"'  +  m');'^ 
au  moyen  de 

1)  =  V|'  +  iJ.'i)\ 
en  representant  par  /',  J',  les  memos  fonctions  de  i',  /,  k',  I',  wf,  on  a 

J'  =  (Xii!  —  x'/^y .J,  J'—  (Xfi'  —  x'fiy . I. 
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L'on  parviendrait,  je  crois,  k  des   r^sultats  plus  simples  en  consid^rant  unc  fonction 
U,  homogfeiie  en  ^,  j),  et  aussi  en  Xi,  y^,  et  en  posant 


V[r  = 


dxdXi '  dydy-^     dxdyi '  dydx, ' 


•  escmple, 


,   U  est  du  second  ordre  en  w,  y  et  aussi   en  «,,  i/i,  de  manifere  que 
[/"=       x^'    {A  ^+2Bxy  +  Gf) 
+  2x,y-,  {A'i>?  +  2B'xy+C  y') 
+  y,^    (A"(d'+2B"xy  +  G'Y); 


on   a   simplement 


VVf/- 


lU, 


I  representant  par  i 


I  determinaute  formee  avcc  les  coeffidcnts 

A  ,    B  ,     G; 

A',     R,     C; 

A",     B",     C"; 

et    multiplie'e  par  2\     Mais  il  faudrait  d^veiopper  tout  eela  beaucoup  plus  loin. 

P.S.  Je  ne  sais  pas  si  Ton  a  jamais  discut^  la  question  suivante,  qui  doit  conduire, 
il  me  semble,  k  des  r6sultats  importants.  Soient  L,  M,  L',  M',  U,  V  dea  fonetions 
de  X.  En  ^Kminant  cette  variable  entre  les  Equations  LV'+MV=0  et  L'U  +  M'V=0, 
et  en  representant  I'^quation  ainsi  obtenue  par  [LIT  +  MV,  L'JJ  +  Jl/'F]  =  0,  et 
de  mgme  par  \U,  F]  =  0  1' Equation  obtenue  en  eliminant  m  entre  [/"  =  0,  F=  0, 
il  est  clair  que  \LJI -vMU,  i'tT+ifF]  contiendra  \JJ,  F]  comme  fecteur:  quelles 
sont  maintenant  les  propri^t^s  de  I'autre  facteur  qu'on  peut  &riro  sous  les  trois 
formes:  \LTJ^MY,  L'CT  +  Jl/'F]  :  \U,  F],  {LV  \  MY,  LW  -  L'M^  :  \L,  M\  et 
\IJTJ\WY,  LM'-L-M]  :  [L',  M'])  ? 
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MEMOIRE  SUE  LES  HYPERDETEBMINANTS  (TRADUCTION  D'UN 
MEMOIRE  ANGLAIS  INSEBE  DANS  LE  "  CAMBRIDGE  MATHE- 
MATICAL JOURNAL"  AVEC  QUELQUES  ADDITIONS  DE 
L'AUTEUR). 


[From   the   Jounml  fllr   die  reine  uiid  anyewandte  Mathematik  (Cvelle),  vol.  XXX.   (184ti), 
pp.  1-37.] 
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NOTE   ON    MR   BRONWIN'S    PAPER    ON    ELLIPTIC    INTEGRALS. 


[From   the  Cavibridge  Mathematical  Journal,  vol.    III.    (1843),    pp.    197 — 198.] 

Tl       N  te                  a                     bjecton       a  aed    bj    M     B          u    n    1       \   i          On   Ell  1 1  tii  o 

Canili    Math    J  u        ol            (la43|  n     lid—Ul    to  some  of  the  fa  muliB  of    t  ansto  raat  on  h     J 

le    a   No!         The-e    a    n  t  a  -er  o  s   er  oi   wh  eh  was  afte  wi  ds  po  ated  ovit  by  M    B  on     a  11 

somtted    a     ace  al  o  the  tlerjajB       [IS]  anl  part  ot  pi]       h    h    efe    to  ti  e    a       abject 
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REMARKS    ON    THE    REV.    B.    BHONWm'S    PAPER    ON    JACOBI'S 
THEORY   OF  ELLIPTIC   FUNCTIONS. 


[From  the  Philosophical  Magazine,  vol.   XXII.  (1843),  pp.   3.58 — S6S.] 
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19. 


INVESTIGATION   OY   THE   TKANSFOEMATION   OF    CERTAIN 
ELLIPTIC   FUNCTIONS. 

[From  the  Philosophical  Magazine,  vol.  XXV.  (1844),  pp.  S52 — 3.54  ] 
The  function  sinamw  {0«  for  shortness)  may  be  expressed  in  the  form 

■»''-''"('+  2mi^  +"i!„.-Jf-J  +  "  ('  +  2«Z  +  (2I-  +  1)  g-.-) W 

where  m,  ml  receive  any  integer,  positive  or  negative,  values  whatever,  omitting  only 
the  combination  m  =  0,  m'=  0  in  the  numerator  (Abel,  (Euvres,  t.  i.  p.  212,  [Ed.  2, 
p.  343]  but  with  modifications  to  adapt  it  to  Jacobi's  notation ;  also  the  positive  and 
negative  values  of  m,  m'  are  not  collected  together  as  in  Abel's  forraulte).  We  deduce 
from  this 

4,{u  +  e)_      (  u  •\.rs(l, !  —^     (2) 

4,e  [^ imE  +  •im'K'i  +  e)  •       \.        imK  +  {-ir«'  +  i)K'i+g)-^  >■ 


w  K=  aH  +  a'H'i,  K'i  =hH  +h'H'i,  a,  6,  a',  h'  integerB,  and  ah'  —a'h  s 
positive  number  c.  Also  let  6=fB+f'H'i;  f,  f  integers  such  that  af'-a'f,  bf'—h'f,  ^ 
liave  not  all  three  any  common  faetor.     Consider  the  expression 

_.»».)> (ii  +  2a>)  ...ij>(»  +  2(i 


,f,(2«,)...^(2{«-l)„) 


!-( 


2mK  +  2m'K'i  +  2r^/  "  ^^  V        2m^+  (2m'  +  l]'K'i  +  2rf j' 

where  r   extends   from   0  to  v—\  inclusively,  the   single   combination  m  =  0,  i 
being   omitted  in   the   numerator.     We   may   write 

mK  +  m'K'i  +  r0^fiH  +  /I'H'i, 
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jj.,  ft'  denoting  any  integers  whatever.  Also  to  given  values  of  fi,  fi'  there  corresponds 
only  a  single  system  of  values  of  m,  m',  r.  To  prove  this  we  must  show  that  the 
equations 

ma+m'b  +rf  =/j., 

ma'  +  m'b'  +  rf^fi', 
can  always  be  satisfied,  and  satisfied  in  a  single  manner  only.     Observing  the  value  of  v, 

vm  +  r{b'/—bf')  =fib'  ~  ftfb; 
then  if  v  and  b'f—bf  have  no  common  factor,  there  is  a  single  value  of  r  less  than  v, 
which  gives  an  integer  value  for  m.  This  being  the  case,  m'b  and  m'b'  are  both 
integers,  and  therefore,  since  b,  b'  have  no  common  factor  (for  such  a  factor  would 
divide  v  and  b'f—bf),  m'  is  also  an  integer.  If,  however,  v  and  b'f—bf  have  a 
common  factor  c,  so  that  v=ab'~  a'b  =  c^,  bf-  bf  =  etf>' ;  then  (af  - a'f) b'  =  c  (0/ - 0'/), 
or  since   no   factor  of  c  divides  af  —  af  c  divides  b',  and   consequently  b.     The  equation 

for   V   may   therefore   be   divided  by  c.    Hence,  putting    -  —  v^,   we   may   find   a   value    of 

)",  say  r^,  less  than  i/,,  which  makes  m  an  integer;  and  the  general  value  of  r  less 
than  V  which  makes  m  an  integer,  is  r  —  r,+3v,,  where  s  is  a  positive  integer  less 
than  a     But  m  being  integral,  bm',  b'm',  and  consequently  cm'  are  integral ;  we  have  also 

ci'im'  +  (r^  +  si',){af'  —  a'f)  —  aiJ.'  —  aV; 
and  there  may  be  found  a  single  value  of  s  less  than  c,  giving  an  integer  value  for  m. 
Hence  in   every  case   there   is   a   single   system   of  values   of  m,  m',  r,   corresponding  to 
any  assumed  integer  values  whatever  of  /i,  //,     Hence 

'^-'"('  +  2^g+°Vm)""('  +  2;.g+(V-  +  l)/«)-'^-''  (*) 

<t>,u  being  a  function  similar  to  <}iu,  or  sin  am  u,  but  to  a  different  modulus,  viz.  such 
that  the  complete  functions  are  ff,  H'  instead  of  K,  K'.     We  have  therefore 

•P'"-       ^(:Zo,)..^(:Z{v-\)^)       ^''^■ 

Expressing  ta  in  terms  of  K,  K',  we  have  vH-h'K -  a'K'i,  ~vH'i~bK~aK'i,  and 
therefore  vca  =  (bf—  bf)  K~  (a'f-  af)  K'i.  Let  g,  g'  be  any  two  integer  numbers 
having  no  common  factor,  which  is  also  a  factor  of  v,  we  may  always  determine  a,  b,  a',  b', 
so  that  v<o=gK-  g'K'i.  This  will  be  the  case  ii  g  =  h'f-  bf,  g'  =  a'f-  af.  One  of  the 
quantities  f  f  may  be  assumed  equal  to  0.  Suppose  /'  =  0,  then  g  =  b'f  g'  =  af; 
whence  ag  —  bg'=vf.  Let  k  be  the  greatest  common  measure  of  g,  ^,  so  that  g  =  hg„ 
g'  =  h^,\  then,  since  no  factor  of  h  divides  v,  h  must  divide  /,  or  f=kf,  but 
9'  —^'f'  9''  =<V>  aii<i  a',  b'  are  integers,  or  /  must  divide  g,  g' ;  whence/,  =  1,  or  f=h. 
Also  ag^  —  bg'^  =  v,  where  g,  and  g'^  are  prime  to  each  other,  so  that  integer  values 
may  always   be   found   for  a   and   b ;    so   that   in   the   equation   (1)  we  have 

.J-''-^^-' (7), 

g,  g'  being  any  integer  numbers  such   that  no  common  factor  of  g,  g'  also  divides  v. 
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The    above    supposition,  f'  —  O,    is,    however,    only  a    particular  one;    omitting    it,  the 
conditions  to  be  satisfied  by   a,  b,  a',  b',  may  be  written  under  the  Ibrm 

ab'  —  a'b  =  v,  \ 

ag  -bg'  =  0  [mod.  v].  V (8) 

a'g  -  f>y  =  0  [mod.  v], ) 

to   which    wc    may  join   the   equations  before   obtained, 

vH  ^  b-K  -  a'K'i.-)^ 


-vH'i^bK  -aKi,  [" 


(9) 


which  contain  the  theory  of  the  modular  equation.  This,  however,  involves  some 
further  investigations,  which  are  not  sufficiently  connected  with  the  present  subject  to 
be   attempted   here. 
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ON    CERTAIN    RESULTS   RELATING  TO   QUATERNIONS. 


[From  the  Philosophical  Magazine,  vol.  xxvi.  (1845),  pp.  141 — 145.] 


In  his  last  paper  on  Quaternions  [Phil.  Mag.  vol.  xxv.  (1844),  p.  491]  Sir  William 
E,.  Hamilton  has  alluded  to  a  paper  of  mine  on  the  Analytical  Geometry  of  (w.) 
Dimensions,  in  the  Cambridge  Mathematical  Jov/mal  [11],  as  one  that  might  refer  to  the 
same  subject,  It  may  perhaps  be  as  well  to  notice  that  the  investigations  there  contained 
have  no  reference  whatever  to  Sir  William  Hamilton's  very  beautiful  theory ;  a  more 
correct  title  for  them  would  have  been,  a  Generalization  of  the  Analysis  which  occurs 
in  ordinary  Analytical  Geometry. 

I  take  this  opportunity  of  communicating  one  or  two  results  relating  to  quater- 
nions ;   the  first  of  them  does  appear  to  me  rather  a  curious  one. 

Observing   that 

(A+Bi  +  Cj+Dkr'^{A- 
it   is   easy   to   form   the   equation 

( A  +  Bi  +  Gj  +  Die)-'  {a+m  +  7J  +  S/s)  {A  +  Bi  +  Cj  +  Dk) 
1 


Gj  -  Dk) -^  (A' +  B-' +  O  +  Ifi)  . 


^  A'  +  B'+C  +  D'  ■ 
(  a{A^  +  B' +  C  +  D^) 

I  +i[  0iA^  +B'-C'-D')  +  2y(BG+AD)  +%S(BD^A 

I   +j  [20  (BO -AD)  +    7  (A=  -  B=  +  (7=  -  i>)  +  2B  {GD  +  A 

[+!c[20  [BD  +  AC)  +  27  (CD  -  AB)  +h(A'-B'- 

which  I  have   given   with   these   letters  for   the   sake  of  reference 
to   change   the   notation   and   write 


.  (2) 


')  ] 

')  ] 

?■  +  -»)], 

it  will  be  convenient 
16—2 
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(I  +  X.1  +  fij  +  vh)-'  [ix  +jy  +  k£)  (1  +  \i  +  /y  +  vk) 


[20 


l+V  +  /i'+i^ 

i[  x{l  +  V-f.' 

-«")+2!/(V  +  ») 

+  2„{Xr-l4 

+j\ii,(\f.-v) 

+   2/(1  -V  +  fj?- 

,f)  +  !!i{f.v+\) 

+  4[2»(X^  +  rt 

J 

(•"+-■)] 


(3) 


,.(4) 


suppose.  The  pecuHarity  of  this  formula  is,  that  the  coofficieuts  a,  /3, ...  are  precisely 
such   that   a  system    of  formulte 

x^=  ax  +  a'y  +  a"g ') 

y,^e'a;  +  0'y  +  0"s> (5) 

2,  =  ya:  +y'y+  i'z] 

denotes  the  transformation  from  one  set  of  rectangular  axes  to  another  set,  also 
rectangular.  Nor  is  this  all,  the  quantities  X,  (x.,  v  may  be  geometrically  interpreted 
Suppose  the  axes  Ax,  Ay,  As  could  be  made  to  coincide  with  the  axes  Aa:^,  Ay^,  Ae, 
by  means  of  a  revolution  through  an  angle  0  round  an  axis  AP  inclined  to  Ax,  Ay,  Az, 
at   angles  f,   g,   h   then 

\  =  tan  ^^  cos/,         II  —  tan  i^6<io&g,         v  =  tan  ^^cos  A. 

In  fact  the  formulfe  are  precisely  those  given  for  such  a  transformation  by  M.  Olinde 
Rodrigues  Liouvillc,  t.  v.,  "Des  iois  g&metriques  qui  r^gissent  les  d^placcmens  d'un 
systfeme  solide "  (or  Gamh.  Math.  Journal,  t.  iii,  p.  224  [6]).  It  would  be  an  inte- 
resting question  to  account,  d,  priori,  for  the  appearance  of  these  coeiBcients  here. 

The   ordinary   definition   of  a   determinant   naturally   leads   to   that   of   a   quaternion 
determinant.     We   have,   for   instance. 


■(6). 


^"x  -  4'x")  +  ^"  (*%'  -  4''x)' 


&c.,  the  same  as  for  common  determinants,  only  here  the  order  of  the  factors  on  e 
term  of  the  second  side  of  the  equation  is  essential,  and  not,  as  in  the  other  c. 
arbitrary.     Thus,  for  instance, 

I  OT,     ct'  I  =  otot' -  wot',    =0    (7), 
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I   w,     Iff    I  =  OTw' —  arV,    +0 


that   is,    a    quaternion    determinant    does    not   vanish    whon    two    vertical    rows   become 
identical.     One   is   immediately  lod   to   inquire  what   the   value   of  such   determinants   is. 

iy+js  +  bw,      m' =x' +  ii/' +jz' +  kiv',  &c., 
^     ^    |  =  -2I  i,    j,     k   1 (9), 


it  is  easy  to  prove 


V> 


x",     y",     s",     w"   , 


(10), 


.  (U), 


or   a    quaternion    determinant    vanishes    when    four    or   more    of  its    vertical    rows    become 
identical. 

Again,  it  is  immediately  seen  that 


&c.  for  determinants  of  any  order,  whence  the  theorem,  if  any  four  (or  more)  adjacent 
vertical  columns  of  a  quaternion  doterminant  be  transposed  in  every  possible  manner, 
the  sum  of  all  these  determinants  vanishes,  which  is  a  much  less  simple  property 
than  the  one  which  exists  for  the  horizontal  rows,  viz.  the  same  that  in  ordinary- 
determinants  exists  for  the  horizontal  or  vertical  rows  indifferently.  It  is  important  to 
remark   that  the   equations 


1  =  0  or  I 


-0,  &e (13) 


I  ' 


are   none   of  them   the 


m^'  —  «r'0  =  0,  or  OT^'  —  0ot'  =  0,  &e. 

ult   of  the   elimination   of  TI,  <I>,   from   the   two   equations 

srn  +  ^-l>=0,    (14). 

•sr'n  +  ^'<b  =  0, 
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On    the    contrary,    the  result    of  this    elimination    is    the    very    different    equation 

■^-'.<P-  ^'-' .<p'=0 (15), 

equivalent  of  course  to  four  independent  equations,  one  of  which  may  evidently  be 
replaced  by 

J/TO.iff-ilfo'.i/0  =  O (16), 

if  ^or,  &c.  denotes  the  modulus  of  m,  &c.  An  equation  analogous  to  this  last  will 
undoubtedly  hold  for  any  number  of  equations,  but  it  is  difficult  to  say  what  is  the 
equation  analogous  to  the  one  immediately  preceding  this,  in  the  case  of  a  greater 
number  of  equations,  or  rather,  it  is  difficult  to  give  the  result  in  a  symmetrical  form 
independent   of  extraneous   factors. 

I  may  just,  in  conclusion,  mention  what  appears  to  me  a  possible  application  of 
Sir  William  Hamilton's  interesting  discovery.  In  the  same  way  that  the  circular 
functions   depend   on   infinite   products,   such   as 

!m(l  +  —-~],  &c (17), 

[m  any  integer  from  co  to  —  m  ,  omitting  m  —  0] 
and   the   inverse   elliptic   functions   on   the   doulily   infinite   products 

a^n  (l  +  - — .V  &c (18) 

[m  and  n  integers  from  oo  to  —  x ,  omitting  m—O,  ii  =  Oj, 

may  not  the  inverse  ultra- elliptic  functions  of  the  next  order  of  complexity  depend  on 
the  quadruply  infinite  products 

;Bn  (l  - 


mw  +  irnri  +  Oipj  +  pyjrkj  ^ 

{m,  n,  0,  p  integers  from  <x>  to  -co,  omitting  th  —  O,  m  =  0,  o  =  0,  p  =  0]. 

It  seems  as  if  some  supposition  of  this  kind  would  remove  a  difiiculty  started  by 
.lacobi  (Ore He,  t.  ix.)  with  respect  to  the  multiple  periodicity  of  these  functions.  Of 
course  this  must  remain  a  mere  suggestion  until  the  theory  of  quaternions  is  very  much 
more  developed  than  it  is  at  present ;  in  particular  the  theory  of  quaternion  exponentials 
would  have  to  be  developed,  for  even  in  a  product,  such  as  (18),  there  is  a  certain 
singular  exponential  factor  running  through  the  theory,  as  appears  from  some  formulae 
in  Jacobi's  Fund.  Nova  (relative  to  his  functions  0,  H),  the  occurrence  of  which  may 
be  accounted  for,  d  priori,  as  I  have  succeeded  in  doing  in  a  paper  to  be  published 
shortly  in  the  Cambridge  Mathematical  Journal  [24]. 
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21. 

ON   JACOBI'S   ELLIPTIC   FUNCTIONS,  IN  REPLY   TO   THE 
REV.  B.  BRONWIN;   AND  ON  QUATERNIONS. 

[From  the  Philosophical  Magazine,  vol.  sxvi.   (1845),  pp.  208,   211.] 

The  first  part  of  this  Paper  is  omitted.  Bee  [17]:  only  the  Postscript  on  Quaternions,  pp.  210,  211,  is  print 

It  is  possible  to  form  an  analogous  theory  with  seven  imaginary  roots  of  ( - 
(?  with  ^  =  2"— 1  roots  when  u  is  a  prime  number).  Thus  if  these  be  ii,  i^,  4.  %<  h.  4 
which  group  together  according  to  the  types 

123,     145,     624,     653,     725,     734,     176, 
i.e.  the  typo  123  denotes  the  system  of  equations 

&c.     We  have  the  following  expression  for  the  product  of  two  factors : 
(X„  +  X,i,+  ...X,  i)  (X',  +  X\  {,+  ...  X\ i.) 


-    ^.z; 

- 

x,x\ 

-  X,X\ 

...' 

■  x,x; 

+   [23 

+ 

15 

+      76 

+ 

(01)]  i, 

+  [sT 

+ 

« 

+      67 

+ 

(02)]  i. 

+    [12 

+ 

65 

+      47 

+ 

(03)]  i. 

+   [51 

+ 

62 

+      47 

+ 

(04)]  i. 

+   [U 

+ 

36 

+      72 

+ 

(06)]  V. 

+   [24 

+ 

55 

+      17 

+ 

(06)].; 

+    [26 

+ 

34 

+    H 

+ 

(07)]  i, 

ii)-x.y, 

+  X,Z'... 

.;   li-X,X', 

-  X,X', 

where  (01)  =  Z„Z',  +  XjX;...  ;    1-Z  =  X,X\- X,X\  &c.; 

and  the  modulus  of  this  expression  is  the  product  of  the  moduli  of  the  factors.  The 
above  system  of  types  requires  some  care  in  writing  down,  and  not  only  with  respect 
to  the  combinations  of  the  letters,  but  also  to  their  order;  it  would  be  vitiated,  e.g.  by 
writing  716  instead  of  176.  A  theorem  analogous  to  that  which  I  gave  before,  for 
quaternions,  is  the  following  : — If  A  =  1  +  Xfy  . ■  ■  +  \iT,  X  =  cofy  ...+  a^i, :  it  is  immediately 
shown  that  the  possible  part  of  A""'XA  vanishes,  and  that  the  coefficients  of  i,,...tj 
are  linear  functions  of  «!,... a;;.  The  modulus  of  the  above  expression  is  evidently  the 
modulus  of  X ;  hence  "we  may  determine  seven  linear  functions  of  a;,...  a;,,  the  sum 
of  whose  squares  is  equal  to  Xi^  +  ...  +  x,^."  The  number  of  arbitrary  quantities  is 
however  only  seven,  instead  of*  twenty-one,  as  it  should  be. 
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22. 

ON    ALGEBRAICAL    COUPLES. 

[From  the  Philosophical  Magazine,  vol.   XXVII.  (1845),  pp.    38^40.j 

It  is  worth  while,  in  connection  with  the  theory  of  quaternions  and  the  researches 
of  Mr  Graves  (Phil.  Mag.  [Vol  xxvi.  (1845),  pp.  315—320]),  to  investigate  the  pro- 
perties of  a  couple  ix  +jy  in  which  i,  j  are  symbols  such  that 

ij  =  a'i+S'j, 
ji  =  ji  +  8?, 
f^j'i  +  S'j. 

If  ir  +jy  ix,  +jy^  =  iX  +jY, 

then  Z  =  a  iCiCi  +  (^xy^  +  yx^y  +  Yyi/i, 

Y  =  t'xXi  +  S'xy^  +  S'ai,i/  +  ?>'yy\  ■ 

Imagine  the  constants  a,  S ...  so  determined  that  i/v  +jy  may  have  a  modulus  of 
the  form  K{x  +  Xy)  (w  +  fiy) ;  there  results  one  of  the  four  following  essentially  inde- 
pendent  systems 

f  =  —  \fiBi  +  (7  ■+  X,  +  /iS)  j. 

I  X 

[X  +  ^Y^hy  +  ^B){x  +  i^y)  (x  +  i^y,). 
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The  couple  may  be  said  to  have  the  two  linear  moduli, 

as   welt   as  the   quadratic  one, 

^  (7  +  XS)  (7  +  m8)  {x  +  \y)  (a)  +  fiy), 

the   product   of  these,   which    is   the    modulus,   and   the   only   modulus   in   the   remaining 
systems. 

B.  i==_.8i+-L( 

X/j. 

ij=ji=ji+8j, 

j^^(\+  IJ,y  +  X/iS)  i  -  7J, 

I  X  +  XY^-  ('y  +  XS)(^  +  t^y)ia:,  +  fiy,). 


«-l^k T  +  M  +  ^Sj* 

ji  =      yi  +  Sj, 


j'^  =  -  X^St  +  (7  +  X  +  /iS)  J, 

|X  +  X7.-(7+X8)(«j  +  ;aj)(»;,  +  XjO, 

lx  +  M7.i(7  +  M)(^+Xy)(«,+,.y,). 
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The   formula   are   much   simpler   and  not   ussentially   less   general,  if  ^  =  —  X.     They 
thus  become 


f  —    x^si   +  fj, 

X±XY=±l(y±XB){x±Xy){x,±\y,). 
(Two  linear  moduh.) 

.-  -«  -1, 

f  =  -  X^St     -     7j", 

X  ±  \y  =  +  -  (7  ±  XS)  (*  +  Xy)  {.;,  +  Xy,). 


y  =  -  7*-    Sj, 

i'  =  -  X'Si  -      ryj, 

X  ±XY^±^(y  +  XS)(^±Xy)(x,  +  Xy,y 

>*=    yi   +  Sj, 

/=  X»8i    +    7j, 

X  ±XF=  +^(7  +  XS  )  {;r  +  Xy)  (a',  ±  Xy). 

Thero  ia  a  system  more  general  than  (A.)  having  a  single  linear  modulits  q{$X+7): 
this  is 

E,  .■■-a(i-ei)+e-,j, 

y  =  ci'{i-ej)  +  eqj, 
or,  without  real  loss  of  generality, 
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E'.  i^^ai, 

ij  =  a'i, 

ji  =  'Yi 

f^y'i  +  qj, 

To   complete   the  theorj'   oi'  this  system,  one   may  add   the   identical    equation 
^0~qM^         8-qM     r      a-ea'^j  \'^  a-S^^V' 


where  M=    ■ , -. 

acy  —  ary 


■    -Or,  _ 


By   determining   the   constants,  so   that  ^ i.=  — 

reduce  itself  to  the  form  A,. 
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23. 

ON   THE   TKANSFORMATION   OF   ELLIPTIC   FUNCTIONS. 
[From  the  Philosophical  Magazine  and  Jottrnal  of  Sdence,  vol.  xxvii.  (1845),  pp.  424 — 427.] 

In  a  former  paper  [19]  1  gave  a  proof  of  Jacobi's  theorem,  which  I  suggested  [21] 
would  lead  to  the  resolution  of  the  very  important  problem  of  finding  the  relation 
between  the  complete  functions.  This  is  in  fact  effected  by  the  formulae  there  given, 
but  there  is  an  apparent  indeterminateness  in  them,  the  cause  of  which  it  is  necessary 
to  explain,  and  which  I  shall  now  show  to  be  inherent  in  the  problem.  For  the  sake 
of  supplying  an  omission,  for  the  detection  of  which  I  am  indebted  to  Mr  Bronwin, 
I  will  first  recapitulate  the  steps  of  the  demonstration. 

If  ^  w,   ^v  (^)   be   the   complete   functions   corresponding    to   ip,  x,  then  this  function 
I  the  form 


4,x  =  xU  (l  +~^— )  -  n  fl  -f  == ^  ]  , 

^  V        mm  +  nvj  {        m  +  ^M  +  M  +  jJ 

Let  p  be  any  prime  number,  ft,   v  integers  not  divisible  by  p,  and 

P 
The  function 

,    _       ^(^+20)  <p(x  +  id)      <t>(a!  +  2{p~J)e) 
■^^     *^*      02(9  04^   "   ■■■    "^  (2  (p - 1)  (!)  ' 

i  always  reducible  to   the  form 

^n  f  1  +  ^.^  U  n  (i  +  .-=.- 


m'  +  iw'  +  ft'  +  iW 
'  Analogous  to  the  K,  K'i  of  M.  Ja«ot)i. 
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and  thus  (fiiX  is  an  inverse  function,  the  complete  functions  of  which  are   '^  w',  5  v' :    and 
to',  v'  are  connected  with  m,  v  by  the  equations 

P 
a,   S,  a',   §'  being   any  integers   subject   to   the   conditions   that   a,   S'   are   odd   and   a',   S 
even ;    also 

/J.S'  —  vo!  ~  I'p, 

/i§  ~vfx  —  Ip, 
I,   I'   being  any   integers    whatever.     In   fact,    to    prove    this,   we    have    only    to   consider 
the   general   form   of    a   factor   in   the   numerator   of    ^iic.      Omitting    a    constant    factor, 
this  is 

and  it  is  to  be  shown  that  we  can  always  satisfy  the  equation 
ma>  +  nv  +  2r0  =  m'w'  +  n'v. 


'  the   cLjuatiouK 


pm  +  ^rfi  —  m'a  +  n'u'. 
pn  +  2rv  —  m'§  +  n'S' ; 


and  also  that  to  each  set  of  values  of  m,  n,  r,  there  is  a  uniqne  set  of  values  of 
m',  n,  and  vice  mrsd.  This  is  done  in  the  paper  referred  to.  Moreover,  with  the 
suppositions  just  made  as  to  the  numbers  a,  S'  being  odd  and  a',  §  even,  it  is  obvious 
that  m'  is  odd  or  even,  according  as  m  is,  and  n'  according  as  n  is,  which  shows 
that  we  can  likewise  satisfy 

TO  +  h  <"  +  '^^  v  +  trO^  m'+l  a>'  +  n'  +  ii  v' ; 

and  thus  the  denominator  of  i^t^/e  is  also  reducible  to  the  required  form. 

Now  proceeding  to  the  immediate  object  of  this  paper,  a,  S,  a,  €',  and  consequently 
m',  v  are  to  a  certain  extent  indeterminate.  Let  A,  B,  A',  B'  be  a  particular  set  of 
values  of  a,  €,  ai,  S',  and  0,  P  the  corresponding  values  of  la,  u.  We  have  evidently 
A,  B  odd  and  A',  B  even.     Also 

AB'-A'B=      p, 

fiB'  —  vA'  —  L'p, 

fiB  —  vA  —  Lp, 

0=-(4to  +  iJ,;), 
p' 

U^-(A'o,  +  B'v). 
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By  eliminating  to,  v  from  these  equations  and  the  former  system,  it  is  easy  to  obtain 

v'^a'0  +  b'U, 

0,'  =  - (a'li' -  g'A'l     b'^-- ii'B - i'A ). 

The  coefficients  a,  b,  a',  b'  are  integers,  as  is  obvious  from  the  equation  //.(a'B—S'A) 
—  piL'a  —  lA'),  and  the  others  analogous  to  it;  moreover,  a,  b'  are  odd  and  a',  b  are 
even,  and 


that  is  ab'  —  £['6  =  1. 

Hence  the  theorem, — ■"  The  general  values  w',  v  of  the  complete  functions  are 
linearly  connected  with  the  particular  system  of  values  0,  U  by  the  equations, 
a'  =  aO  +  bV,  v'  =  a'0  +  b'U,  in  which  a,  b'  are  odd  integers  and  a',  b  even  ones, 
satisfying   the   condition   ab'  —  a'b  =  l." 

With   this   relation  between    0,   U  and   w',  v,  it   is   easy  to   show  that  the  function 

(f>,x  is  precisely  the  same,  whether   0,   U  or  to',  t/  be  taken  for  the  complete  functions. 
In   fact,   stating  the   proposition   relatively   to   tf/m,   we    have, — "  The   inverse   function   ipx 

is    not    altered   by  the   change   of    a,    v    into    to',    v',    where  to'  =  ato  +  Sv,    v'  =  a'w  +  S'v, 

and   a,  S,  a',  S'  satisfy  the   conditions   that   a,  S'  are   odd,  a',  S  even,   and   a^'  — a'§  =  l." 
This   is  immediately   shown   by   writing 

m'.i  +nv  =  filial  4-  m'l-'. 


It  is  obvious  that  to  each  set  of  values  of  in,  n  there  is  a  unique  set  of  values  of 
m',  n',  and  vice  versd :  also  that  odd  or  even  values  of  m,  m'  or  n,  n'  always  corre- 
spond to  each.     It  is,  in  fact,  the  preceding  reasoning  applied  to  the  case  of  p—1. 

Hence   finally   the   theorem,—"  The   only   conditions   for   determining    w',   v'   are   the 
equations 

where  a,  S'  are  odd  and  a',  §  even,  and 

a§'  —  a'§  =  p,      ij,€'  —  v'j!  —  i'p,      jj-S  —  va  —  lp, 

I  and  I'  arbitrary  integers :  and  it  is  absolutely  indifferent  what  system  of  values  is 
adopted  for  w',  v,  the  value  of  i^i.«  is  precisely  the  same." 
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We  derive  from  the  above  the  somewhat  singular  conclusion,  that  the  complete 
functions  are  not  absolutely  determinate  functions  of  the  modulus ;  notwithstanding 
that  they  are  given  by  the  apparently  determinate  conditions, 


'^< 


dx 


In  fact  definite  integrals  are  in  many  cases  really  indeterminate,  and  acquire 
different  values  according  as  we  consider  the  variable  to  pass  through  real  values,  or 
through  imaginary  ones.  Where  the  limits  are  real,  it  is  tacitly  supposed  that  the 
variable  passes  through  a  succession  of  real  values,  and  thus  to,  v  may  be  considered 
as  completely  determined  by  these  equations,  but  only  in  consequence  of  this  tacit 
supposition.  If  c  and  e  are  imaginary,  there  is  absolutely  no  system  of  values  to  be 
selected  for  w,  v  in  preference  to  any  other  system.  The  only  remaining  difficulty  is 
to  show  from  the  integral  itself,  independently  of  the  theory  of  elliptic  functions,  that 
such  integrals  contain  an  indeterminateness  of  two  arbitrary  integers;  and  this  difficulty 
is  equally  great  in  the  simplest  cases.     Why,  d,  priori,  do  the  functions 

[       dx  ,  f  da: 

contain  a  single  indeterminate  integer  ? 

Obs.     I  am  of  course  aware,  that  in  treating  of  the  properties  of  such   products  as 

n  (1  H 1,   it  is   absolutely  necessary   to   pay   attention   to   the   relations  between 

the  infinite  limiting  values  of  m  and  n ;  and  that  this  introduces  certain  exponential 
factors,  to  which  no  allusion  has  been  made.  But  these  factors  always  disappear  from 
the  quotient  of  two  such  products,  and  to  have  made  mention  of  them  would  only 
have  been  embarrassing  the  demonstration  without  necessity. 
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24. 

ON   THE   INVERSE   ELLIPTIC   FUNCTIONS. 

[From  the  Cambridge  Mathematical  Jmrnal,  t.  IV,  (1845),  pp.  257—277,] 

The  properties  of  the  inverse  elliptic  (unctions  have  been  the  object  oi'  the 
researches  of  the  two  iiiustrious  analysts,  Abel  and  Jacobi.  Among  their  most  remarkable 
ones  may  be  reckoned  the  formulse  given  by  Abel  {(Ewwes,  t,  i.  p.  212  [Ed,  2,  p.  S43]),  in 
which  the  functions  ^,  fa.  Fa,  (corresponding  to  Jaoobi's  sin  am .  a,  cos  am  .  a,  Aam .  a, 
though  not  precisely  equivalent  to  these,  Abel's  radical  being  [(1— c'a!°)(l  +  eW)]*,  and 
Jacobi's,  like  that  of  Legendre's  [(1  —  a?)  (1  -  fcV)]j),  are  expressed  in  the  form  of  fractions, 
having  a  common  denominator ;  and  this,  together  with  the  three  numerators,  resolved 
into  a  doubly  infinite  series  of  factors ;  i.e.  the  general  factor  contains  two  independent 
integers.  These  formulee  may  conveniently  be  referred  to  as  "Abel's  double  factorial 
expressions "  for  the  functions  ^,  f,  F.  By  dividing  each  of  these  products  into  an 
infinite  number  of  partial  products,  and  expressing  these  by  means  of  circular  or 
exponential  functions,  Abel  has  obtained  (pp.  216 — 218)  two  other  sjretems  of  forrauls  for 
the  same  quantities,  which  may  be  referred  to  as  "Abel's  first  and  second  single  factorial 
systems."  The  theory  of  the  functions  forming  the  above  numerators  and  denominator, 
is  mentioned  by  Abel  in  a  letter  to  Legendre  ((Euvres,  t.  ii.  p.  259  [Ed.  2,  p.  272]),  as 
a  subject  to  which  his  attention  had  been  directed,  but  none  of  his  researches  upon 
them  have  ever  been  published.  Abel's  double  factorial  expressions  have  nowhere  any- 
thing analogous  to  them  in  Jacobi's  Fund.  Nova;  but  the  system  of  formul£e  analogous 
to  the  first  single  factorial  system  is  given  by  Jacobi  (p.  86),  and  the  second  system 
is  implicitly  contained  in  some  of  the  subsequent  fonnulEe.  The  functions  forming  the 
numerator  and  denominator  of  sin  am .  u,  Jacobi  represents,  omitting  a  constant  factor, 
by  H  (m),  0  (u) ;  and  proceeds  to  investigate  the  properties  of  these  new  functions.  This 
he  principally  effects  by  means  of  a  very  remarkable  equation  of  the  form 

l@  (u)  —^Au^+  S/o du . /o  du sin^ am  u. 
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{Fund.  Nova,  pp.  145,  133),  by  which  0  (u)  is  made  to  depend  on  the  known  lunction 
sin  am,  M,  The  otlier  two  numerators  are  easily  expressed  by  means  of  the  two 
functiona  H,  ©. 

From  the  omission  of  Abel's  double  factorial  espressions,  which  are  the  only  ones 
which  display  clearly  the  real  nature  of  the  functions  in  the  numerators  and  denomi- 
nators ;  and  besides,  from  the  different  form  of  Jacohi's  radical,  which  complicates  the 
transformation  from  an  impossible  to  a  possible  argument,  it  is  difficult  to  trace  the 
connection  between  Jacobi's  formulae;  and  in  particular  to  account  for  the  appearance 
of  an  exponential  factor  which  runs  through  them.  It  would  seem  therefore  natural  to 
make  the  whole  theory  depend  upon  the  definitions  of  the  new  transcendental  functions 
to  which  Abel's  double  factorial  expressions  lead  one,  even  if  these  definitions  were  not 
of  such  a  nature,  that  one  only  wonders  they  should  never  have  been  assumed  d  priori 
from  the  analogy  of  the  circular  functions  sin,  cos,  and  quite  independently  of  the 
theory  of  elliptic  integrals.  This  is  accordingly  what  I  have  done  in  the  present  paper, 
in  which  therefore  I  assume  no  single  property  of  elhptic  functions,  but  demonstrate 
them  all,  from  my  fundamental  equations.  For  the  sake  however  of  comparison,  I  retain 
entirely  the  notation  of  Abel.     Several  of  the  formula;  that  will  be  obtained  are  new. 


The  infinite  product 

'»n(i  +  £^) (1). 

where  m    receives   the   integer   values    i  1,    ±2,...±r,   converges,   as  is   well   known,  as 

r  becomes  indefinitely  great  to  a  determinate  function  sin  —  of  x;   the  theory  of  which 

might,  if  necessary,  be  investigated  from  this  property  assumed  as  a  definition.  We  are 
thus  naturally  led  to  investigate  the  properties  of  the  new  transcendant 

M  =  ^nnfl+ ^ ) (2): 

m  and  n  are  integer  numbers,  positive  or  negative ;  and  it  is  supposed  that  whatever 
positive  value  is  attributed  to  either  of  these,  the  corresponding  negative  one  is  also 
given  to  it.  i  =  -v'(  — 1),  a  and  v  are  real  positive  quantities.  (At  least  this  is  the 
standard  case,  and  the  only  one  we  shall  explicitly  consider.  Many  of  the  formuhe 
obtained  are  true,  with  slight  modifications,  whatever  m  and  v  represent,  provided 
only  o)  :  vi  be  not  a  real  quantity ;  for  if  it  were  so,  mta  +  nvi  for  some  values  of 
m,  n  would  vanish,  or  at  least  become  indefinitely  small,  and  w  would  cease  to  be 
a  determinate  function  of  x.}' 

Now   the   value   of  the   above   expression,   or,   as   for   the   sake   of  shortness   it    may 
be  written,  of  the  function 


„(3). 


'  I  hftre  esamiiied   the  case  of  impossible   values  of  u  and  u  in  a  paper  which  I  am  preparing  tor  CulU's 
JoamaL     [The  paper  here  referred  to  ia  [25],  actually  publieliod  in  Liouvitle's  Journal]. 

C.  18 
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depends  io  a  remarkable  manner  on  the  mode  in  which  the  superior  limits  of  m,  n 
are  assigned.  Imagine  m,  n  to  have  any  positive  or  negative  integer  values  satisfying  the 
equation 

0(m\  n^)<T (4). 

Consider,  for  greater  distinctness,  m,  n  as  the  coordinates  of  a  point;  the  equation 
^  {m?,  n^)  =  T  belongs  to  a  certain  curve  symmetrical  with  respect  to  the  two  axes. 
I  suppose  besides  that  this  is  a  continuous  curve  without  multiple  points,  and  such 
that  the  minimum  value  of  a  radius  vector  through  the  origin  continually  increases  as 
T  increases,  and  becomes  infinite  with  T.  The  curve  may  be  analyiically  discontinuous, 
this  is  of  no  importance.  The  condition  with  respect  to  the  limits  is  then  that  m 
and  n  must  be  integer  values  denoting  the  coordinates  of  a  point  within  the  above 
curve,  the  whole  system  of  such  integer  values  being  successively  taken  for  these 
quantities. 

Suppose,  next,  u'  denotes  the  same  function  as  w,  except  that  the  limiting  condition  is 

0'(mS  #)<r  (5). 

The  curve  0'  (m?,  n^)  =  T'  is  supposed  to  possess  the  same  properties  with  the  other 
limiting  curve,  and,  for  greater  distinctness,  to  lie  entirely  outside  of  it ;  but  this  last 
condition  is  nonessential. 

Those   conditions   being   satisfied,    the   ratio   u'  :  u  is   very  easily  determined   in   the 
limiting  caee  of  T  and  2"  infinite.     In  fact 

j=nn|i  +  j^jj (6), 

'i=^2i{i  +  ^} m. 

the  limiting  conditions  being 

4,{m',  n-)>T (8), 

f  (m-,  «■)<!•. 

'  h(S^^)}  =  (--»)-* -(Sf^'" <»>' 

4  =  -S^(sNij-4-'-SS^»^,+ (10). 

or,    the    alternate    terms    vanishing    on    account    of    the    positive    and    negative    values 
■  each  other, 

';  =  ^i-"-SS(~-).-i»'-SSj^- (U). 


In   general 


22^(m,  n)=}lf(m,  n)dmdn  +  P (12), 
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P  denoting  a  series  the  first  term  of  which  is  of  the  form  fJi^  (m,  w),  and  the  remaining 
ones  depending  on  the  differential  coefficients  of  this  quantity  with  reapeet  to  m  and  n. 
The  limits  between  which  the  two  sides  are  to  be  taken,  are  identical. 

In  the  present  case,  supposing  T  and  T  indefinitely  great,  it  is  easy  to  see  that 
the  first  terra  of  the  expression  for  I  —  is  the  only  one  which  is  not  indefinitely 
small ;   and  we  have 

i'i  =  -lA3?,   or  ii'  =  ue-^^^^ (13), 

where 

A  =  f[-/'"'^,==ff-*^   (14); 

the  limits  of  the  integration  being  given  by 

0  {m^  M^)>2' (15), 

0'  (m^  n^)  <  r. 

Some  particular  eases  are  important.     Suppose  the  limits  of  u'  are  given  by 

m=(u^  <  2^,    n=t/'  <  2^ (16), 

and  those  of  u,  by 

mW  +  mV<2^ (17); 

we  have 

A  =  U.    -"f",. (18), 

__1|',    (   J 1 1 1        1 

"     »]        \t^mi     ,/(P-«V)  +  i>rf     -V(2»-»V)  +  »S     -y+»m) 

-   ^J^jy+nv         y      I   '""  —  ■'■  ""-■'' 

or,  in  this  case, 

'•'  =  » (19)- 

Again,  let  the  limits  of  v!  be 

rn^w^  <B!^,     nV<S'' (20), 

and  those  of  u, 

mW  <R;    n^v'<S'   (21). 

.       ff      dmdn  ,,^, 

^=JJ(5irT^.  m. 

__i  f^j    i^ ?^+_.i 1     j 

» 1       \R'  +  nvi     M  +  nvi     —  E  +  nvi     —  R'  +  nvij  ' 

18—2 
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where    the    limits    are    n^v^  <  S''\    for    the    terms    containing    R',    n^v'  <  S- ,    for    the    terms 
containing  R, 

^_    2_    R'+S'i   R^Si  ,.0. 

(ovt    R'~S'i   R+Si *-  ■'■ 

4  S'  S 

= {X'  —  /t),     if  X'  =  tan~'  -jt,  ,     \  =  tan~'  -^ , 

the  arcs  \  X'  being  included  between  the  limits  0,  ^tt.     Hence 


w'=»e''^'-*'- (24). 

!('  =  ')«i-P*°:   where  ;S=  — ,    for    which,    quantity    it    will    continue    to    be    used. 

We   may   now   completely   define   the   functions   whose   properties   are   to  be   investi- 
gated.    Writing,   for   shortness, 


(m,  n)  =  mm  +  nvi 

(m,  n)  =  (m  +  ^)  (0  +  nm, 
(m,  n)  =  mo>  +  {n  +  i}id, 


the  limits  being  given  respectively  by  the  equations 

mod.  (m,  n)  <  T,     mod,  (m,  n)  <  T,     mod.  (m,  n)  <  T,     mod.  (m,  n)  <  y, 

r  being  finally  infinite.     The  system  of  values  m  =  0,  n^O,  is  of  course  omitted  in  73;. 

The  functions  70;,  3a;,   ffa:,  CGfa:,  are  all  of  them  real  finite  functions   of  x,  possessing 
properties  analogous  to  that  of  u.     Thus,  representing  any  one  of  them  by  Jx,  we  have 


..(C), 
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where  J^^x  is  the  same  as  Jx,  only  for  J^x  the  limits  are  given  by  m^m^  or 
(m  +  \f  w=  <  E^  i'i?v^  or  (?^  +  ^)=  v'  <  S,  (E,  S,  and  -^  infinite),  and  for  J^g  x,  by  the   same 

formulfe,  {R,  S,  and  -^  infinite).  It  is  to  this  equation  that  the  most  characteristic 
properties  of  the  functions  Jx  are  due. 

The  following  equations  are  deduced  immediately  from  the  above  definitions: 

yi-^)  =  -yx,    g{~x)=gx,     G{~x)  =  Gx,     ^{-x)^<&x {D), 

7(0)  =  0,     (7(0)  =  !,     G(0)=1,     C5(0)  =  l, 
7'(0)  =  1. 

Suppose  7ia;,  giX,  G^x,  ffi,iE,  arc  the  values  that  would  have  been  obtained  for  73:,  ga>.  Ox,  l&x 
by  interchanging  <o  and  v, — then  changing  x  into  jct,  and  interchanging  m,  and  n,  by 
which  means  the  limiting  equations  are  the  same  in  the  two  cases,  we  obtain  the 
following  system  of  equations : 

'fi{xi)='Vyx {E), 

Gi  (xi)  =  gx , 

or  othenvise, 

'y{xi)  =  iy,x (F), 

g{ad)  =  G,w, 

G{xi)^g,x, 

equations  which  are  useful  in  transforming  almost  any  other  property  of  the  functions  J. 

The    functions   Jpx   arc   changed    one    into    another,   except    as    regards    a    constant 

multiplier,  by  the   change   of  x  into   x  +  -=.    This  will  be  shown  in   a  Note,  or  it   may 

be  seen  from  some  formulae  deduced  immediately  from  the  definitions  o£  the  functions 
J^,  which  will  be  given  in  the  sequel'.  Observing  the  relation  between  Jx  and  J^a;, 
we  have  in  particular 

"^ffic ((?), 


Cfc. 


^  Not  given  in  tht  present  paper.     [The  Note  was  giTen,  see  p.  154,  and  the  formulie  referred  to   must  haye 
been  tlie  formulic  {M)  p.  144,] 
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where  A,  B,  C,  D,  are   most   simply   determined   by  writing   ^  =  0,   x  =  —  -^.     Putting   at 
the  same  time  e^"''  —  e"  =  q,~', 

^-'(1) m- 

a=e(|)  =  *-'^<s(|). 
^-ffi(|)=*-'.e(f); 

whence  also 

e(|)<s(|).,r' (2o). 

Similarly,  the  functions  J^^x  are  changed  one  into   the   other   by  the  changu   of  x  into 
x  +  ^vi.     We  have  in  the  same  way 

7(«  +  ^)-«-"-'^'e« (A 

Whence 

^'-•'(i) W 

where  ^"- =  e"  ^q~'.     It  is  obvious  that  the  relation  between  q  and  5,  is  Iq .  Iq,  ^  — -rr-. 
We  obtain  from  the  above 


'(1)®©  =  '"' <^'«- 
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Also,  by   making   ^c  =  «    in    tho    expression    for    'y  (">+„]    and    a;=A-    in    that    for 

T(|).(f)-'V(f)e(|) m 

and  the  same  or  an  equivalent  one  would  have  been  obtained  from  the  functions  g,  G,  65. 
By  combining  the  above  systems,  we  deduce  one  of  the  form 

y  {'  + 1  + 1)  ""■'•'-"  ^"^^ W. 

»(''  + l  +  l)  =  '"*"""  ■^''^^■ 

and,  observing  the  equation  e^°™'  —  e"'  —  (—  1),  with  the  following  values  for  the  coefficients, 

-l"-(-l)-7@jg) (i), 

,B".-(-I)'.5r'.7(|)-7(|), 
C".<-l,=  .«(|)«(f). 

Collecting  the  formulas  which  connect  "/{kJ!  'yi~a)>  these  are 

s(|)  =  o C-t*"). 

.(?)«©-.-', 
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Aad  by  the  assistance  of  these 

R'O" H-  A"  11"  =     B'D'  -t-A'C  =OD  +  AB- 


A'B'^C'U  .-  A'K'  ^  CD' .  -  7'  (^|'J  +  ffi-  (^^'j , 
A"C"  +  B"D"  =  -A'G-  +B'I)'  =     7"  (I)  +  ffi"  (i)  , 
AD.BC   .-A'Tf.B'C'.      ,.  (|)..  fi.  g)  .  -  ,.g)  ,„.  ('1) 
whieh  will  be  required  presently. 

It  is  now  easy  to  praceed  to  the  general  systems  of  formula?, 

0  =  (-l))»»e^('™>-TO»^  ^-ima  j-iJi= ^M), 

■y {«  +  (»,  «)}-(-!)»+«. 67»!, 
»{«!+(«,  «)}  =  (-!)-  .©»«, 
G(!t+(m,  »)|  =  (-!)•      .©(Ja,, 

■y  1«  +  (iS,    »))-(-  1)— .  *A(,a.  , 

S(a;  +  (i5,  „)]_(-!)-  .M^a;, 
Gl«  +  (i»,  »))  =  (-!)"  .OCffi^t. 
ffi(!t+(iB,  «))■  iS,BOi. 

7  (a;+  (i»,  »))-(-  !)•»*•.  I'jl'e*, 
j{»+(ro,  S)]  =  (-l)«  .fi'fe 
e{«  +  (m,  S)l.(-l).  .i-ov, 
C5  (x  +  (m,  »)}  -  VUgx  . 

7!a!+(>5,  n)].[^ir*'.aA"eSx, 
glx+  (B,  5)1  =  (-  1)"  .  nB"Gi: . 
(?(«  +  (»,,  »)]=(-!)•     .aC'gx. 

ffi  («  +  (i5,  «)}  -  .  nflv  ■ 
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Suppose  x  —  Q, 


e  have  the  new  systems, 
(B),  =  (_l)™.j-i«'j-l»' (II bis). 


7<' 
Si 
G{ 

«[(m, 
*.  =  (-!) 
j(: 
»(i 
GO 

Clip 

7  0 

GO 

«50 

n.- (-!)»"■ 

tO 

ff  (m,  ?i; 

e  (i5,  a 

«I(J5,  5 

We   ubtahi    immediately,   by 
yx,  (/x,  Gx,  ^x,  the  equations 


-0, 

-(-!)- 6., 
-(-1)"©., 

e.. 

^  (_  i)™+«  $„^^ 
=  0, 
-(-1)"*.C, 

+  i)  q-i"^-  n-W-ir, 

-{~l)'*'-V,A', 

=  (-1)-       *.B', 

=  0, 


7'(m,  »)-(-l)""0„ 


/(„,,  «).(-l)-4>.B. 


■  (-Ij-l'.C', 


-im 


(-1)-     fl,B", 

(-1)"    n.c", 

0, 


i'  (m,  S)  -  n.J)". 


7'a!  *  IX  -%%[r,-  [m,  «))-,     m  -  0.     i 
/aj  -:-  ^a;  =  S2  (a;  -  (m,  n)]-\ 
ffi*G«.SS|s-(>»,  »)]-', 
ffi'a)  +  Cli»;-S2(»-(H,  S))-, 
the  limits  being  the  same  as  in  the  ease  of  the  factorial  o: 
Consider  an  equation 

SX  Gx  ^  yx  Sx  -  il  [iS  ix  -  (m,  li)]-  +  J 
C. 


the    logarithmic    differentials    of    the    functions 
ji-0  admissible (if), 


-(«,»)!■-']■■ 
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we  have  m  =  g{m.  n)G{m,  «)-T'(m,  n)C&(m,  ■«)  =  1 (30), 

m  =  g{m,n)G  (m,  ii)  ^  y  (m,  n)  €5'  {m,  n)  =  B"G"  -■  A"D"  =  -  1  . . .  (31). 

(The  application  of  the  ordinary  method  of  decomposition  into  partial  fractions, 
which  is  in  general  exceedingly  precarious  when  applied  to  transcendental  functions,  is 
justified  here  by  a  theorem  of  Cauchy's,  which  will  presently  be  quoted.)     We  have  thus 


p  -^  yweSico  =  ('/x  ^  yie)  -  (ffi'a!  -=-  CSfC), 


and  similarly 


gx^x-^'yx   Ga;  =  {y'x 

-  i^y-iG'x- 

G«), 

Giei&x  -i-'yx  gx  =  {  r/'x  - 

'  i'')-(g''- 

-  »»), 

-  b'ya^x  -^gx   Qx  =  {  g'w  - 

-    gcc)-(0'i,- 

-0«), 

eym  gx~Gx<&x  =  {G'x  - 

-  Oi:)-((S'i:- 

-tSix) 

<^yxGx^&xgx  =  {^'x 

-ffi«)-(S'i 

~m) 

in  which  we  have 

written 

Hi)-«©-^H")^H?)hi 


Eliminating  the  derived  coefficients, 

G^x  ~  &x  =      eVa:  ,      (33), 

g^x  —  G'x  =  —  h^'fx, 
<Si'x  —  g^x  —  c'y'^x. 
-\-&,  or  h '^ 'J  (f -\- d^),  in  which  sense  it  will  continue  to  he 


Adding  these  equations,  6^ 
used. 


g^x  =  &x  —  ti^''x, 
G'x  =  &x  +  e=7'a^. 


,   (P). 


fx=gx 


-iQl 


px=\~c'^ 


(Rl 
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and  also  (f>'a:  =     fx  Fx  ,  {S), 

f'x  -  -  c'^K  Fx, 
F'x^    ^4>xfx  . 

Hence,  putting  for  fx,  Fx,  their  values, 

1  =   ,  ''''^  (T); 

or  writing  <j)a:  =  y,  and  integrating. 


^  _  !*'  dy 

"^1.  7(i-»y)(r+ 

*--/: — ^ 


t) 


{U), 


which  shows  that  ^  is  an  inverse  elhptic  function. 

The  equations  which  are  the  foundation  of  the  theory  of  the  functions  ^,  f,  F,  are 
deduced  immediately  from  the  equations  (S),  (Abel,  (Euvres,  torn.  r.  p,  143  [Ed.  2, 
p.  268.])     These  are 

■HJ:  +  y;         l+tVfx<l>-y       ^    '• 


fl'  +  y) 


1  +  e=c=  0'«  <^y 


so   that   from   this   point   wo   may  talje   for    granted    any   properties    of    these    functions. 
We  see,  for  instance,  immediately, 


f'  ,  ''!' =, (W). 


whence  ^  — , ^^ 

2    J. v'{i-»y) (!+«■</■) 

g-p,  ''»  or    ;  =  f-^ ''''    (X), 

which  give  the  values  of  o),  v  in  terms  of  0,  e;  values  which  may  be  developed  in 
a  variety  of  ways,  in  infinite  series.  "We  may  also  express  7  ( ^ ) ,  &c.,  and  consequently 
A,  B ...  &c.,  by  means  of  the  quantities  c,  e.     We  have  only  to  combine  the  equations 

'(l)^«©=^  '(i)-««i4.  «©-«©-'.  K?)-«©4-(^*). 

19—2 
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with  the  former  relations  between  these  (quantities,  and  we  have 

7  (I).  6-1 0-1,,-'.     7(j)-«-»«-'r' cn 

Hl)  =  °'  ?©  =  !>'«- r'. 

CI  (I)  =  6-1  »'?,-*,        «!(|)=6-'els-'. 

A  =  b~ic-iqrK     A'  =  ib-'te-tq~i,     A"  =  (-!)> c-i ir* qr' f-    ,     -••(2). 
B--tlclqr-,     B'  =  tle-tq->     ,     »'--(- l)>i<j'i!-t?,-'s-'', 
C-llc-l},-'  ,    0'=-*M3-t,    C".(-l)lc-lel3,-'«-'      . 
D=6-'c>?,-'  ,     H'-i-'e'}-*    .     -0"--(-l)'iot8»},-l}-!    , 
which  are   to  be  substituted  iu  any  fonnulie  into  which  these  quantities  enter. 
The  following  is  Cauchy's  Theorem,  {Exercises  de  Math.  t.  ii.  p.  289). 
"  If  in  attributing  to  the  modulus  r  of  the  variable 

s  —  r  (cosp4-  t/{—l)smp]  (35), 

infinitely  great  values,  these  can  be  chosen  so  that  the  two  functions 

^-^±4^',    ^^=£^> (se.. 

sensibly   vanish,   whatever   he   the   value   of  p,   or   vanish   in   general,   though   ceasing   to 
do  so  and    obtaining  ^m(e  values  for  certain   particular  values   oi  p]     then 

fi-ll^l  (37), 

the  integral  residue  being  reduced  to  its  principal  value." 

To  understand  this,  it  is  only  necessary  to  remark  that  the  integral  residue  in 
question  is  the  series  of  fractions  that  would  be  obtained  by  the  ordinary  process  of 
decomposition ;  and  by  the  principal  value  is  meant,  that  all  those  roots  are  to  be 
taken,  the  modulus  of  which  is  not  greater  than  a  certain  limit,  this  limit  being 
afterwards  made  infinite. 

Suppose  now  fx  is  a  fraction,  the  numerator  and  denominator  of  which  are  monomials 
of  the  form  {yx)^  {gx)™ . , . ,  I,  m...  being  positive  integers,  and  of  course  no  common 
factor  being  left  in  the  numerator  and  denominator. 

Lot  X  bo  the  excess  of  the  degree  of  the  denominator  over  that  of  the  numerator. 
Suppose  the  modulus  r  of  {z)  has  any  value  not  the  same  with  any  of  the  moduli  of 

{m,n),     {m,n),     (m,  n),     {m,  n) (38). 


Hosted  by 


Google 


24j  ON   THE    INVERSE   ELLIPTIC    FUNCTIONS. 

Then  we  have 


r  (cosp  +  i soip)  —  mto  +  nvi -Y  0  ■■ 


8  being  a  finite  quantity,  such  that  none  of  the  functions  J0  vanish,  no  and  n  are 
the  greatest  integer  values  which  allow  the  possible  part  of  8  and  the  coefficient  of 
its  impo^ible  part  to  remain  positive.     We  have  therefore 

mW  +  TiV  =  r^-Ji" (40), 

M  being  finite ;  or  when  r  is  infinite,  at  least  one  of  the  values  m,  n  is  infinite. 
The  function  fa  reduces  itself  to  the  form 

g^JA)«!'gJMt'emJ+>iB^_ ^4]^)^ 

where  F  is  finite.  Hence  ^i  and  q  being  always  less  than  unity,  fa,  and  consequently 
both  iS/^+/(— 2)j  and  ^  {fa--f{—  ^)}   vanish  for  r=Gc,  as  long  as  X  is  positive. 

In  the   case   of  X  =  0,  the   conditions   are  still  satisfied,  if  wc  suppose  fa  to  denote 
an    uneven    function    of   x :    for    when    X  =  0,   the    index    of   exponential   in   the    above 
vanishes,   or  fa   is    constantly   finite.     But  fa    being   an   odd   function   of   z, 


fa+f(—z)  =  0.     And  5- (^—/(  — 3)}    vanishes    for   z  infinite,   on   account    of   the    z    in 

the  denominator :  hence  the  expansion  is  admissible  in  this  case.  But  it  is  certainly 
so  also,  in  a  great  many  cases  at  least,  where  fa  is  an  even  function  of  z;  for  these 
may  be  deduced  from  the  others  by  a  simple  change  in  the  value  of  the  variable. 
For   instance,   from   the   expansion    of    ryo)  -i-  go;,   which    is    an    odd    function,    by   writing 

x  +  -a   for  a^,  we  obtain  that  of  Gx  -i-  i&c:,  which  is  even. 

A  case  of  some  importance  is  when  the  function  is  of  the  above  form,  multiplied 
by  an  exponential  e^'^+'^.  Here  writing  s  =  moj  +  nui  +  0,  the  admissibility  of  the 
formula  depends  on  the  evanescence  of 

g5o(™- +.««("  ^^i^n'^lM' (42); 

or,  if  a  =  k  +  hi,  this  becomes,  omitting  a  finite  factor, 

g-j7n2(*^Al^"-Jn'(\,a+fti«'-tomw (43)^ 

which  vanishes  if  h?  +  ¥<X^^,  i.e.  the  modulus  of  a  is  less  than  X0.  The  limiting 
case  is  admissible  when  the  series  is  convergent. 

We  obtain  in  this  way  a  very  great  variety  of  formulfe.     For  instance, 
^ia^-+iz^G^  ^il-i  e-i  %%  \_(^l)-n^i«^  eiim.«>>+bi«>.ni  q^ir«?  ^in-Hi'  [3:  -  {m,   n))"'], 
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in  which  the  modulus  of  a  must  not  exceed  /3 :  in  the  limiting  cases,  for  a  =  /J,  h 
must  be  entirely  impossible,  and  for  a=  -fi,  b  must  be  entirely  real.  The  formula  for 
yx  are 

etf^tu^^^^Xi(-l)-"it'  </"'■"  i^-irn,  «)}-'  {**), 

,-H*+k.  -i-  ya,  _  J  J  (_  !)"">  5 -■  «>  »■  «  j,i  -  {m,  n)]"  ; 
and  for  6  =  0, 


«-!»«  +  to;  =  JS  ( - 1)^"  ?,-'  («!  - 


Next  the  system. 


C5a)  +  7:i  -SS(-l)-*"(ai-(»»,  »))- 
gx-^yx  =22  (-1)™     [a:-(m,  n)\- 
Gx* IX  -%%{-!)•'      l»:-(m,  «))- 
yx^gx  =  — i-' c~'22(— 1)"  [: 
Ox*gx  =-  C-'  S2  (-  1)"** 

(Sx^gx  .-i-SS(-ir 
7^.^eic  =  -6-Ir■SS(-l)" 
gx*Ox=     ie-SS  (-!)-+»{; 

ffii  T  G»  =     i6->  SS  (-  1)" 
7a!,^€Kic=ic~^e-'22  (-1)™+' 
gx+mx~   e-    S2(-l)- 
fo+ffia;=  to"     2S(-1)» 
which  is  partially  given  by  Abel. 

We  may  obtain,  in  like  manner,  expressions  for  the  functions 


\x  — 

m, 

n)\-'. 

\x- 

m 

»)1-, 

[X- 

iS 

»)!-; 

[x- 

(m 

«)!-, 

["- 

m 

«))-. 

[x- 

(» 

n)]-, 

{x- 

(ffl 

n)]-\ 

\x- 

{S 

S))-, 

[x- 

(S 

a)l-'. 

-  <«>, 


'^xgx  Ox ' 


yxgx  Gx' 


yx  gx  Gx  (&x ' 


(twelve) 

(six) 

(four) 

(four) 

(one) 


...(£'), 
.,.(n 
...(ff), 

■■{H')- 
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each  of  them,  except  (E'),  (the  system  for  which,  admitting  no  exponential,  has  already 
been  given,)  multiplied  by  an  exponential  £*"«'+*»',  the  limits  of  a  being  ±2^,  +^, 
±& ,  ±  3/3,  ±  2/3,  +  4^.  For  the  limiting  values,  h  must  be  entirely  impossible  for  the 
superior  limit,  and  entirely  possible  for  the  inferior  one. 

Thus  the  last  case  is 

-S2[6i"'™''""+^'™-»'2x''™+i'"  5^"'         {T.-i^,   Ji))-^] 
+  22  [ei«<'»-"i'+»  f^' ")  q^-^        f  i»+i)"  {m  -  (m,  n)}-'] 

in  particular 

-        \   ^e'^^'^Xtqf'^        [x-{m,  n)]~'  (46), 

-22?/-«q«;-(m,  7^)1-' 
+  222i^'"'  i«^-  (m,  Ji))-^ 
+  222/™^"M'^-(^-  «))"'■ 

or  the  analogous  formula  obtained  by  changing  ^,  g„  m  into  —  ^,  q,  n. 

The  function  0^ic,  which  is  even,  and  for  which  X=  0,  cannot  be  expanded  entirely 
in  a  series  of  partial  fractions :  but  (a;  —  a)"'  i^^x  may  be  so  expanded.  Multiply  by 
{x  —  a),  the  second  side  has  for  its  general  term 

(^■-«)(J&  +  iT)l» -(«.«)!-, 
equivalent  to 

«■+(«'»  + J')  {»;-(«i,S))-. 

Summing  all  the  K"s,  we  have  an  equation  of  the  form 

.^'a;  =  A  +  f2.[L{a!-{m,  n)]-^  +  M [x -  (m,  «)}-] (47). 

To  determine  the  coefficients  as  simply  as  possible,  change  x  into  x  +  ^(0  +  ^cai, 

-.-c-»n,)-  =  4  +  SS[I(^-(m,  n)]^+M[^-{m.  n)]-] (48), 

L  =  -e-c-^[[r.-(m,  »))' (.^)->],  a; -  (m,  n)    («), 

or  writing  x+(m,  n)  for  x,  and  therefore  ic  =  0  in  the  values  of  L  and  M, 

L  =  -e-'c-'[x^{4.xy^}--e-^G-^ (50), 

whence  0=a;  =     A  -e-^c-^22  {x-{m,  n)\-^ (51). 
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Integrating  this  last  equation  twice, 

J„<:ixJ„dx<^'x^^Ax'  +  e-'c-^'Ztl{x-{m,n)]  (52), 

or  &x=e-i^''^'''+^'''J^da!j,dx<P''x (53), 

an  equation  from  which  it  is  easy  to  determine  the  coefficient  A, 

Suppose  for  a  moment  ip^x ^ fa4>^x dx,  (fi^^x^j^rft^xdx;   then,  since  <p''(x  +  cc) —(p^x^  0, 
<{>,  {x  +  (o)-^x  =  <j>^m,     ^„  {x  +  a>)-  ^,s  =  0„w  +  x^,w. 
But  similarly  ^^x  —  0^  (m  —  «)  =  0  ;    whence 

0,«  +  0,  (to  -  ic)  =  0,(1),     0,,.r  -  0„  (<i>  —  x)+  -p^^o)  =  xi}>/o  ; 

whence,  writing  a:  =  ^ , 

0,(.  =  20,(|).      0„(o  =  a>0,(|),      or    0„(a;+«)-0„^  =  0,(|)(2^4-o>). 

Hencc!  ©  (,,,  +  a>)  -  e-!="="  M-W.iW}  (^-^^+-1  ©a; (54). 

But  eff  (a;  +  w)  =  e^"^  gr^  Sifl:  =  e^3  (2»=+c^)  ©a;    (55); 

or,  comparing  these, 

-'''''■{^-!*'(1)}=^  t""'' 

-i.W.4,3-^V,(|) (57), 


V2 
or  writing 


M  =-  —  ('"  <f>'x  dx (58), 


then  ^x  =  e  ttfl-Jw )3;'+c'^!;oi'i/wi4=i r/')  • 

which   is   the   formula   corresponding   to  the  one  of  Jacobi'a  referred  to  at  the  beginning 
of  this  paper.     Analogous   formulae  may  be  deduced  from  it  by  writing  x+  ^  ,  or  x  +  — , 

or  ic  +  g  +  ■„- ,  instead  of  x. 

The   following   formulas,  making   the   necessary   changes   of  notation,  are   taken   from 
Jacobi.     We  have 

,„,         ,       ,„,  ,      i<ba  fa  Fa  Ax  fxFx  ,,„, 
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wtence  /.  | j,-  (»,+  »)-  .>,■  (»■  -  u)\  cb,  =  ,^{^,^4'^ («»)■ 

the  first  side  of  wfiich  is 

j-„^{x  +  a)dx  —  ji,^'{x~  d)dx~^jt,^'acUt (61). 


HencB,  multiplying  by  ^(?,  and  observing  the  value  of  C&a;, 

W{x  +  a)  _  t&'{ic~n)  _    eS^  _  2eVfiiFa4M<l)^x 
ffi(a;  +  o)      «J(a!-ii)         «SiI~     1  +  (!W^'mf>"x 

If  in  this  case  we  interchange  «,  a  and  add, 


..(62). 


■"ffio      ffi(;.+a)" 


«>.),»!,(.(<>  +  «)   (63). 


V). 


[By  subtracting,  we   should  have  obtained  an  equation  only  differing  from  the  above 
in  the  sign  of  a.] 

Integrating  the  last  equation  but  one,  with  respect  to  a, 

the  integral  being  taken  from  a  —  0.     Hence 

<&{:€  +  a)ei{cB~a)^&'x^'a(l+e'c'(f>'x<fPa)    (64); 

or  &  (.c  +a)&{x-  a)  =  CE'^a^eS^K  +  e'c'rfxy'a,  ) 

whence  also  I 

fix  +  a)    j(x-a)  =  7=aiGG^a  -    7=a  e5%     | 

g{ie  +  a)  g{x  —a)  =  g'a^^a  —  (fg^a  &^ic,    ) 

those   equations   being   obtained   from  the   first   by   the   change   of  x   into   x  +  -^  ,  « +  -^ , 

x+  ^  +-a  ■     They  form  a  most  important  group  of  fonnulEe  in  the   present   theory.     By 

integrating    the    same    formulae   with    respect    to    x,   and    representing    by   11  (x,   a)   the 

,    [ -^c^Aafa Fa A^xdx    ^      , .     ,  ^  . 
integral   t  .       no,,    lo        .  Jacobi  obtains 

an   equation  which   conducts   him   almost   immediately   to   the   formula   for   the    addition 

of  the  argument   or   of  the   parameter   in    the   function   II.     This,  however,   is   not   very 

C.  20 
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closely  connected  with   the  present  subject.     For  some   formnlEe   also   deduced  from  (63), 
■"  ffi  (ic  +  a)  ©  (y  +  a)  €5  (ic  +  ^  -  ([)  "^  ^' 


Jacobi. 

Note. — We  have 


7^=a;nn(i+^--i^^). 


the   limits   of  n   being   ±q,  and  those  of  m  being  ±  p,  in  the  first   case,  and  p,  —p  —  1, 
in  the  second  ease.     Also  -  =  so . 
We  deduce  immediately 

-(-i)-(-|)nn{i  +  U}  =  nn(i.^).|nn(|^) 

(paying  attention  to  the  omission  of  (m  =  0,  n  =  0)  in  ygx,  and  supposing  that  this 
value  enters  into  the  numerator  of  the  expression  just  obtained,  but  not  into  its 
denominator).     This   is   of  the   form 

buT  the  limits  are  not  the  same  in  this  product  and  in  g^x.  In  the  latter  m  assumes 
the  value  —p  —  1,  which  it  does  not  in  the  former ;   hence 

and  the  above  product  reduces  itself  to  unity  in  consequence  of  all  the  values 
assumed  by  n  being  indefinitely  small  compared  with  the  quantity  (p  +  ^);  we  have 
therefore 

■»("'+l)=^»» C")' 

and  similar  expressions  for  the  remaining  functions.  To  illustrate  this  further,  suppose 
we  had  been  considering,  instead  of  y^x,  the  function  y-px,  given  by  the  same  formula, 

but  with  -  =  0,  instead  of  -  =  oo .     We  have  in  this  case  also 


(-p  +  i)« 


A'   different   from  A   on  account  of  the  different  limits.     The  divisor  of  the   second  side 
takes  the  form 

{^-(p+  i)  Q,]  n  (l  +  1^<£+ 
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where  the  extreme  values  of  n  are  infinite  as  compared  with  p.     This  may  be  reduced  to 

-  sin  -.  {x-(p  +  ^)  <a}  -^  sin  (p  +  J)  co, 

neglecting  the   exponentials  whose   indices  are  infinitely   great   and   negative.     Observing 
the  value  of  y3  this  becomes  ^-^^^^  and  we  have 

a  result  of  the  form  of  that  which  would  be  deduced  from  the  ecjuations  7.^  x  =  e^*^^  x, 
g-.gX  =  e^'^g^x,^Jx+-^\=-Ag^ic.     It  is   scarcely  necessary   to   remark   that  7.3 a;   has  the 

same  relations  to  the  change  of  x  into  x  +  -^   as  y^x  has  to  that  of  x  into  x  +  -^. 
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25. 

MEMOIEE   SUE   LES   FONCTIONS   DOUBLEMENT  PERIODIQUES. 
[From  the  Journal  des  MatMmatiques  (Lioiiville),  torn.  x.  (1845),  pp.  ;J85— 420.] 

TJn  des  plus  beaux  r^sultats  des  recherehes  de  I'illustre  Abel,  dans  la  th^oric  des 
fonctions  elliptiques,  consiste  dans  les  expressions  qu'il  obtint  pour  lea  fonctions  inverses 
0a,  /a.  Fa  (^quivalentes  ^-peu-prfes  k  sin  ama,  cosama.  Aama)  en  forme  de  fractions 
avec  un  d^nominateur  commun :  ce  d^nominateur  et  les  trois  num^rateurs  ^tant  ehacun 
le  produit  d'uno  suite  iniinie  double  de  facteurs.  On  ne  sait  pas  a  quel  point 
Abel  avait  pouas^  I'investigation  des  propri^t^s  de  ces  nouvelles  fonctions;  on  trouve 
seulement,  dans  une  Lettre  a  Legendre,  imprimee  parmi  ses  CEuvres  [t.  ii.  p.  259, 
Ed.  2,  p.  274],  qu'il  s'en  4tait  occupy.  Depu^,  les  fonctions  H,  ©,  qui  sent  essen- 
tiellement  les  m^mes  que  ces  fonctions  d'Abel,  ont  ^t^  I'objet  dee  savantes  recherches 
de   M,    Jacobi,   a  qui   Ton   doit,   en   particulier,   la   belle   formule 

log  0  (a)  -  log  @  (0)  =  ^0?  (l  -  ^'\  -k'l'^da  j"  da  sin^  ama, 

qui  est  vraiment  fondamentale,  et  sur  laquelle  on  pent  dire  que  sa  the'orie  est  baat^e. 
Mais  les  expressions  qu'obtient  M.  Jacobi  pour  les  fouctions  H,  0,  sent  sous  la  forme 
d'un  produit  d'une  suite  infinie  simple  de  facteurs,  ce  ijui  ne  met  pas  k  beaueoup 
pr&s  si  bien  en  Evidence  la  vraie  nature  de  ces  fonctions  que  les  expressions  d'Abel ; 
celles-ei  sont,  en  outre,  si  analogues  aux  formules  en  produits  infinis  des  fonctions 
circulaires,  que  Von  est  seulement  ^tonn^  que  personne  ne  se  soit  avis^  jusqu'ici  de 
les  poser,  k  priori,  comme  ies  definitions  les  plus  simples  des  fonctions  doubleinent 
p^riodiques,  pour  en  d*5duire  la  th^orie  de  ces  fonctions.  C'est  de  cette  maniere  que 
je  me  propose  de  traiter  ici  la  question.  Je  prends  pour  definitions  les  formules 
d'Abel,  en  supposant,  pour  plus  de  generality,  que  les  fonctions  completes  il,  T  [K,  K' 
de  M.  Jacobi)  sont  chacune  de  la  forme  A-\-BJ  —  \  {ce  qui  donne  lieu  a  quelques 
integrations  a.^sez  delicates).     Et  de  ces  seules  equations,  sans   me   servir   en   rien   de   la 
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th^orie  des  fonctions  elliptiques,  je  d^uis  les  propri^tes  fondamentalea  des  fonetions 
en  question,  et  de  111,  des  fonctions  elliptiques.  On  a  ainsi  quatre  fonetions  h  consid^rer 
au  lieu  des  deux  H,  @,  dont  I'une  est  pour  ainsi  dire  analogue  k  un  einue  et  les 
autres  a  des  cosinus.  Mais  ee  qu'il  y  a  de  remarquable,  e'eat  I'apparition  d'un 
fecteur  exponentiel  qui  cntre  presque  partout.  On  le  pr^voyait  d'aprfes  les  formules  de 
M.  Jacobi,  mais  ces  formules  n'expliquent  pas,  ce  me  semble,  pourquoi  ce  facteur  s'y 
rencontre ;  mon  analyse  le  fait  voir  de  la  manifere  la  plus  aatisfaisanto.  Ce  facteur 
r^sulte,  en  effet,  de  ce  que,  pour  les  produits  iniinis  doubles,  il  ne  suffit  pas,  pour 
obtenir  un  r^sultat  d^termin^,  d'attribuer  aux  deux  entiers  variables  des  valeurs  quel- 
conques  depuis  —  qo  jusqu'^  oo ,  mSme  en  supposant  I'^galit^  des  valeurs  positives 
et  negatives ;  il  faut,  en  outre,  etablir  une  relation  entre  les  valeurs  infinies  que 
resolvent  les  deux  variablea  Mais  dans  les  produits  que  je  considfere,  on  d^montre 
qu'en  supposant  fcoujours  cette  ^galit^  des  valeurs  positives  et  negatives,  quelque  liaison 
que  Ton  etablisse  entre  les  valeurs  infinies,  il  r^sulte  toujours  la  meme  valeur  du 
produit,  h  un  facteur  exponentiel  pres,  dont  I'indice  est  le  carr^  de  a:,  multipli^  par 
une  constante  dont  la  valeur  s'exprime  au  moyen  d'une  integrate  definie  double,  et  qui 
depend  de  la  liaison  ^tablie  entre  les  valeurs  infinies  des  variables.  C'est-a-dire  qu'en 
multipliant  par  un  facteur  exponentiel  de  cette  forme,  con v enablement  choisi,  on  pent 
changer  a  volenti  la  relation  en  question  sans  affecter  la  valeur  du  produit.  Voila 
I'id^e   fondamentale   du   M^moire   qui  suit. 

En  me  servant  de  quelques  formules  de  M.  Cauchy,  relatives  h  la  decomposition 
des  fonctions  en  fractions  simples,  j'^tablis  d'une  raaniere  rigoureuse  des  relations  entre 
les  trois  quotients  de  mes  quatre  fonctions,  qui  sont  les  mSmes  par  lesquelles  Abel 
d^montre  les  propriiSt^s  fondamentales  des  fonctions  if>,  f,  F.  Ces  formules  une  fois 
obtenues,  on  peut  supposer  connue  toute  la  th^orie  des  fonctions  elliptiques.  Ces 
th^orfemes  de  M.  Cauchy  me  conduisent,  en  outre,  k  un  grand  nombre  de  nouvelles 
formules  qui  contiennent  des  suites  infinies  doubles.  Parmi  celles-ei,  il  y  en  a  une 
qui  me  foumit  la  demonstration  du  th^oreme  d^ja  cite  de  M.  Jacobi,  theorfeme  duquel 
il  d^duit  une  foule  de  r^sultats  int^essants.  Je  finis  en  citant  ceux  qui  se  rapportent 
de  plus  prfes  aux  fonctions  dont  je  parle.  J'esp^re  reprendre  une  autre  fois  la  con- 
sideration d'une  autre  partie  de  la  theorie,  dans  iaquelle  j'entrevois  des  conclusions 
interessantes. 

Soient  il,  T  des  quantites  finies  quelconques,  assujettics  a  la  sculo  condition  quo 
la  fraction  II  :  T  ne  soit  pas  r^ella  En  repr^ntant  par  m,  n  des  entiers  positifs 
ou  n^gatife  quelconques,  mettons,   pour  abr^ger, 

mn+mT  =  ()H,  v)  (1), 

et   considerons    une    expression   de    cette    forme 


oil  le  symbole  II  denote,  comme  k  I'ordinaire,  le  produit  d'un   nombre   infini   de   facteurs 
que  Ton  obtient  en  donnant  a  m,  n  des  valeurs  entieres  quelconques,  depuis   —  oo  jusqu'a 


Hosted  by 


Google 


158  M^MOmE   SUE   LES   FONCTIONS   DOUBLEMENT   P^EIODtQUES.  [25 

+  CO ,  Gn  cxcluaiit  soulement  la  combinaison  (m  =  0,  ra  =  0).  Pour  qu'uuc  telle  expression 
soit  finie,  il  faut  que  pour  chaque  combinaison  de  valeurs  de  m,  n,  il  y  en  ait  une 
autre  des  m^mes  valeurs  avcc  ies  signes  conbraires.  Cependant,  comme  on  I'a  d^j^ 
expliqu^  eela  ne  suffit  pas  pour  rendre  d^termin^e  la  valeur  de  u.  Soit  ^  une 
fonction  de  m,  n  qui  ne  change  pas  en  changeant  k  la  fois  Ies  signes  de  ces  deux 
quaiitit^s ;   et  imaginons  que  I'^quation 

repreaente  une  courbe  ferm^e,  dont  toua  Ies  points  s'^loignent,  au  cas  limite  de 
2*=  00,  d'une  distance  infinie  de  I'origine.  Cela  pos(5,  en  donnant  a  m,  n  des  valeurs 
entibres  qui  satisfassent  a  cette  condition  0  ^  ?",  et  puis  faisant  T  —  ki  ,  on  obtient 
pour  M  uno  valeur  parfaitement  deterrain^e,  qui  depend  de  la  forme  de  la  fonction  <^. 
Soit  u'  ce  que  devient  la  fonction  u  en  changeant  seulement  I's^quation  aux  limites  dans 
lequation  analogue 

on  peut,  pour  simplifier,  supposer  que  la  courbe  representee  par  eette  equation  soit 
situee  entiereraeut  en  dehors  de  eelle  que  repr^sente  Tequation 

*  =  r, 

mais  cela  n'est  pas  easentiel.  II  est  facile  de  trouver  une  relation  tres- simple  qui 
existe   entre   ces   deux   expressions  u'   et   u.     En   effet, 


en  donnant  a  m,  Ji  des  valeurs  qui  satisfassent  a  la  fois  aux  deux  conditions  <}>>  T, 
(j)'  <  T.     Done,   en   consid6:ant  toujours  ces   valeurs, 

log  «' -  log  »  =  log  n  |l  +  ^^1  =  S  log  jl  +  (;;^j  =■  a, : 

Dans  cette  expression,  lea  termes  qui  contiennent  lea  puissances  impaires  x  s'^vanouissent, 
&  cause  des  valeurs  ^gales  positives  et  negatives.  Mais  puisque,  "k  la  limite,  m,  n  ne 
re^oivent  que  des  valeurs  infinies,  on  peut  negliger  Ies  termes  multiplies  par  (x^,  &c. 
Done 

1 


log  m'  —  log  u  =  —  \Aa?, 


oil  j'ai  represents  par  e   la  base   du   systEime   hyperboliquc   de  logarithmes,   et  oil  A  est 
donnS  par  I'^quation 
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II  est  facile  de  voir  que  Ton  peut  changer  la  aommation  en  integration  double,  et  eerirc 
.       [f  dmdn  ,., 

entre    les    mSmes    liraites    qu'auparavant,    c'est-a-dire    que    m,   n    doivent    satis  fairc    aux 
(Jeux  conditions  ^>  T,  <p'  <T. 

Prenons  par  exemple,  pour  limite  snp^rieure, 
et  pour  limitG  inKrieure, 

m,   n   Bont  census  contenir   T  comme   facteiir,  de  mani^re   qu'ils   deviennent   inflnis   avec 
eette  quantity ;    on  suppose  aussi  m  >  7*,  n  >  7",  mais  cela  est  seulement  pour  la  elart^. 

II  devient   necessaire  a  ce  point  de  d^finir  de  plus  pros   les  valeurs  de   ii,  T ;   nous 
ecrirons 


••(6), 


ou  i  =  ^  ~  1  ;  a),  m',  v,  v  sont  des  quantites  n^elles,  telies  que  av'  —  m'v  ne  s'^vanouit 
pas ;  c'est  la  condition  pour  que  ii  ;  T  contienne  uue  partie  imaginaire. 

Avec  ies  coordonne'es   polaires 

4  _  ff  ^''^^  -  [  de{\ogT~\ogT) 

^^JJ  r{iloosd  +  Tsmey     J  (iicos^  +  Tsin^)' ^' ^' 

en  repr^sentant  par  r  ee  que  devient  r  S.  la  limite  supt^rieure ;  I'int^grale  doit  etre 
.  prise  depuis  ^  =  0  jusqu'a  ff  =  Stt.  On  voit  tout  de  suite  que  la  partie  qui  contient 
log  T  s'^vanouit;    done 

Jo  {flcos^  +  Tsin^y 

Soit  a  un  angle  positif  plus  petit  que  Itt,  tel  que  tan  a  =  —  ,  on  a  evidemment 

_  +m 
cos  ff' 

depuis  (9  =  — a  jusqu'a  ff  =  +  a,  ou  depuis  ^=  tt— a  jusqu'a  0  =  Tr  +  ct,  ct 


depuie  ^  =  a  jusqu'a  ^  =  7r-a,  ou  depuis  0  =  7r  +  (x  jusqu'^  ^  =  2x-a  (le  signe  ambigu, 
de  manifere  que  r  soit  toujours  positif).  En  r^uniesant  les  parties  oppos^es  de  I'int^grale, 
on  obtient 

f  '  (log  m  -  log  cos  e)dff        C'-°  (log  n  -  log  sJn  ff)  iff 
]-.  (fl cos ^  +  T sin e)^  ^    L       (acos^  +  Tsinf)=  ' 
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ou,  en  mettant  dans  la  seconde  iiiti5grale  ^tt  —  ^  =  a',  et  ^-rr  —  6  au   lieu  de  6, 
A=9(  "Qogm-logcos^)'^^  ,  g  [^(logn-logcose)d0 

j_„  (a cos ^+T sin 5)=  "^  J_„.  (rcose  +  ii&m0y  ■ 

La  premiere  integrate  se  rediiit  k 

-  2  (log  m  -  log  cos  0)  ^       ^^  ^^^       (entre  les  limites) 

2   f  ■      tan  Ode 
TT  j_„(n  +  Ttan£)) 

_  4  (log  m  —  log  cos  a)  tan  «         (""      tan^  8d9 

4        J"" 

^il'  +  T-'j, 

L'int^grale,  dans  cette  furmulo 

/■"  ( L  +  tao'^  e)  dO  _  p™  "        dx 

s'exprime  tout  de  suite  par  les  logarithmes,  mais  il  faut  apporter  une  attention 
particulifere  h  la  manifere  de  determiner  quelle  valeur  doit  Stre  attribuee  a  ce  logarithme, 
dans  le  cas  oi  la  partie  r^lle  en  eat  negative.  Je  renvoie  cette  discussion  a  une 
Note.     Voici   le   r^sultat   auquel  j'arrive. 

En  repr^sentant  par  Lu  la  valeur  priucipale  du  logarithme  de  m,  quand  il  y  a 
ime  valeur  principalo  (c'cst-^-dirc  quand  la  partie  reelle  de  u  est  positive),  et 
ecrivant 

isniW  =  Lu,    ou    L  (—  u)  ±  in, 
seloii  qu'il  y  a  une  valeur  priucipale  de  log  u,  ou  de  iog  (—u),  on  a 

],       fi^-TV     2ilT      "\il-Tt3.naJ  '•^■'' 

en  prenant  le  signe  supdrieur  pour  mv'  —  (o'v  positii',  et  le  signe  inferieur  pour  o>v'  —  w'v 
negatif. 

La  premiere  partie  de  A  se  reduit  done  a 

4  (log  m  -  log  cos  a)  tan  a  4       f   _  i^  t      0.  +  T  tan  a\ 

ii^-T^tan^a  "*"  fiM^' r  "  *  T  ^"  fl  -  T  taTTiJ  ' 

ou,  en  r^tabliaaant  la  valeur  de  a,  k 

4mnloeym'+n^  4        /       ,       n       ,  li  ^       mfi  +  nT\ 
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Pour  avoir   la  seconde  partie   de   A,  il   faut   changer   m,   n,   il,  T   en   n,   m,   T,   il.     En 
faiaant   cela,  on  change  le  signe  de  am'  —  w'u ;   ainsi  il  faut  iScrire  L^„i  au   lieu   de  L±„i. 

En   r^unissant   les   denx   parties,   et   mcttant   Xtt   an   lieu   de   arc   tan       +  arc  tan  — ,   on 

"^  '  m  n 

obtient  enfin 

/mfi  +  nTx      T  J.       mT  +  mXlX"! 


IP  +  T^' 


formule  que  I'on  pourrait  rendre  plus  simple  en  distinguant  les  deux  eas  oil  le  premier 
ou  le  second  logarithme  a  une  valeur  principale ;  mais  il  vaut  mieux  la  laisser  sons 
cette   forme. 

On  aurait  pu  croire  que  la  valeur  de  A  pourrait  s'obtenir  plus  facilement  en 
r^iuisant  j1  ^  la  diiference  de  deux  intt^gralea  d^finies,  les  conditions  pour  !es  limites 
^tant  donn^es,  dans  la  premifere,  par  7?i=<m^  Js^<nS  et,  pour  la  seconde,  par  m^  +  ?i'<2^, 
en  d&ignaut  g^n^ralement  les  coordonn^es  par  m,  n.  Gependant,  de  cette  manifere,  on 
admet  dans  les  deux  int^grales  les  valeurs  m  =  0,  n  =  0,  qui  rendenfc  infinie  la  fonction 
&  int^grer.  Ainsi  la  valeur  de  I'int^grale  dependrait  du  choix  des  variables,  et  Ton 
obbiendrait  des  r&ultats  inexacts.  Autrement  dit,  on  obtiendrait  de  cette  fa^on  la 
valeur  de  A,  k  une  quantity  V  pres,  qui  est  la  difference  de  deux  integrales  de  la 
m^me  forme,  entre  des  limites  m^</t',  «^<ii^  ou  m'^+n^KT",  /t,  v,  t  des  quantitfe 
infiuiment  petites.  On  voit  tout  de  suite  que  V  n'est  pas  pour  cela  iufiniment  petit 
(en  effet,  sa  valeur  depend  du  rapport  /j.  :  v  et  nnliement  des  valours  absolues  de  ees 
quantit^s),  et,  pour  en  trouver  la  valour,  il  faudrait  se  servir  de  i'analyse  prec^dcnte. 


Soit,  ,comme  exemple,  —  =  o 


a-  +  r^  \ 


-^L...m- 'c, '-,.,( -i)\ 


277^     /        TO  27r  2ji        T 

~if+f'\      n)    n(n  +  Ti)      nr'n  +  rr 

De  merae,  pour  —  =  cc  , 

^=-n.|-T.f4^-'(-i)-Y^."«} 

27r     (    -^\_.         27n'       _  _  2^        il 

~^W+rA  ^  T j "  -  T (XI  +  T) "  "^ fiT ■  firfr 

En   repr^sentant   par  A\  A"   ces   deux   valeurs   de   A,   on   a 

A--A"^'^.-.,  

oil  j'^cris 

^"*nT 


■  (11). 

21 
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en    prenant    toujours    ie   signe    supdrieur   pour  <ov'  —  at'v  positif,   et  le   signe  infe'rieur  pour 
mv'  -  m'v  negatif. 

Soieiit'  Ug   ce   que   devient   u   en    prenant    —  =  x ,   i(_s   ce    que    devient   eette   meme 

fonction   en   pronant   —  =  so ;   on   a   evidemment 


On  pent  done  s'imaginer  uue  fonction   V  donnto  par  les  equations 

f;=e-^^«_e=e!*'^Wa  (12). 

On  verra  dans  la  snito  ([ue  ug  est  analogue  k  !a  function  H  {it,)  de  M.  Jacobi.  II 
convient  eependant,  pour  !a  sym^trie,  de  consid^rer,  au  lieu  de  %,  la  nouvelle  fonction 
U  qui  vient  d'etre  definio,  Quoique  aufliaamment  donn^e  par  ces  Equations,  noun 
allons  en  chercher  encore  ime  autre  definition.  Pour  cela,  il  faut  trouver  la  valeur 
de  I'integrale  definie  q\ii  determine  A,  prise  depuis  la  meme  limite  inf^rieure  jusqn'ii 
eelle   donn^e   par   I'^quation 

mod  (m,  n)  =  T. 
Mettons,  eomme  auparavant, 

m  =  r  cos  8,  71  =  r  sin  ^  ; 

soient   ausai 

n.  =  0.  ~  w'l,      T.  =  u  -  i/V. 

L'equation  pour  la  limite  superieure  se  r^duit  a 

7^  (n  cos  e  +  T  sin  6)  (H.  cos  B  +  T,  sin  8)  =  r\ 
et  celle  pour  la  limite  inferieure,  h, 

On   trouve   tout   de   suite 

1  P" log(acosi9  +  Tsin  g) (H, cos <9  +  T, sin  (9) ci!i9 

^  -  ~  2  j  ^  (n  cos't^" + T  sin  ey 

1   _^_^. — ^-log(ncos  e  +  Tsin  e)  (n,  cos  ^  +  r,  sin  e)  {entre  ^  =  0,  ^-Stt) 
i-T  (12  +  T  tan  u) 

^2Tj„    i"i+Ttanf^  In  +  TtanfJ      fii  +  Titan^/ 

If  ^-''  __dd /T  -  n  tan  g     T,  -  tl.  tan  g\ 

~  ~  T,/  -i, fl  +'T"tan  f  l,n  + 1  tan  ^      n,  +  T,  ihi'dj 
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D'abord 

r  •■       de       r,-n,tan9  _  r  i- 1      M  M,       \ 

J_t,n  +  TtaB9  a,  +  T,t.iB»     J_,,l,n  +  Ttaiie)"^fi,  +  T,t(ujW      ' 

1 1.     ie       _     ft-      de       _    an    p-  r     r(i+tan-o)i 

.l_,.n+Ttan(("        J.  n>-T'tan"9     fl'  +  T-J.    [        il' -  T- tan"  Sj 

sn      (.       T  /n+TtanM  «     „     a     ,    > 

-nM^l''+2n^-'U-Ttan4    <»'"«-''■    «=W 

!i"  +  T'l'    -an  7    n  +  Ti' 

On   a  de   ingme,   en   rcmarquant   qu'en  changeant   il,   T   en   T,   Xi,   on   change   le    signe 
de  ™'-»'ii, 

J  _^^ n^  +  Ti  tan  ^  ~  fii  ±  T,i  ' 
Dun   autre   c6t^, 

TT.  +  nn,       „._  T..  +  n.-  . 
Tn,-T,n'        '      Tn. -T,n' 


r   in 

J-i.nT 


T.- a  tan  5 


TtonS  n,+T,tan»    rii,-%a\  n"+ti 

^  _  TTi+nni-coTTi)  (n,  +  t,;  t  ar,.)  _^      ^         2T|7ri 

"  TO,  -  T,n  n  +  Ti "  "  ~  -  n  T  t;  ~  to,  -  T,n ' 

ou   enfin 

f  i-         rfg  T,-n,tan9_         m  ttT, 

J  ^ ,,  n  +  T  tan  e  n7+ 1;  tin  «  ~  -  n  +  Ti  *  <o»'  -  ffl'u  ' 

et  de  m§me 

f  l-<i9(T-ntang)_     ±  ttj 
J_,.    (n  +  Ttan«)'    "a  +  Ti' 

en   omettaut  seulement   le   dermer  terme  de  I'autre   integrale  ;   ce  que  Ton  pent  verifier, 
au   restc,   en   differentiant   par   rapport   ^   li,   T   I'^quation 


j^fl  +  Ttaii^     il  +  Ti' 
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Oil  a  doii«,  eii  ajoutant  los  deux  parties  qui  composent  I'iiitegrale, 


I!  est  facile  de  voir,  en  ecrivaiit 


A=  + 


que  cette  expression  ne  change  pas  de  valeur  en  mettant  fij,  Ti,  fl,  T  au  lieu  de 
n,  T,  111,  Ti,  pourvu  qu'on  change  aussi  le  signe  de  i;  cela  doit  evidemment  gtre  ainsi 
et   pout   aervir   de   verification, 

Soit,  pour  un  moment,  m,  co  (^ue  devient  it  en  prenant  pour  limite  I'dquation 

at  supposons  que  dans  la  ibuctioii  w  on  ait  pour  limite  1  equation 
mod(m,  n)^T. 

En  retenant  la  valour  de  A,  qui  vient  d'etre  trouv^e, 
mais   aussi 

a  cause  de  I'^qiiation,  consiSquence  facile  des  resultats  precedents, 


I  obtient,  entre   u,   IT,  une  equation  de  la  forme 
fr=t-J^^« 


daus   laquelle 


-ilT^  il  +  n     -  iiT  -  T (w 


^irTi^^)^^^''-'''^^^'-^'^^-'^'^- 


iiT  (a,"J'  -  w'v)      iiT  mod  ((ov'  -  ro'v)  ' 


..(16). 
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En  rassemblant  tous  ces  re'sultats,  on  a  le  systeme  de  fonnnles 

[I=t-i'"u-t-i"u_,-,i"u,, 

a  =  e^  («-*»  '^  i[_j  =  ei  ("+«)  i=  ,[j^ 

,_  XI        (av'  -  m'li) 
OT  mod  («»'  -  o'u)  ' 

mod  (oil''  —  <o'v) ' 
u,  Uf,  u_q  des  fonctioiis  de  la  forme 

mais  avec  des  limites  diff^rentes,  aavoir : 
mod(m,«)=2',     T^cc,     pour  la  fonctiou  m; 


=  m^,  <nf  =  'a',     m  —  >X),    n  =  oo  ,       -  —  xi ,  pour  u_i, 

A  present,  il  importe  de  rumarquer  que  la  fouction  Uj  est  p^riodique  k  I'l^gard 
de  II,  de  la  maniere  d'un  sinus  ou  d'un  cosinus,  mais  nc  Test  pas  k  regard  de  T ; 
de  mSme  w_«  est  periodique  a  legard  de  T,  mais  non  k  regard  de  il.  Quant  a  U,  u, 
elles  ne  sont  simplement  p^riodiques  ni  k  I'^gard  de  il,  ni  k  I'^gard  de  T.  Pour 
d^montrer  cela,  considerons,  par  exemple,  I'^quation 


[m    depuia 


«« =  a:  n  (l 

jusqu'a    ni,    «    dcpu 


jusqu'a    n. 


...  (17) 

,  lo  systeme 


(m  —  0,    jt  =  0)    toujours    exclu] ;    en    representant    par   u'g  ce   qiie   devient   «§   quand   on 
<?crit  a:  +  Xi  au  lieu  de  x,  on  a  evjdemnient 


en  admettant  dans  le  premier  produit  la  combinaison  (m  =  0,  n  —  0),  maia  exeluant 
{m  +  l  —  O,  )i  =  0),  et  exeluant  Tunc  et  I'autre  du  second  produit.  Cette  Equation  est 
de  la  forme 

avec  les  memes  limites  quo  dans   ti;   done 
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oCi  n  se  rapporte  k  la  seule  variable  n  qui  doit  s'^tendre  dopuis  —  ii  jusqu'S,  b. 
Puisqu'ainsi  n  lie  re^oit  jamais  des  valeurs  qui  soient  comparables  a,  m,  chacun  de 
ces  produits  se  reduit  a  I'unit^,  et  Ton  obtient 

u'e  :  Ui=  A', 
on  enfin 

u\^-u, (18), 

en  posaiit 

et  remarquant  que  w  est  fonction  impairo  de  x,  ce  qui  donne 
^'  =  -1. 
Soit  de  memo  u"e  ce  que  devient  u^  en  chaiigeant  .-e  en  ic  +  T.     On  a  pareillement 

oil  n  BO  rapporte  a  la  seule  variable  m.  Mais  iei  les  produits  ne  ae  rt^duisent  point 
h  I'unit^ ;   en  effet, 


=  sing(a^  +  nT)  :  sin  g  nT. 

Mais  quand  la  partie  imaginaire  de  9  eat  infinic,  on  trouve 

sm0  =  -^.{^'-  6-"')  =  ±  2^e^^ 

iT 
selon   que   la   partie   reelle   de   0i   est   positive   ou   negative.     Or    la    partie   re'elle   de   -=r 

est  de  signe  contraire  k  av' —  co'v ;    on  a  done 


n  (i  + 


(m,  n  +  lV 
do  mfime, 

et  de  la 

u"g  =  A"  e-^^'' !(« 

Equation  de  la  mfime   forme  que  celle  que  Ton  obtiendrait  en  posant 
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et  remarquant  que  u^g  est  p^riodique  a  I'^gard  de  T.  On  voit  aussi  qu'en  sommant, 
par  rapport  h  m,  il  est  permis  d'exprimer  wg  par  un  produit  infini  simple,  dont  chaque 
facteur  est  de  Ja  forme 

sm'^(^  +  nT), 

mais  qii'oii  n' arrive  pas  a  un  tel  resultat,  en  sommant  par  rapport  k  n.  En  effet, 
r^quation 


fait  voir  que  ii^  s'exprime  par  un  tel  produit  ou  chaque  terme  est  de  la  forme 

ain^(^+-nia), 

multiplie  par  le  facteur  exponentiel  e-^"'.  On  etablit  de  cette  fajon  I'identit^,  k  un 
facteur  constant  prfes,  de  ug  k  H{v)\  mais,  k  present,  pour  eviter  les  longueurs,  je 
ne  me  propose  de  conaid^rer  aucun  de  ces  produits  infinia  simples. 

II  faut  maintenant,  pour  le  d^veloppement  de  la  theorie,  introduire  les  troia  fonetiona 
qui  correspondent  au  cosinus.     Mettant,  pour  a 


j'&ris 


Limites. 

y- =  •-'"-"  h(».f.)}  ■ 

mod  (m,  n)  =  T, 

T^x. 

s- -'-"""{'+(-#»! 

mod  {m,  n)  =  T. 

&..H~n{i  +  ^^^,j. 

mod(m,  n)^T. 

^-  =  '-'""{»  +  («f»)t' 

mod  (m,  n)  =  T. 

(B) 


En   reprt^sentant   par  y^x,   y-gx,   &c.,   ce   que   devieiinent   ces  fonctions,  et   prenant   pour 
limites 

(m^  =  m^  »i^=n°),     {nv'~m\  n.''  —  n% 

(m^  =  m',  n"  =  a%     (m=  =  m^  n'  =  n'), 


oft 


—  =  =0  pour  vsc 


pour  y_giB,  &c., 


on  a,  en  general,  en  metfcant  ./  au  lieu  de  I'une  quelconque  des  lottres  y,  g,  G,  Z, 

Jx  =  ^«^jgx  =  e-i^j_gx (21), 

oil  Jgx  est  periodique  a  I'egard  de  fl,  et  /_e«  a  I'egard  de  T,  Cost  cette  equation 
remarquable  qui  definit  la  loi  de  p^riodiciti5  des  fonctions  /,  et  de  laqueile  ae  dddnisenf: 
presque  toutes  les  propri^tes  de  ces  fonctions. 
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II  est  clair  qu'en  changeant  entre  elles  les  quantitds  il,  T  (quantit^s  que  nous 
d^ignerona  comme  lea  foncfdons  completes),  on  ne  change  pas  les  fonctions  yx,  Zx, 
tandis  que  gx  se  change  en  Ow,  et  Gx  en  gar.  On  change  de  cette  manifere  ^  en  —  ^ 
et  S  en  —B  (par  eseraple,  j^x  se  change  en  j-^ic,  &c.).  Cette  consideration  fait  voir 
que  toute  propriete  des  fonctions  /  est  double,  et  donne  le  moycn  le  plus  facile  pour 
^jasser  d'une  propri^t^  quelconque  a  la  propri^t^  correspondante. 

On  tire  immi^diatement  des  definitions  m^mes  les  tSquations 

ry(-^)  =  -y^.     g(-^)  =  g«^,     0(-a:)^Ga:,     Z{-x)^Zx- 

(C)  -!  yO  =  0,  gO  =  1,  (?0  - 1,  ZO  =  1  ; 

I       y'Q  =  !■ 

II  est  facile  de  d^montrer,  de  la  m^me  maniere  dont  nous  avons  prouv^  la  periodicity 
de  J^x  k  I'^gard  de  fi,  que  ces  fonctions  se  changent  I'une  en  I'autre,  k  un  facteur 
constant  prfes,  en  changeant  x  en  x-\-\il.  Faisant  done  attention  k  I'^quation  qui  lie 
ensemble  Jx  et  J^x,  on  obticnt  Ic  systemc  dc  formules 

y  («;+.^fl)  =  e*^"^^g^,-j 

g  (iC  +  ^  H)  =  e^S*^  Bjx,  I 

G{x^-^i).)  =  eil'^GZx,{ 

Z(x+^Q.)  =  eii"^DZx.] 
Pour  diiterrainer  A,  B,  G,  D,  posons 

x  =  0    ou    a^  =  -^a 
En  ^crivant,  pour  abr^ger, 

(D)  .'"_e*'°'-5r', 
on    trouve 

^  =  y(i!i),  1 

-»  =  -?.-':  y«n),  I 

d'oii  Ton  deduit  cette  Equation  de  condition, 

G(ia)Z(ilI).grl (2-t). 

On  a  de  meme  le  systeme 

G  {i:  +  ir)  ^  ,->••"  C  ya.  I  


■  (23) 


..(25), 
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Dc  la.,  si 

(;c  qui  donne 

(E)  log  q  log  ^1  =  -  -ir', 

i\  resiilte 

^•  =  j(iT),                             1 
S'-g(iT)~q'i:Z(ir).\    

c --«-':  y  (in  I 

i)-.X(iT)  :g(iT):  ) 

d'oii  nous  tirons  Tequatiori  de  condition 

gttT)ZliT).5-i  (27). 

En    posant    x  —  ^T    dans    I'^quation    pour    y(ic+^il)    et   x  =  ^il    dans    I'^quation    pour 
y  {x  +  ^  T),  on  obtient  aussi 

y(in)g(lT)--ty(iT)e(in) (28). 

et    Ton    deduirait     cette    mSme    equation,    ou    une    Equation    equivalente,    dos     autres 
foriiiules,   de  manifere   qu'on   ne   peut   pas   trouver   d'autres   ^nations   de   condition. 

Enfin,  en  rapprochant  ces  sj^tfemes,  on  obtient 
avcc  ies  equations  auivantes  pour  les  coefficients, 

^"-(-i)'y(i")g(iT),  ■• 

i!"=-(-l)"5,^j(iT):  jftO),  [ 

c".(-i)»ji(in)^(iT),  I 

i)".-(-l)ig-'2(lQ)  :  j(iT).J 
En  rassemblant  les  Equations  entre  J(^n),  J{^T),  on  a 

g(iii)-o.                    I 
e(iT).i), 
e  (in)  ^  go) -},-!,  !- (31). 

g(iT)^(iT)=5-l.  j 

y(in)g(iT)  =  -ij(iT)(f(in),l 


(29), 
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d'od  Ton  conclut  ies  formules 

B"C"  :  A"D"  =  B'D'  :  AV'-CD  :  AB^-l, 
A'B  :  CD'  --A"B"  :  0"i)"  -  -  j>  (J  T)  :  Z'HT). 
A"C"  :  B"I>'^-A'  C   :  B'C-     jHi^*)  ■  ^'(i^), 
A  D   :  B  C  -~A' D  :  BG  =     j'(ifi)  :  fi'S"), 

--j'ftT)   :g'aT), 

dont  nous  aurons  bient^t  besoin. 

On   peut  passer  maintcnant  k  ee  systeme   gi^iioral  de   fonnnlus,   oil  j'ecris   ( — ')'" 
lieu  de  (  -  1)-  : 

r  @  _  ( _  )»"  ,'•  w. -«  q-K"  J-1-, 

1&,  comme  toujours.  (m,  —  n)  =  mXi  -  «T  ; 

y  {ic  +  (m,  n)]  ={-)-*" &yic. 

G (=.  +  («.,  «)!-(-)"    ee.;. 

(J,  _  .       1  nm+ifi  ^  |m,  -It)  „ -JmS-Jm  o~i"'  . 

y(^  +  (m.  «))  =  (- r-i^g*, 
g(:e+(m,  «)!=(-)-  SBya;. 
e(«  +  (iB,  «)!  =  (-)"  •tCZs, 
^  («  +  (;»,»))=  4>Dffa); 

yl«,  +  (m,  n)l  =(-)"+•  <l»^'e^, 

gl«  +  («.,  »)!-(- )-     *-B'Z»!, 

S(a^  +  (m,  ii)i-(-)"     fC'yi, 

Z{x+{m,n)}=  fD'gx; 

X  =  (  _  )  ..+1-+1.  ,«.  (B,  -5)  j-l«'-i..  j-l,.'-l.. ; 

,{,  +  {»,  n)].^^)'*'XA"Z,:, 

g  (»  +  («,  »))-(-)"     XiJ-'G^, 

(?(»!+(«,  S)|  =  (-)"      XC'gl!, 


m 
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'«.-{-)""?■-'»■ 


(G) 


?(>» 

» 

= 

0, 

y'( 

g  (m 

, 

-(- 

)"  e„ 

G(m. 

« 

=  (- 

)"e., 

Z{m, 

M 

- 

<!).; 

«.= 

- 

yml+i 

^  J^-i"^-i"^!»'; 

y(H, 

n 

-(- 

)-"lp.4, 

s;(*i. 

n 

- 

0, 

g'(« 

e(B. 

n 

=  (- 

)"      4.0, 

2  (Si, 

n) 

= 

3>J); 

'r.- 

- 

)""+ 

"?.-'- r' 

..-,. 

y  («*. 

5) 

=  (- 

)"+"  i".^', 

g(<». 

B 

-(- 

)"      '!'.«', 

G(m, 

S 

- 

0, 

(?■(, 

Z(m. 

S 

= 

*.i)'; 

X.- 

- 

)""+ 

-""5.-'- 

-1-3 

yp. 

s) 

.(- 

)-+"X.4", 

g(". 

a) 

=  (- 

)-     X,B", 

e(>5. 

S) 

=  (- 

)•     X.C", 

,^(m. 

a) 

- 

0, 

Z'(« 

r(m,  ..)=(-r+"e.. 


5)  -  Z.C". 


Oil  a  dc  suite,  en  prenant  les  diff^rcntielles  des  logarithnies  des  foiictions  Jx, 

(yx  ;,ai  =  -&+Sl«i-(m,  »))-'. 

g'x:ex--Bx  +  j:ix-(m,n)\-', 

G'n  :  eai=--BiB  +  S(ai-(m,  «))-', 


(H) 


■J' 


(B  est  le  coeiBcient  de  «^  dans  I'exponentielle  e"*®^  des  Equations  (B);  il  ii'y  a  pas 
k  craindre  de  le  eonfondre  avoe  le  B  qui  entre  dans  les  Equations  pour  y  (m,  n),  &c. : 
c'est  par  hasard  que  j'ai  pris  deux  Ms  la  meme  lettre.) 

22^2 
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R^duisons  en  fractions  simples  la  foiiction 

go:  Gx  :  yjc  Zx. 
En   ^crivaiit 

g«e^  :  ,*Za,.S[i|=t-(™,  «)l-+if|^-(f»,  5)1-]. 
oil    obticnt 

i=g(m,  «)(!(«.,  n)  :  /{m,  »)Z  (m,  «)-l, 

a-  g  {B,  i)  e  (ffi.  »)   :  J  (B,  «)  ^  (S.  «)  =  £"0"  -  A"D"  =  1. 


[25 


ga'  Gx  :  yx  1 


~{m,n)\-^ 


■{»",«}]- 


giE  Ga;  :  y;c^-^=(y'a;  :  yx)-{Zx  :  Zw). 

(Nous  allons  bientot  justifier,  au  moyen  d'un  th&r^me  de  M.  Cauchj,  i'emploi  de 
eette  m^thode  de  decomposition  en  fractions  simples  qui  ne  s'applique  pas  toujours  aux 
fonctione   transcendantes,) 

On  obtient  de  meme 


.  mettaut,  pour  abr^ger, 


g^Z^ 

y«  (?a:  =  (y'T 

y) 

-  (G'x 

Gx), 

GxZx 

y«  g^=(j'« 

J«) 

-(g-^ 

g'). 

WliZa: 

g«    GlC  =  i^(D 

g») 

-{(?'« 

Gx), 

^«g«i 

BxZx-iCri, 

Ox) 

-(Z'x 

Zx), 

c'>e« 

Zx  yx  -  [Z'x 

Zx) 

-W  X 

yx). 

(J) 


y(iT)  :Z(in)='^,(') 

.  yftO)  ■.z(ia)  =  l. 


yiia)  :  G(iO)  =  -iy(4T)-g(ir)  =  i. 


ic,  Oil  eliminant  les  fonctions  di^rivees, 

Zx~g^j:=     cyx, 

'  J'ai   ^orit  --  au  lieu  de  -  pour  me  ooaformer  k  la  notation  d'AV 
c,  e  sont,  en  g^n^ral,  Tune  et  I'autre  dea  quantitSa  imaginaires. 


e  nteeesaire  de  remarquer 
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C(!  (^Tii  doiiiie,  en  ajoutant, 

(K)  b'  =  e'  +  c^   on   6  =  Je:'  +  ti', 

eu  nou3  retiendrons  desormais  la  Icttru  6  dans  cotte  signification.     Puis 


(L) 

\G^x  =  Z'a:+eYx 

Soient  maintenaiit 

<<j)X^yx  :  Zx, 

(M) 

J  /a;=gic  :  ^a;. 

[fi-Oi::  Zx. 

obtient 
(N) 

jfx^l-f^'j:. 

j-.fV./rf^, 

(0) 

J/':.  =  -C',frf»', 

t^^  =  eV#». 

Ces  Equations   sont  pi^cis^ment  les  Equations  fondainentales  d'Abel  {OSi.ivres,  t.  I.,  p.  143 
[Ed.  2.  p.  268]),  et  il  en  d(5duit 


m 


^'  1  +  e^c=^j;<f.^jr       ' 


qui  sont  leB  formulcs  eonnues  pour  I'addition  des  fonetions  elliptiques. 

En  effet,  on  peut  dcrire  I'^quation 

^■n-fxFi 
sous  la  forme 

1 f'5._ 

'j(i-d':!>':i){\  +  eWa:)' 

on,  en  raettant  j/  =  i^aT, 
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on  peut  done  de  ee  point  supposer  eonnues  toutes  les  propii^tcs  des  foiictions  elliptiques. 
On  a,  par  exemple, 


<iy 


(K) 


Y      J.  V{i-cy;(i  +  <iy) 

IT./'' 'k 

t       J.  7(i-»y)ii  +  «yj' 


qui  d^terminent  fl,  T  en  fonction  de  c,  e.  II  parait  au  premier  abord  que  T,  fl  soient 
des  fonctions  parfaitenient  d^ter minxes  de  c,  e.  J'ai  des  raisons  pour  croire  que  cela 
n'eet  pas  pr&is^ment  le  cas,  et  quo  la  question  admettrait  des  d^veloppements  inter- 
esaants ;   mais  je  reserve  ce  sujet  pour  una  autre  occasion. 

On   peut,   a  I'aide   des  ^nations  entre   y(^Ii),   &c.,   et   les   quantities  c,   e,  exprimor 
cette  suite  de  fonctions  en  termes  de  c,  e.     On  d^duit: 

|g(il2)  =  0,  e{ir).bie-iq->; 

^'  \G{ia).bU-iq,--.       e(ST)=0; 

'  ^  (i  n)  =  t-t  cl },-',      ^  (i  T)  -  6-t  el  ?-i ; 
et  de  la 

(A-b-H-iqr^.  A'.>S-te-l?-l,  A"-{-)ic-''e-iqr*q-^ 
\  B=-Vii>qcK  B'^hU-iq-i  ,  B"=-(-)li<!!e-i «,-•»-» 
C-ilc-!*-^     C'--»e>q~>  .    C"-(-)lc-l«l5,-*r' 


[ J)  =  i-t  cl  jr'  ,     -D'  =  t-'  et  j-i    ,     -D"  =  -  (-)t  icl  Hi  sr*  9"* 
qu'on  doit  introduire  dans  toutes  les  formules  ou  entrent  los  quantit^a  A,  B,  &c. 

Voiei  le  thfereme  de  M.  Oaueliy  (JSxerdces  de  Math^matiqws,  tome  II,  page  289) : 
"  Si,  on  attribuant  au  module  r  de  la  variable 

s  — r  (cusp +  i  amp) 
des  valours  infiniment  grandes,  on  peut  les  ehoisir  de  maiiifere  que  [es  deux  fonctions 

2  '  2s 

deviennent   sensiblemeiit   nuUes,   quel   que   soit   Tangle  p,   ou   du    moins   que   chaoune   de 
ces    fonctions    reste    tou jours    finie    ou    infiniment    petite,   et    ne    cesse    d'etre    infiniment 
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petite,  en  demeurant  finie,  que  dans  le  voisinage  de  certaines  valeurs  particulieres  de  p, 
on  aura 

pourvu  qu'on  r^duise  le  residu  integral  k  sa  valeur  principale." 

On  se  rappelle  qne  cela  vout  dire  qu'en  supposant  ces  conditions  satiefeites,  la 
fonetion  fx  peut  s'exprimcr  dc  la  maiiiere  ordinaire  comme  la  somme  d'une  suite  de 
fractions  simples,  niais  qu'il   fant  ^tendre  d'abord  la  sommation  aux  racines  de  liquation 

dont  los  modules  sont  iiiKrieurs  a  une  eertaine  limite  qu'on  fait  alora  infinie. 
Soit,   par  exernple, 

f""^"*"!^) <^^>' 

ah.  Tx,  TiX  ne  contienneiit  que  des  facteurs  qui  sont  des  puissances  en  tier  es  des 
fonctions  yx,  gx,  Gx.  Zx,     En  supposant  que  r  n'est  d'aucune  des  formes 

mod  (m,  n),     mod  (m,  m),     mod  (m,  n),     mod  (m,  n), 

mais,  d'ailleurs,  uue  quantity  infinie  quelconque,  on  pout  toujours  e'crire 

s—r(cos2)+ismp)  —  (m,  n)  +  9  (34), 

oil  0  est  une  quantite  finie  telle  qu'aucune  des  fonctions  yO,  gd,  G8,  Zd  iic  s'evanouit, 
m,  n  sont  des  entiers  dont  I'un  au  moins  est  infini,  mais  qui  varient  depuis  —  co 
jusqu'k  00 ,  avec  Tangle  p.  Soit  8  le  degre  de  Tx,  8,  celui  de  T^x  h  T6gard  de  yx, 
&c. ;   soit  aussi  X  =  8,  -  8 ;   on  a,  en  general,  une  Equation  de  cette   forme, 

J-^  ^  ^iam,n)^  q^i^m'  qi).H'  ^Im+Jn  ^ (35)^ 

ou  F  est  fini.     En  supposant  done  que  la  partie  r^elle  de 

a(w,  ny-XSil'm'  +  XSrhi''  (;i6) 

est  negative  quelles  que  soient  les  valeurs  de  m,  n,  on  a 


et  de  merae 


^+/(-^)^0       >-/(-^)^ 


2^ 


Si,  au  contraire,  cette  partie  reelle  est  positive,  ces  trois  fonctions  sont  toujours  infinics. 
II  y  a  cependant  un  cas  particulicr  k  consid^rer,  savoir,  celui  oti  cette  partie  reelle 
se    r^duit    h.    Pm^    ou    Qn',   P,    Q    ^tant    des    quantit^s    positives.     II    faut    ici    que    le 
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coefficient   de   «   on   de   m   dans   la  partie   r^elle   de   Im  +  Jn   s'evanouisse.     Enfin,   si   les 
parties  reelles  s'evanouissent  entifereraent,  ce  qui  ne  peut  arriver  que  pour 

a=0,     6  =  0,     X  =  0, 

fx  est  fini.      On  a  done  ponr  fa:  fonction  impaire, 


fi+A-^)^Q^     A~fi- 


0 


(la  Boconde  Equation  a  cause  dn  d^nominatcur  infini  s).  II  est  cependant  certain  que, 
dans  plusieurs  cas  pour  leaquels  fx  est  fonction  pairc,  on  peut  r^duire  fx  en  une  suite 
de  fractions  simples :  par  exemple,  yx  :  ^x  est  une  fonction  impaire  que  I'on  peut,  par 
ce  qui  precede,  d^velopper  en  suite  de  fractions  simples;  en  ^crivant  x  +  \T  an  lieu 
de  X,  on  d^duit  un  pareil  developpement  pour  Gx  :  Zx  qui  est  fonction  paire. 

Eemarquons  que  quand  la  partie  r^elle  de 

a  {m,  n)"  -  x€iPm?  +  XST^n' 

est  negative  pour  toute  valeur  de  m  ou  n,  la  suite  pour  fa  est  toujours  convergente. 
En  effet,  les  numdrateurs  des  fractions  simples  contiennent  ce   facteur  de  fz, 


qui  s'^vanouit  pour  les  valeurs  intiniment  grandes  de  tn,  n.  Dans  le  cas  ou  la  partie 
r^oUe  est  positive,  le  developpement  ne  peut  jamais  §tre  vrai ;  je  crois  qu'en  general 
il  est  vrai,  dans  les  cas  limites,  quand  la  suite  que  I'on  obfcient  est  convergente.  II 
y  a  des  exceptions  cependant ;   on  en  vorra  une  en  d^veloppant  ^^x. 

Avant   de  passer   aux   exemples,   d^veloppons   la  condition   pour   que  la  partie  r^elle 
en  question  soit  toujours  negative. 

En  supposant 
on  obtient  pour  cctte  quantite  I'expression 

»'"))[ (3'). 


qui  doit  toujours  rester  nf^gative.     Cela  donne,  apres  quelques  reductions,  la  condition 


(«=  +  (B ')  (w=  +  OT  ^)  mod  (tuv  -  w  v)  ^^  '  '    ^ 


.  (38). 


(»-+»'>)(„-  +  „'-)~ 
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Les  valeurs  h=  0,     k^O 

satisfont  k  cotte  condition,  laquelle  du  reste  (en  consideraut  h,  k  comrae  les  coordonndes 
d'un  point)  est  satisfaite  pour  tout  point  situ^  en  dedans  d'un  certain  ccrcle  qui  inclnt 
I'origiiie,  et  dont  on  aurait  I'^nation  en  rempla9ant  le  signe  <  par  le  signe  =  dans 
la  formule   (38), 

On    obtient    de    cette    fa<,;on    uno    grande    variete    de    forniulcs    partieulieres.      Par 
exemple  celles-ci : 


(U)< 


gic  =  -  b-i  c-S  S  [(-)-™''-™-!»  «!«  i=. 


q^-(m,  n)}-'X 


1,^  Q^ia^  gi  (n+h' 


l«-(m.  »)!-], 


^)  q^i  im+j)Y("+!i=  1*^  (m,  «))-'], 


dans  lesquelles,  pour  trouver  les  limites  de  a,  il  faut  faire  \  =  1  dans  la  formule  (38). 
Ou  a  ensuite  ce  systeme  de  formulcs  sans  expo 
ga;    :  y«  =  ^  [(-)" 

ya7    :  g*  =  -  ^-^c-' S  [(-)" 
G^:g<r--        o-S  [(-)""  t 
&:g»;_-        6-S[(-)- 

m 

y«    :  G«;  =  -(.-' e-S[(-)- 

Z.r   :   0«=  i6-S[(-)" 

ya^   :  Zx  ^    ur'  tr'  S  [(-)™" 

Ox  :  Zj>.  ic-S[<-)" 

doiit  quclqucs-uues  out  et^  donn^es  par  Abel.  II  faut  remarquer  que  celles  de  ces 
equations  oil  la  fonction  eat  impaire  sont  justiii&s  par  le  th^oreme  de  M.  Cauchy,  et 
que  les  autres  se  d^duieent  de  celles-ci.  On  peut  trouver  de  mSme  le  d^veloppement 
des  fonetions 

ya;  ga; '    "  '      y»  gx ZxGx 

0.  23 


lentie 

les, 

{"- 

m,  «))-], 

["- 

m 

»)1-1, 

['- 

m 

«))-!; 

{"- 

ffi 

«)M, 

[,- 

m 

")]-']■ 

["- 

a 

•))-]; 

[x- 

m 

s)l^'l 

{x- 

« 

s)(-'l 

\x- 

« 

»)(-]; 

{■'- 

m 

s))-'], 

\x- 

m. 

5)1-1 

[x- 

m 

s)l-]. 
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(cellea-ci,  qui  soiit   toutes   impaires,  ont   ^te   di^ja  consid^r^es ;   nous  venons  de  fairs  voii- 
que  le  developpement  est  admissible) ; 


yxgxGx'  '"  '      yxgaiGx'"' '      yxgxZw' '"  ' 

cha<:une,  except^  celles  de   la  suite  °^  °,   ,  multipliee  par  un  facteur  exponentiel   e4ai=+**. 
Par  exemple, 


(W) 


yx  gx  Go:  Zs 


l^-(m,  71)}-] 

k-(^,  «)!-'] 


_2[,i.<^.= 


■il'gM«+i)^[3,_(m,  Ji))-']. 


Mais  on  eat  conduit  &,  un  resultat  beaucoup  plus  important  en  consid^ant,  par 
exemple,  le  developpement  de  ^x.  Cette  fonction  contient  non-seulement  une  suite 
do  fractions  simples,  mais  aussi  un  terme  constant;    nous  ^crirons 


;,■»,  =  J  +  S  [i  |«  -  (is,  nyr+M[x^  (m,  a)|-]  . 


■  (39)- 


Pour  determiner   L,  M  de  la  mani^re  la  plus  simple,  cliangeons   ic  en  « +  ^fi  +  |T.     En 
faiaant  attention  k  la  valeur  de  t}>x  =  yx  :  Zx,  on  obtient 


;  qui  donno 


En  integrant  deux  fois 


-  e~^  c~^  x"^  (tftxy^,    pour   x  —  0, 


r  ci^  J"  ^'ip  lii;  -  i  Ji«'  +  «-•(;-■  S  log  I*  -  (m,  5)|  . 


(«), 
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on,  k  cause  de  log  Zx  =  -  ^Bafi  +  ^\og[w— (m,  n)\, 

j  dicj  <},^a:die  =  ^Ii^+e-^c-^\ogZx (42), 

en  mettant,  powr  abr^ger, 

(on  ii'a  pas  ajoutt^  de  coiistante  arbitraire,  parce  que    Zx    est  fonctioii    paire  de    x    L|Tii    se 
reduit  k  rLinit<?  pour  a;  =  0).     Puis,  on  a 

z^^^-wc^i^-+^e'j:'!-^:'i>^>i. ^^gj 

De  Ih  il  est  facile  de  determiner  la  valeur  de  /.     Soit,  pour  un  moment, 

Puisque 

on  a 

0,  (^  +  ii)  =  ^/ «  -    <I>A' 

Mais  de  lequation 

<^'ic  ~  tjx' (H  -  a>)  =  0 
on  d^duit 

ou,  en  faisant  w—\€l, 

4>,D,  =  2^,  (4  fl),    <^„n  =  fi^^^n. 
c'est-a-dire 

Z(x+n)  =  e^n^  ^r*  Zx  =  «ie(=n^+"^(  2^  ; 
-^e=C'J=i^-'^V,ai^)  =  i^-^/%=^'i^  (44). 


et  de  \k 

Mais  on  a  diija 
done   enfin 


Hosted  by 


Google 


180  MEMOIRE   SUR   LE8   EONCTIONS   DOUBT^EMENT    P^RIODIQUES.  [25 

Soit,  pour  abreger, 

M  =  -~  \''<j)'xdx  (45); 

on  a  cette  Equation, 

(X)  ^^^  ^(!3-^)^+.=.'j>|;^.d^, 

qui   exprime    la  fonction   Zx  au   raoyen   de   (jtx.     C'est,  en   effet,  la   formule  remarqnable 
de  M.  Ja<x)bi,  que  nous  avona  cit^e  dans  I'mtroduction  de  ce  M^moire. 

En  changeant  seulement  la  notation,  on  a,  d'apres  M.  Jacobi, 

^■(-^°>-^(-°)'T/:-fAy ,«), 

/;,*H.+.)-*-(.-<.)i^=,^*!$|^^ <«), 

ou,  ce  qui  est  la  mSme  chose, 

r  ^"(x  +  aydx^  r <}>-(a:-a)ds~2  r  <t>^ada  ^  P^^^^^  (48). 

J  -a.  J  a  J  (,  i-  +  ex  <p  a  tpcc 

Da  la,  en  multipliant  par  eV,  et  faisant  attention  k  la  valeur  de  Zx, 


■  («). 


2(a;  +  i>)  +  logZ(i-(i)-2IogZa!--21ogi;iil 


Z{s:+a)      Z{x-a)       Za  ^    \  +  d'ii' i^a. 4^a: 
Ecrivant  dans  cette  Equation  a,  x  au  lieu  de  x,  a,  et  ajoutaiit,  on  obtient 

s+fl-ftrl-^'"' *"*»'*':»+■♦> <»'')■ 

En  integrant  la  meme  (Equation  par  rapport  h,  a, 
■:)  +  \ogZ{x-a)- 
~  log  (1  +  e'c=  0=(i  ^^x) 
c'eat-a-dire 

Z(!c  +  a)Z(w-a)^Z'xZ'a(l+e''c'<P'a'p'a!) (:y2), 

oil,  CO  qui  est  la  memc  chose, 

Z(j:  +  a)Z{x-'a)  =  Z'xZ'a+eVy'a:y^a (5;^), 

lie    laquelle    on    d^duit    facilement,   en    ecrivant   x  +  ^H,  w  +  ^T,    x  +  ^ii  +  lT    an    1 
de  X,  les  equations  compl^mcntaires 

(}'  ix  +  a)y{x~a)  =  y^x Z'a  -faZ'w, 

<Y) \gi^'  +  a)g(x-a)=g-xZ'a-cYo.Z'^, 

[G{x+a)G{w-a)  =  G'x  Z'a  +  eG^a  Z'x. 
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Quoiqu'elle  ne  soit  pas  liee  tres-^troitement  avec  la  throne  aetueile,  on  peut 
ajouter  ici  cette  autre  forraule  de  M.  Jacobi,  qu'il  obtient  en  integrant  par  rapport  a  x, 
au  lieu  de  a. 


au  moyen  de  laquelle  il  deduit  des  formules  pour  I'addition  des  arguments  ou  des 
parametres  des  fonctiona  de  la  troiai^me   espece.      On  trouve  aussi,  dans  les  Fund.  Nova. 

quelques  formules  d^uites  de  I'^uation  (49)  pour  exprimer  ^  fa  ,  ^\  ^  fu  +  ai'Z  (x  +  y-a) 
au  moyen  de  !a  fonction  <^ ;  il  aerait  facile  de  d^duire  des  ^quationa  aemblables  pour 
les  autres  fonctions  y,  g,  G. 

Note  3ur  une  integrate  d^finie. 

Soient  k^ ,  h  des  quantit^s  r^ellea   dont   la  premifere  est  la  plus  grande ;   il  =  to  +  w't, 
T  =  1/  +  v'i  dea  quaiitit^s  quelconques,  telles  que  aiv'  —  ra'v  ne  s'^vanouisse  pas,  et  ecrivons 

-Jln^ (-)■ 

L'int^grale  v,  a  toujours  une  valeur  finie  et  determiiiee,  piiisque  le  ijenomiiiateur  iic 
devient  jamais  z^ro.     On  a  evidemment 


~j,  '*"'Ln  +  T(s+t)    n+T(«+/j,jJ <°' 


et  rint4grale  inddiinie  est 

1,      (  ,  0+T(a;  +  ;£)l  „,. 

■°-t'°glj^g  +  T(.+/t.)l <'*'>■ 

il  faut  passer  de  Ik  k  I'int^grale  ddfinie,  cntre  les  limites  0,  » ,     Soit 

iivfWr^^"'*^^ ^'''- 

II  est  facile  de  voir  qu'en  faisant  abstraction  d'uu  d^nominateur  toujours  positif,  A^ 
est  une  fonction  du  second  degr^  en  x,  et  B^  se  r^duit  a  la  quantity  conatante 
(wiy'  — «'v)(fci  — i).  Le  aigne  de  J?,;  est  done  toujours  le  mSmo  que  celui  de  mv'— w'u; 
quant  &  celui  de  A^,  puisque  Evidemment  ^4^=1,  il  est  clair  que  si  A^  est  positif. 
As  reste  toujours  positif,  ou  change  deux  fois  de  signe  quand  x  passe  de  0  a  «:> .  Si, 
au  contraire,  A^  est  n^gatif,  j4j,  est  n^gatif  depuis  a!  =  0  jusqu'tt  une  certaiae  valeur 
positive  de  x,  m  =  o.,  et  positif  depuis  iC=a  jusqu'a  3:=  oo.  Consid^rons  d'abord  ce  dernier 
cas.  En  representant  par  Lx  la  valeur  principale  de  log  m  (cela  suppose  que  la  partie 
r^elle  de  x  eat  positive),  on  obtient  cette  valeur  de  w. 


T 


£±I^n  _  1.  r  r  _  fi  +  T(^  +  fe,-e)1  _  1       r^  +  T(«-)-^  +  e)1 
"il  +  TfeJ      T-^L     ii  +  T(a  +  ^-e)J      T"^  [fi  +  T («  +  i +e)J  ' 
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oil  e  est  supposd  une  quantit*?  infinimont  petite  positive.  La  aomme  des  demiers  termes 
so  reduit  k 

i(-»rct.„2^^  +  arotan^:.] (69), 

oti,  comme  k  i'ordiiiaire,  arc  tan  jt  doit  6tre  situ^  eiitre  les  iimites  +  -^tt. 

Dans  cette  formule,  A^-^  est  une  quantity  infiniment  petite  et  negative;  A^+,  est 
une  quantity  infiniment  petite  et  positive ;  done,  quand  5„  est  negatif,  les  arcs  se 
r^duisent  a  ^ ,  —  ^tt,  et  si  B^  eat  positif,  a  —  ^ir  ,  ^tt  .     On  a  done 

oil  il  faut  se  servir  du  signe  sup^rieur  ou  inKrieur  selon  que  eov  —  a'v  est  positif  ou 
ne'gatif.  Daiis  le  cas  ou  A^  est  positif,  si  A^,  reste  toujours  positif,  on  obtient  tout  de 
suite 

Si  Ax  eliange  deux  fois  ile  signe,  par  exemple  pour  x  =  a  et  x^S,  il  faut  introduire 
Ics  corrections 

.-[^-arctan^— +  arctan^J, 

qui  se  d^truisent  Tune  I'autre,  en  sorte  que  Ton  a  le  m^me  rdsultat  que  si  A^  etait 
toujours  positif.  En  se  servant  de  la  notation  employee  dans  !e  Memoire,  on  a  dans 
tous  les  oas 

«--(S^l) («^). 


oil  le  signe  se  de'terniine  d'aprfes  celui  de  idv'  —  < 

En  particnlier, 

j"  *      dx      ^      r"       dx 


f*°"°       d!^       _     1     J      /fl  +  Ttana\ 
J„       fl=-T=3;="2nT-^*'*ln-TtanaJ     ^^^'■ 


•Je  ne  sais  pas  si  I'on  a  eherch^  avant  moi  la  valeur  exacte  de  cotte  intdgrale  ddfinie, 
qui  est  cependant  la  plus  simple  qu'on  puisse  imaginer,  et  qui  devrait,  je  crois,  trouver 
place  dans  i^  livres  41dmentaires. 

NOTA.  Une  partie  de  ces  recherchea  a  4i6  d^jS.  imprimde  dans  le  Cambridge 
Mathernatical  Journal  [24] ;  je  me  auis  bom^  au  cas  oil  H,  T  sont  de  la  forme  m,  vi,  ce 
qui  simplifie  beaucoup  la  determination  des  int^grales  ddfinies  doubles;  mais  la  forme 
g&^rale  des  ri^saltats  en  est  trfes-peu  affect^c. 
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MEMOIRE    SUB    LES    COUEBES    DU    TROISIEME    ORDRE. 

[Frorr]  the  Journal  de  Mathematiqiies  Pures  et  AppUquees  (Liouville),  tome  ix.  (1844), 
pp.  285—293.] 

LoNSIDfi,K^'Nl^  lal  rl  li  ita  e  1  tr  Liume  ordre  qui  paeae  par  les  six  aretes  d'lm 
tetraelie  ^lelcon^  l  C  tt  iifice  sera  t  ichee  selon  chaque  arete  par  un  seul  plau; 
je  dis  q  le  le**  plans  tanj,ents  selon  les  aretee  opposdes  se  rencontrent  en  trois  droites 
qm  sont  dans  le  memt,  phn  et  chicune  de  ces  droites  est  situ^e  entiferemeiit  snr  la 
surface 

En  eftet  >*  i  3  b  i  jie  eit  )  r  i  =0  Q  =  0,  iJ  =  0,  yS  =  0,  lea  equations  des  quatre 
plin  du  tetri^lip  et  jii  «  ?  7  S  le  coistantes  arbitraires,  I'l^quation  de  la  surface 
1  e  ( e  it  a      r   |ue  la  torme 

aQR  S  +  SPR  S  +  /PqS  +  SPgfi  =  0. 
Soient  3^,  ®,  3^,  §fe  ce   que   deviennent   les   quantit^s  P,  Q,  R,  S,  quand  on   change   les 
coordonn^es  x,  y,  z  en  de  nouvelles  variables  f,  tj,  f ;  I'^quation  du  plan  tangent  se  r4duit 
facilement  h  la  forme 

(^  -  P)  (SRS  +  yQS  +  SQR)  +  (<SL-Q)  (aRS  +  yPS  +  BPR) 
+  (^-  R)  («QS  +  SPS  +  SPQ)  +  («fe  -  S)  (aQ-R  +  SPR+yPQ)  =  0. 

Soient  P  —  0,  Q  =  0 ;   cette  equation  devient 

et  de  m^me,  si  R  =  0,  S  =  0,  I'equation  devient 
De  ces  Equations  on  di^duit  les  deux  suivantes : 
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On  conclut  de  la  premifere,  que  la  droite  d'intersection  des  deux  plans  tangents  est  aituec 
sur  la  surface;  et  de  la  seconde,  que  cette  droite  est  dans  un  meme  plan,  quellcs  que 
soient  les  deux  arStes  oppos^es  par  lesquelles  on  a  men^  les  deux  plans  tangents.  Ainsi 
le  the'oreme  est  d^montre. 

En  consid^rant  une  section  quelconque  de  cette  surface,  ou  raenie  en  supposant  que 
P,  Q,  R,  S  ne  contiennent  que  deux  variables  a:,  y,  nous  avons  ce  th^r^tne ; 

"Etant  donn^e  unc  courbe  du  troisieme  ordre  qui  passe  par  ies  six  points  d'inter- 
section de  quatre  droites,  les  tangentes  k  la  courbe  en  ces  six  points  se  rencontrent  deux 
k  deux  en  trois  points  qui  sont  les  points  d'intersection  de  la  courbe  par  une  droite. 
Les  tangentes  qui  doivent  6tre  prises  ensemble  sont  les  tangentes  en  deux  points  A, 
A\  tels  que  A  est  I'intersection  de  deux  des  quatre  lignes  donn^es,  et  A'  1 'intersection 
dcs  deux  autrcs  lignes,  points  que  Ton  pent  nommer  opposSs. 

"De  meme,  si  une  courbe  du  troisieme  ordre  passe  par  cinq  de  ces  points,  de 
telle  manifere  que  I'intersection  des  tangentes  k  la  courbe  en  deux  points  opposes  soit 
sii\i4e  sur  la  courbe,  la  courbe  passe  par  le  sixifeme  point,  et  par  les  points  d'inter- 
section des  tangentes  menfes  par  les  deux  autres  paires  de  points  opposes." 

A  pre^sent,  posons  une  courbe  quelconque  du  troisifeme  ordre  et  deux  points  A,  A' 
sur  la  courbe,  tels  que  les  tangentes  en  ces  deux  points  se  rencontrent  sur  la  courbe 
(cela  suppose  que  la  courbe  est  de  la  sixifeme  ou  quatrifeme  clasae,  et  non  pas  de  la 
troisieme).  Un  autre  point  B  sur  la  courbe  etant  pris  k  volenti,  les  droites  AB,  A'B 
rencontrent  la  courbe  en  if  et  h;  et  les  droites  Ah,  A'H  se  rencontrent  en  un  point 
B'  situ^  sur  la  courbe.  Les  tangentes  en  B,  if,  et  de  merae  les  tangentes  en  H,  h. 
se  rencontrent  sur  la  courbe  en  deux  points  qui  sont  en  ligne  droite  avec  le  point 
d'intersection   des   tangentes  en  A   et  A'. 

On  peut  dire  que  les  deux  points  B,  B',  ou  les  deux  points  H,  h,  sont  une  paire 
de  points  correspondante  k  la  paire  A,  A'.  Les  deux  paires  B,  E  at  U,  k  sont  ^vidom- 
ment  correspondantes  I'une  a  I'autre,  et,  de  plus.  A,  A'  correspond  a  ces  deux  paires, 
de  la  meime  manifere  que  H,  h  correspond  a  A,  A',  et  B,  B';  de  sorte  que  Ton  peut 
dire  que  les  trois  paires  ^1,  A';  B,  B' ;   H,  k  sont  suppMmentaires  I'une  aux  doux  autres. 

Soit  G,  C  une  autre  paire  de  points  correspondante  k  A,  A';  je  dis  que  B,  B'  et 
G,  C  sont  des  paires  correspondantes  I'une  d,  I'autre;  et.  de  plus,  si  d'uii  point  P  quel- 
conque de  la  courhe.  Von  mhne  des  lignes  aux  points  A,  A',  B,  B',  C,  C',  ces  lignes  /orment 
un  faisceau  en  involution. 

En  effet,  consid^rons  six  points  quelconques  A,  A',  B,  B',  G,  G'  dans  lo  m6me  plan, 
et  repr^entons  par  /,  g,  h  les  points  d'intersection  de  BG'  et  B'G,  GA'  et  G'A,  AB'  et 
A'B,  et  par  F,  Q,  H  les  points  d'intersection  de  GB  et  CB',  GA  et  C'A',  AB  et  A'B', 
Nous  allons  faire  voir  que  le  lieu  d'un  point  P  qui  se  meut  de  telle  mani^re  que  les 
lignes  menses  aux  points  A,  B,  C,  A',  B',  G'  forment  toujours  un  feiseeau  en  involution, 
est  une  courbe  du  troisieme  ordre  qui  passe  par  ces  six  points,  et  aussi  par  les  points 
/  g.  h,  F,  G,  H. 
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Soient  a,  a',  S,  ^,  7,  7'  les  tangentes  trigonom^tric[ue9  des  inclinaisons  des  lignes 
PA,  PA',  PB,  PB',  PC,  PC,  sur  une  ligne  fixe  quelconque  que  Ton  pent  prendre  pour 
I'axe  des  w.  Pour  que  ccs  lignes  forment  un  faisceau  en  involution,  nous  devrions  avoir 
la  relation 

aa'  (g+§'  -ry-r/')  +  <SS'(y-i-y'  -a-a')  +  yr/'(a  +  c^  -S-  S')  =  0, 
ou,  ce  qui  revient  a  la  meme  chose,  Tune  quelconque  des  quatre  liquations 

(«-e')(e-7')(7-«')  +  (.'-e)(e'-T)(y-(>)=o, 

(«'-e')(e-y')(7-a)  +  (a-e)(e'-7)(7'-a-)  =  0, 

(„-e)(e'-,')(7_,')+(a'-e')(e-7)(y-a)=o, 
(a'-e)(6'-y)(7-a)  +  (»-e')(e-7)(y-,^)=o. 

8oient  Xp,  yp,  x^,  y^,  etc,  les  coordonnees  de  P,  A,  etc. 

« _  r = y^^^i^  -  y^y-' = -  ,-^ -  (p^n 

xp  -x^     xp~  mg         (iCp  -  x^  {Xp  -  x^) 
en  repr&entant  par  (PAE),  etc.,  les  quantit^s  telles  que 

'^p  {Va  ~  Us)  I-  Vf  {«^A  -  ^'g)  •+-  ^'Ay:g  -  '^^Va- 
Lequation  dc  la  courbe  peut  done  se  mettre  sous  Tune  quelconque  des  quatre  formes 
PAB'  .  PBC  .  PGA'  +  PA'B  .  PB'C  .  PCA  -  0, 
PA'B' .  PBC  .  PCA  +  PAB  .  PB'C  .  PCA'  =  0, 
PAB    .  PB'C  .  PCA'  +  PA'B' .  PBC  .  PCA  =  0, 
FA'B  .  PB'C  .  PCA   +  PAB'  .  PBC  .  PCA'  =  0, 

qui  sont  du  troisifeme  ordro.  La  premiere  fait  voir  que  la  courbe  eherch^e  passe  par  les 
neuf  points  A,  B,  G,  A',  B',  C,  /,  g,  h.  La  troiai^me  ou  la  quatrifeme  fait  voir  qu'elle 
passe  de  plus  par  le  point  F;  la  quatrifeme  ou  la  scconde,  qu'elle  passe  par  le  point  G; 
la  seconde  ou  la  troisifeme,  qu'elle  passe  par  le  point  H.  Ainsi  la  courbe  passe  par  les 
douze  points  A,  B,  C,  A',  B',  C,  f,  g,  h,  F,  G,  H. 

On  peut  remarquer  qu'une  courbe  du  troisifeme  ordre  qui  passe  par  dix  queleonques 
de  ces  points,  ou  m^me  par  neuf  queleonques,  pourvu  que  nous  exceptions  les  eombinai- 
sons  de  A,  B,  C,  A',  B',  C,  avec  /,  g,  k,  ou  /,  G,  H,  ou  F,  g,  H,  ou  F,  G,  h,  ne  peut 
^tre  que  la  courbe  que  nous  venons  de  trouver.  On  peut  aussi  remarquer  en  passant 
que  si  A,  A',  B,  B',  C,  C  sont  les  points  d'intersection  de  quatre  droites,  I'^uation  ci- 
devant  trouv^e  est  satisfaite  identiquement,  de  sorte  que  la  position  du  point  P  est 
absolument  arbitraire.     Cela  ^tant  connu,  je  ne  m'arrSte  pas  pour  Ic  d^montrer. 

Revenons  au  cas  d'une  courbe  donn^e,  avec  trois  paires  de  points  A,  A',  B,  B',  C,  C, 
comme  auparavant,  tels  que  B,  B'  et  G,  C  sont  des  paires  correspondantes  k  A,  A'.     Les 
C.  24 
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points  A,  B,  G,  A',  B',  C,  0,  g,  H,  h  aont  situ^s  sur  la  courbe;  ainsi  F,  f  sont  aussi 
snr  la  courbe  (c'est-^-dire  que  B,  B'  et  G,  (j  sont  des  pairos  correspondantea),  et  les 
lignes  menses  par  un  point  P  quelconqne  de  la  courbe  et  les  points  A,  B,  G,  A',  B',  C 
forment  un  faisceau  en  involution :   th^orfeme  ci-devant  ^nonc^. 

Conaiderons  line  courbe  du  troisifeme  ordre,  de  la  quatri^me  classe  (c'est-^-dire,  telle 
que  d'un  point  quelconque  on  ne  pent  lui  mener  que  quatre  tangentes).  D'un  point  sur 
la  courbe,  ind^pendamment  de  la  tangente  en  ce  point,  on  ne  pent  mener  que  deux 
tangentes.  Prenons  les  deux  points  K,  L  sur  la  courbe,  et  menons  les  tangentes  KA, 
KA',  LB,  LB'  touchant  la  courbe  en  A,  A',  B,  B'.  II  est  clair  qu'en  ce  cas  A,  A'  et 
B,  B  sont  des  paires  eorreapondantea  de  points.  Mais  le  cas  g^n^ral  on  la  courbe  est 
de  la  sixi^me  classe  eat  moins  simple.  Consid^rons,  en  effet,  pour  une  telle  courbe,  les 
huit  points  Ai,  A^,  A^,  A^  et  B,,  B^,  B^,  Bf  de  contact  des  tangentes  menfes  par  les 
deux  points  K  et  L.  En  choisissant  A,  A'  et  B  de  quelque  maniere  que  ce  soit,  parmi 
les  points  -Ai,  A^,  A3,  A^  et  £1,  B^,  B3,  B^  respectivement,  le  point  B",  qui  doit  entrer 
dans  cette  deruifere  s^rie,  ne  peut  pas  etre  choisi  6,  volout^,  mais  est  parfaiteraent  d^ter- 
inin^.  En  designant  convenablement  les  points  B,  on  peut  toujours  supposer  que  les 
paires  correspondantes  soient  A,A^  ou  A^A,  avec  BiB^  ou  B^ii  A^A^  ou  A,At  avec 
B^B^  ou   PjZ?,;   A^A,  ou  A^A^,  avec  BiB^  ou  B-^Bi.     Cela  suppose  que 

A,B„    AA,    AJi„    AA;        AA,    AA,    A^,    AJi,; 

A^,     AJi„    AJ}„     AA;        A,B„    A^B„    A,B„     A^B,, 

ac  rcncontrcnt,  chaque  systfeme,  dans  le  meme  point.  II  faut  expliquer  avec  pins  d'cvi- 
dence  la  correlation  de  ces  huit  points, 

Imaginons  les  six  points  A,  A';  B,  B' ;  G,  C,  tels  que  AA',  BB\  CC  so  rencontrcnt 
dans  le  m^me  point.  Formona,  eomme  auparavant,  le  systfeme  de  points  f,  g,  h,  F,  G,  H. 
Les  propri^t^s  de  ce  systfeme  de  douze  points  sont  trfea-nombreuses.  Non-seulement 
F,  0,  H ;  F,  g,  h\  f,  G,  h;  f,  g,  H  sont  en  ligne  droite ;  mais,  en  outre,  les  troia  droites 
de  chacun  des  onze  sy^tfemea  quo  voiei  ae  rencontrcnt  dans  le  mSme  point ; 


^/. 

Bs. 

Gh 

4/. 

B'g.    G'h 

AA', 

Og. 

HI, 

BB', 

Hk,    Ff 

GO',    Ff  , 

(ig  ; 

^■f. 

BG, 

CH 

B'g. 

Gil,    AF 

G'h,    AF, 

BG; 

V  . 

EG, 

C'H 

Bg, 

CE,    A'F 

Gh,    A'F. 

SG. 

{Cela  est  connu,  je  erois;  au  reste,  pour  le  d^monfcrer,  consid^rons  un  parallelipipfede,  tel 
que  gf,  GF,  AB,  A'B'  en  soient  quatre  aretes  parallfeies,  les  autres  arStes  parall^les 
etant  gA,  A'G,  fB,  BF;  gA\  A'G,  Bf,  B'F.  Soient  H  le  point  de  rencontre,  a  rinfini, 
du  premier  syst^me  d'arStes  parallfelea;  C"  et  G  les  points  de  rencontre,  k  riufini,  des 
aretes  des  second  et  troisifeme  systfemes  respectivement ;  h  le  point  de  rencontre  des 
quatre  diagonales  du  parall^lipipede ;  faisons  la  perspective  de  ce  systfime,  designant 
chaque  point  de  la  projection  par  la  mSme  lettre :  Ton  voit  sans  peine  que  la  figure 
plane,  ainsi  obtenue,  a  les  proprit^tes  en  question.) 
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A  present,  en  examinant  la  figure,  on  voit  qu'il  est  permis  de  prendre  pour  A^,  A^, 
A3,  A4  les  points  A,  A',  F,  f,  et  pour  Si,  B^,  B^,  B,  les  points  B,  B',  G,  g,  pour  que 
les  systfeme8  A„  A^,  A,,  A,;  B^,  B^,  B3,  B^  aient  la  correlation  ci-devant  trouvee.  Le 
systfeme  C,  C,  H,  h  est  suppMmentaire  k  ces  deus-ci. 

TouteB  les  propridt^a  que  je  viens  de  trouver  sent  telles  qu'il  y  a  ^  chacune  uue 
propri^t^  correspondante  que  Ton  pent  obtenir  par  la  tli^orie  des  polaires  r^ciproques. 
Nous  avons  ainsi  des  propri^tfe  non  moins  intdressantes  dcs  courbea  de  la  troisifeme 
classe  et  du  sixieme  ou  quatrieme  ordre. 

En  prenant  pour  la  courbe  dn  troisifeme  ordre  I'ensemble  d'une  section  oonique  et 
d'une  droifce,  pour  que  les  tangentes  en  A,  A'  se  rencontrent  sur  la  courbe,  il  faut  que 
A,  A'  soient  situ^es  sur  la  section  coniquo  de  telle  manifero  que  AA'  passe  par  le  p6le 
de  la  droite  k  I'^gard  do  la  eonique.  Alors  B,  B' ;  G,  C  ^tant  pris  de  la  mSme  manifsre, 
BG',  B'G  et  BO,  B'G'  ae  rencontrent  sur  la  droite. 

Les  lignes  tirees  d'un  point  P  quelconque  de  la  eonique,  ou  de  la  droite  k  A,  B,  0; 
A',  B',  C,  forment  un  faisceau  en  involution, 

Le  premier  th^oreme  et  la  premiere  partie  du  second  aont  tres-bicn  connua ;  je  lie 
sais  s'il  en  est  de  raeme  de  la  dernifere  partie  de  ce  thtforeme. 


ADDITION. 

La  droite  PP',  mende  fo/r  deux  points  P,  P'  d'une  cotirbe  du  troisihue  ordre,  qui 
correspondent  toujours  A  tme  paire  correspondante  donnde  de  points  A,  A',  est  toujours 
tangente  d,  une  certaine  cotirbe  de  la  troisiime  classe. 

Pour  demontrer  ce  tb^oreme,  imaginona  une  paire  fixe  B,  B'  de  points  qui  eorre- 
a  la  paire  donn^e  A,  A'.  Soient  P  =  0,  Q  =  0,  R  =  (i,  iS  =  0  les  Equations  des 
qui  joignent  A,  A'  avec  B,  B' \   I'^quation  de  la  courbe  donn^e  du  troisi^me  ordre 


peut  so  mettre  sous  la  forme 


On  peut  toujours  supposer,  sans  perte  de  gdn^ralit^,  que  liquation 
P+Q  +  _fi  +  S  =  0 


soit  identiquement  vraie,  car   chaque   Equation  de  la  forme  P  =  0  peut   etre  censdf 
tenir  une  constante  arbitraire  qui  en  multipHe  tons  los  terniea. 

Done,  en  faisant 

P  +  R  =  0,  P^e-R, 

on  peut  toujours  supposer 
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et  r^quation  de  la  courbe  se  transforme  en 

a  €         7      8 

e^^'eTs'^E'^s^^  '^^' 

ce  que  Ton  pent  ^crire  aussi  sous  la  forme 


(9  +  XR)(0  +  fiR)  '^  {-0  +  vS)  {-e  +  pS) 


-(*). 


en   detemiinanb   eon v enablement   les   constantes  X,   /a,   v,   p.      En   effet,   en   reduisant,   leR 
denx  Equations  deviennent  identiques  au  moyen  des  quatre  conditions 

S  =  —  kX/i,        <y  =  —  hvp,  ''\ 

S-§^kXfi(vp  +  v+p),  [    (5), 

ry  —  a  =  /Cl/p  {X/J.  +X+  p.),  j 

ou  k  est  une  quantity  arbitraire,  de  raaniere  que  des  quantit^s  X,  p.,  v,  p,  il  y  en  a  uiie 
seule  qui  peut  4tre  prise  h,  volenti?. 

))e  I'^quation  (4)  Ton  d^duit  tout  de  suite  cette  autre  forme, 

1     \f.(\  +  i)    x(f.  +  i)1       1    [pC  +  i)    -(p  +  i)1    (1         ,„. 
ij.-xie  +  -KR      e  +  f.R \^ p-^\-6+vS   -«+psJ       * '■ 

et  de  la  nous  voyons  que  lc9  points  donnas  par  les  deux  systfemes  d'^quations 

\     (7) 

(9  +  /.-B  =  0,    -e  +  pS-d),) 

correspondent  toujours  I'un  k  I'autre  et  aus  points  donnas  par  les  deux  syst^raes 

^  \      (8), 

(9  =  0,     S-0),J 

c'est-a-dire  aux  points  A,  A'. 

On  trouve  assez  faciiement  pour  I'^quation  de  la  droite  men^e  par  les  points  deter- 
mines par  les  deux  systfemes  (7),  points  que  Ton  peut  prendre  pour  F  et  P', 

(f.v-fX)e  +  -Kii(r-p)R  +  vp(\-!i,)S-0 (9), 

ou  Ce  +  AR  +  BS  =  a    (10), 

en  faisant 

pC  =fiy-p\     ,\ 

pA-\p(^-r).[     (11), 

pB  =  fp  (X- p).  } 
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Elimitions  des  equations  (5)  et  (11)  les   cin(;[   i^uantit^s  X,  /i,  v,  p,  p.     Pour  operer  de 
maniere  la  plus  Elegante,  formons  d'abord  les  Equations  identiques 


{fiv  —  pX  —  vp  (K  —  fi.)]  {v  —  p)  (\fi  +  X  +  /J.) 
+  [/^f  —  pX  +  \fi(v  ~  p)]  (X  —  fj.)(vp  +  V  +  p) 

=  (rX  ~  /ip)  [X/i  {v-p)~vp{X~  p.)  +  2  (iJ.v  -  pX)], 
XfJ.  {v  -  pf  ~vp{X-  //.y  =  (i>.i>  -  pX)  (Xv  -  ftp), 
ce  qui  donne 

A{O^B)(y-a)  +  B(C  +  A)(B-S)     ] 


et  de  \k 

G[A{C-B)iy-a)  +  B{C  +  A)iS^€)]\^ 

+  (2a  +  A-B){A^--&S}  )  ' 

ou,   toube  reduction  faite, 

A(A  +  C){A  +C~  Bj)  +  B(0^  B)(A  +B-G^y^  ^^ 
-AC(G-Ba)-BO(C  +  AS)    J  " 

et  puisque  cette  Equation  est  dw  troisifeme  ordre  k  regard  des  qiiantit^s  A,  B,  C,  il  est 
Evident  que  la  Ugne  donn^e  par  I'^quation  (10)  est  toujours  tangente  a  une  certaine 
courbe  de  la  troisifeme  classe.  En  aupposant  7  =  0,  B  =  0,  ce  qui  r^duit  la  courbe  du 
troisifeme  ordre  aux  lignes  iS  =  0,  yS  =  0,  (S- a)  $  -  SR-aS=  0,  I'^quation  (15)  se  pai-tage 
dans  les  deux  equations 

G  =  0,     A(O-B)a  +  B{G  +  A)§=0 (16), 

et  la  courbe  de  la  troisieme  classe  se  r^duit  au  point  (ii  =  0,  S  =  0)  et  k  une  eoniquc, 
Cela  est  un  tbdorfeme  connu,  car  I'on  sait  bien  que  si  A,  A'  sont  des  points  quelconques 
sur  deux  droitcs  donn^es  a,  a.',  et  B,  E  deux  autres  points  d^termin^s,  sur  ces  droites,  de 
manifere  que  rinteraection  des  lignes  AB',  A'B  soit  toujours  sur  une  Hgne  droite  donnee, 
les  deux  lignes  a,  a'  sont  divis^es  homographiquement,  B.  B'  ^tant  deux  points  corre- 
spondants;  et  de  plus,  que  la  ligne  qui  unit  les  points  corrcspondants  de  deux  lignes 
divis^es  homographiquement,  est  toujours  tangente  k  une  certaine  conique.  Quant  au 
point  d'intcrsection  des  lignes  a,  a',  que  nous  venous  de  trouver  comme  formant  avec  la 
conique  une  courbe  de  la  troisifeme  classe,  on  observera  que,  dans  notre  th^orie,  non- 
seulement  les  points  des  lignes  a,  a'  se  correspondent,  mais  que  le  point  d'intersection 
des  lignes  a,  a'  correspond  k  tous  les  points  de  la  troisieme  droite.  La  conique  toucho 
les  deux  droites  a,  a';   cela  n'a  pas,  je  crois,  d'analogie  dans  la  th^orie  g^n^rale. 
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27. 


NOUVELLES    REMAKQUES    SUR    LES    COURBES    DU    TROISIEME 
ORDRE. 


[From  the  Journal  de  Mathematiques  Pures  et  Appliqueefs  (Lionville),  torn.  x.  (1845), 
pp.  102—109.] 

Je  me  propose  de  d^velopper  iei  quelques  consequences  de  la  theorie  que  j'ai 
donn^,  il  y  a  quelques  mois,  dans  ee  Journal^,  [26],  des  points  correspondants  des 
courbes  du  troisifeme  ordre.  Rappelons  d'abord  la  signification  do  ee  terme  et  ajoutous-y 
quelques  nouvelles  definitions. 

On  dit  que  les  points  A,  A'  sont  correspondants  quand  les  tangentes  k  la  courbe 
en  ces  points  se  rencontrent  sur  la  courbe.  En  consid^rant  les  points  correspondants 
A,  A'  et  les  deux  autres  points  correspondants  B,  £',  on  dit  que  ces  paires  correspon- 
dent, quand  les  points  d'intersection  H.  h  de  AB',  A'B  ou  AB,  A'B'  sont  situ^s  sur 
la  courbe.  Les  trois  paires  A,  A',  B,  B',  II,  h  sont  nomm^es  paires  suppl^mentaires 
ou  systfeme  suppMmentaire.  On  dirait  de  m§me  que  les  deux  systfemes  AA',  BB',  Hh 
et  AiA\,  BiB'i,  HJh  sont  des  systemes  suppl^mentaires  correspondants,  si,  par  exemple, 
A,  A'  et  A^,  A\,  &c.,  formaient  des  paires  correspondantes. 

On  pGut  nommer  quadrilatfere  inscrit  le  systeme  de  quatre  droites  qui  passent  par 
les  points  supplementaires  AA',  BB',  Hh,  et  conique  d'involution  chaque  conique  tangenfce 
a  ces  quatre  droites,  ou,  en  d'autres  termes,  inscrite  dans  un  quadrilatere  inscrit,  II 
est  inutile  d'expliquer  ce  que  veulent  dire  coniques  d'involution  correspondantes,  ou 
quadriktferes  correspondants,  ou  I'expression  conique  correspondante  k  une  paire  donn^e 
de  points  correspondants,  &c. 

Demontrons  les  th^oremes  suivants : 

TH^ORfcUE  I,  "  Les  tangentes  menses  par  un  point  P  de  la  courbe  k  trois  coniques 
d'involution  correspondantes  forment  un  faisceau  en  involution." 

'  Voyez  page  285  du  tome  is. 
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Chaque  conique  pent  se  r^duire  k  une  paire  de  points  qui  correspondent  aussi  aux 
coiiiquea  (ce  qui  justifie  la  denomination  que  nous  avons  donn^e  a  ces  eoniques), 
Consid^rons  un  quadrilatfere  inscrit  AA',  BB',  Hh,  la  conique  d'involution  tangente  awx 
cot^s  de  ce  quadrilatfere,  et  denx  paires  LL',  MM'  de  points  correspondants,  ces  paires 
etant  correspondantes  I'une  h,  I'autre  et  a  la  conique  d'involution.  On  salt  que  les 
lignes  menses  d'un  point  quelconque,  et  ainsi  du  point  P  de  la  eourbe,  par  lea  points 
A,  A',  B,  B',  forment  avec  les  tangentes  a  la  conique  menses  par  ce  m^me  point,  uu 
faieceau  en  involution.  Mais  PA,  PA',  PB,  PB'.  PL,  PL',  et  de  m^me  PB,  PB\ 
PL,  PL',  PM,  PM',  forment  aussi  des  faisceaux  en  involution ;  done  les  deux  tangentes 
forment,  avec  PL,  PL'  et  PM,  PM',  un  faisceau  en  involution.  De  meme,  avoc  une 
conique  correspondante  a  la  premifere,  PL,  PL',  PM,  PM'  et  les  deux  tangentes 
forment  un  faisceau  en  involution  ;  done  PL,  PL'  et  les  quatre  tangentes  forment  un 
faisceau  en  involution,  et  de  meme  en  introduisant  la  troisifeme  conique. 

THjfiORfcME  II.  "  On  peut  circonscrire  k  une  conique  d'involution  donn^e  une 
infinite  de  quadrilatferea  inscrits  correspondants  au  premier." 

Soient  A,  A',  B,  B',  H,  h  comme  auparavant ;  et  A^,  A'^  une  paire  de  points 
correspondants  qui  correspondent  k  ceux-ci;  en  menant  par  A^,  A'^  des  tangentes  a  la 
conique  qui  se  rencontrent  en  B^,  B'^,  Hi,  Ai,  on  voit  d'abord  que  les  lignes  PA,  PA', 
PA,,  PA'i  et  les  tangentes  k  la  conique  forment  un  faisceau  en  involution;  et  recipro- 
quement,  chaque  point  P  qui  satisfait  k  cette  condition  appartient  a  la  eourbe.  Mais 
en  prenant,  par  exemple,  pour  P  le  point  S,,  les  lignes  PA,,  PA'i  deviennent  iden- 
tiques  avec  Ics  deux  tangentes,  ce  qui  satisfait  i  la  condition  d'involution.  Done 
5,,  £'i,  LI-^,  Ai  appartiennent  h,  la  eourbe,  ou  A,,  A'i_,  Bj,  B',,  ffi,  hi  forment  un  quad- 
rilatere  inscrit  correspondant  au  premier  ou  k  la  conique. 

Tn^ORfeME  III.  "  Los  centres  d'homologie  de  deux  coniques  d'involution  correspon- 
dantes  forment  un  quadrilatfere   inscrit  correspondant  aux  coniques." 

Consid^rons  les  deux  coniques  et  une  troisifeme  conique  quelconque.  Chaque  point 
P  pour  lequel  les  six  tangentes  forment  un  faisceau  en  involution  appartient  a  la 
eourbe.  En  prenant  pour  P  un  centre  d'homologie  des  deux  premieres  coniques,  les 
deux  paires  de  tangentes  deviennent  identiques,  ce  qui  satisfait  k  la  condition  d'invo- 
lution ;  done  les  six  centres  d'homologie  sont  sur  la  eourbe,  ou  ces  six  points  sent  les 
sommets  d'un  quadrilatere  inscrit  qui  correspond  aussi  aux  coniques. 

Re'ciproquement, 

Th^OB^ME  IV,  "  Le  lieu  d'un  point  P  qui  ee  meut  de  manifere  que  les  tangentes 
menses  par  ce  point  k  trois  coniques  donn^es  quelconques,  forment  toujours  un  feisceau 
en  involution,  est  une  eourbe  du  troisifeme  ordre  (jui  passe  par  les  dix-huit  centres 
d'homologie  des  coniques  prises  deux  a  deux,  ces  centres  formant  six  k  six  des  quadri- 
latei-es  inscrits  correspondants," 

La  demonstration  analytique  de  la  premiere  partie  de  ce  th^orfeme,  quoique  longue, 
me   parajt  assez   int^rossante    pour  trouver    place    ici.     Pour    plus    de    sym^trie,  prenons 

I ,   p  pour  les  coordonn^cB  indefinies  d'un  point,  et  repr^sentons  par 

T=0,    r  =  o,    T"-0, 
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bs  equations  des  trois  coniques,  T,  &c.   etant  des  foiictions  homogenes  de  la  forme 

Soient  - ,    -  les  coordonnees  du  point  P ;   mettons,  pour  abrt^gor, 

U=Ax'  +Bf  +  Cz'  +  2Fyz  +  tGzx  +  2Exy, 

W^A^^  +  By,l+Gz%  +  F{y\;+-nz)  +  G{z%  +  t,x)  +  J-l(:xn^y'i) 

(de  maniere  que   TF=0  aerait  I'e'quatiori  de  la  ligne  polaire  du  point  P).     Nous  avons 

[7T  -  TP  =  0, 

pour  I'dquation  des  deux  tangentes  menses  par  le  point  P  a  la  conique.  Cela  est 
probablement  eonnu.  II  est  clair  d'abord  que  cette  dijuation  appartient  a  une  conique 
qui  a  un  double  contact  avec  la  conique  donii^e,  et  par  la  forme  a  laquelle  nous 
alloiis  rdduire  cette  Equation,  on  voit  ensuite  qu'elle  appartient  iL  un  systeme  dc  deux 
droites  qui  passent  pat  le  point  P.     En  d^veloppant  et  ^crivant 

BC-    W'^a,     GA-   G'  =  b,    AB-  H^^c. 
GH-AF=f,     HF-BG^g,    FG~GH^h, 
on   trouve,   en   effet, 

a  {yK  -  z-nf  +b{z^-  a^^y  +  e  (^^  -  y%y 

+  2f{zi  -  ^0  {^  -  2/1)  +  2g  (XV  -  yB  (y?  -  ^V)  +  27^  (yt  -  ^v)  i^^  ~  ^0  =  0, 
et  de  ]&,  en  posant 

a  =  fe^  +  cy^  -  2fyz,      g^ayz-  gxy  -  hxz  +fx' , 
d&=cct?  +az^  —  2gxz,      ©  =  hzx  —  hyz  —  fay  +  gy'\ 
GD  =  «)/=  +  to"  —  2hxy,     1^  =  cxy  —fxz  —  gyz  +  ks^, 
on  obtient 

a^'  +  mv'  +  <SC  -  K^v^  '  2<S^^-  2-^^71  =  0, 
ou,   en   transportant   I'origine  au   point   P, 

et  de  mgme,  pour  Icquation  des  tangentes,  par  ce  mSrae  point  aux  deux  autres  coniques 
On  obtient  done,  pour  la  condition  que  ees  lignos  ferment  un  faisceau  en  involution. 


^",  w,  m' 
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en    repr&entant    de    cette    maniferc    le    determinant    formt^    avoo    eos    ncuf    quantit^s. 
Fonnons  d'abord  la  fonotion 

M'id"  -  gi'33". 

Cela  se  reduit  k 

z  [-  2  (/c)  x^y  -  2  {eg)  snf  +  (ca)  fz  -  2  (»  yz^  ~  2  (bg)  xz^  +  (be)  cc-z  +  H  fg)  xyz  +  {ba)  z^l 
ou  (/c)  =  (/V'-/V),  &c. 
Multipiiant  par  |^,  formant  ensuite  les  quantit^s  analogues  et  ajoutaiit;  ecrivant  auasi 

»(/?)+ <!'(/!/)  + «"(/'»")-(*), 

c'est-a-dire  (cfg)  pour  Ic  determinant  form^  avec  les  neuf  quanfcit^s 

e.  /  9.    c',  /',  g',    c",  f",  f, 

on  obtient  d'abord  les  termes 

-4(e/sr)a^V,     +2ifog)a?fz\     +2(gfc)xYA 

qui  se   detruisent ;   lea  autres  termes  contiennent  ^  comme  facteur,  et  en  ^^artant  cette 
quantity,  Ton  obtient  en  demifere  analyse  I'^quation 

(cbf)  a?  +  {acg)  f  +  (bah)  z'  +  4>  (fgh)  xyz 

+  [2  (agf)  +  icah)-]  fz  +  [2  {hhg)  +  {ahf)\  ^=^  +  [  2  {cfl,)  +  (beg)  ]  o?y 
+  [2  iafh )  +  {abg)-\  ys?  +  [2 (^gf)  +  Q>6h)-\ za?  +  [2 {chg)  +  (ca/)]  xy-^^^i 

(oti    Ton    peut,   si    I'on    veut,   ^crire   z  —  1).     C'est   1' Equation   d'une   courbe   du    troisieme 
ordre. 

Observation.  Cette  methode  peut  Stre  utile  dans  linvestigation  d'autres  problemea 
relatifs  aux  eoniques.  Par  exomplc,  la  question  de  determiner  les  centres  d'homologie 
de  deux  eoniques  donn^es  revient  h,  celle-ci:   satisfaire  identiqiiement  k  I'dquation 

^  f  +  as  ij=  +  OC  r=  +  2 J 17?  +  2eJ  I?  +  2|^  1^ 

^(a'?=+a3v+ec'?^+2j'^?+2®'f?+2?^'f,j)=o, 

parce   que,  en   effectuant  cela,  il   est   facile   de   voir   que    - ,   -    sont   les   eoordonnees   du 

centre  chereli^.     Ecrivons 

a  +  ka'  =  &,  c  +  kh'  =  b,    &c., 

i'on  obtient  les  six  Equations 

ba^  +  cy'^  —  2iyz  =  0,  a,yz  —  gxy  —  hxz  +  i'a^  =  0, 

cx^  +  a^^  —  2gzx  =  0,  hzx  —  hyz  —  iyx  +  gy''  =  0, 

ay'  +  haf  —  2hxy  =  0,  cay  ~  tzx  —  gzy  +  hs^  =  0, 
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dont  lea  trois  ,dernieres  se  d^duisent  des  autres.  On  peut,  de  ccs  six  Equations,  ^liminer 
lea  six  quantit^a  ai^,  y',  a",  yz,  sx,  xy,  considerees  comme  inde'pendantes ;  on  obtient  aiiisi, 
toute  reduction  faite, 

(abc  -  ap  -  bg=  -  cli^  +  2fghy  =  0 , 

liquation  i  qui    determine   la   quantite   k ;    les   trois    premiferes    equations   deviennent   alors 

(^quivalentes  K   deux,   qui   sufBsent  pour  determiner  les   rapports  - ,    " .     II   serait   facile 

de  rapprocher  cette  solution  de  celle  que  Ton  d^uit  de  la  theorie  des  polairea  reci- 
proques.  Par  exemple,  I'^quation  qui  vient  d'etre  obtenue  entre  les  quantites  a,  h, ... 
est  pr^c^raent  celle  qui  exprime  que  la  fonction 

a^  +  hy^  +  C3°  +  liyz  +  Igxz  +  Sha.'?/ 

se  divise  en  facteurs  llneaires.     Remarquons  encore  que.  dans  la  g^om^trie  solide,  I'equation 

appartient  au  cone,  ayant  le  point  P  pour  sommet,  et  circonscrit  a  une  surface  dii 
second  ordre  qui  a  pour  liquation  T  =  0.  C'est  un  cas  particulier  d'une  autre  formule  que 
voici : 

"  En  representant  par  ^  une  fouetion  lin^aire  des  trois  variables  ^,  jj,  i^  (ou  dc 
quatre  variables  sans  termes  constants),  et  par  P  la  meme  fonction  de  x,  y,  z,  I' (Equation 

appartient  au  cSne  ayant  pour  sommet  le  point  dont  les  coordonn^es  sent  x,  y,  z,  et 
passant  par  la  courbe  d'intersection  du  plan  P=0,  et  de  la  surface  du  second  ordre 
T  =  0.     Et  de  meme  pour  deux  variables." 

Je  finirai  en  citant  un  th&rfeme  de  g^om^trie  dft  a  M.  Hesse',  qui  a  quelquea 
rapports  avec  le  sujet  que  je  viens  de  traiter : 

"  Le  lieu  d'un  point  P,  qui  se  raeut  de  maniere  que  sos  polaires  par  rapport  k 
trois  coniques  donnees  se  rencontrent  dans  le  meme  point,  est  une  courbe  du  troisifeme 
ordre ;  et  encore  cette  courbe  ne  cbange  pas  quand  on  remplace  !es  coniques  donndes 

[/■=0,     U'=^,     U"  =  {). 
par  trois  nouvelles  coniques  de  la  forme 

■\U+\'U'+X"U"^()." 
Octte  courbe  du  troisieme  ordre  est  tout  a  fait  distincte  de  celle  que  j'ai  consid^ree. 
I  Voycz  le  Journal  dy  M.  CrsUc,  tome  xxvni. 
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SUE   QUELQUES  INTEGEALES   MULTIPLES. 

[From  the  Journal  de  MatMmatiques  Pures  et  AppUqu^es  (Liouville),  tome  x,  {184;5), 
pp.  158—168,] 

J'ai  donn^,   il   y   a    trois    aos,    dans    le    Cambridge    Mathematical   Journal,  [2],   une 
formule  asaez  singulifere  pour  I'int^grale  multiple 

I  , . .  rfiE,  (^.^s . . .  0  (ai  —  iC; ,     cfa  —  a^2 . . . ), 

priso  entre  !es  limites  donnees  par  I'^quation 


la  fonction  0  ^taut  seulement  assujettie  a  la  condition  de  ne  pas  dcveiiir  infinie  entre 
lea  limites  de  I'int^gration.  L'expreasion  que  j'obtiens  est  ime  suite  infinie,  dont  Ic 
terme  g^n^ral  est  de  cette  forme, 

En  appliquant  ce  r^sultat  a  un  cas  parfciculicr,  j'ai  obtenu  Tintegrale  k  n  variables 
analogue  a  celle  qui  exprime  le  potmtiel  d'un  ellipaoide  homog^iie,  pour  un  point 
ext^eur,  J'ai  depuis  chercb^  h,  ^tendre  ees  r^sultats  au  cas  d'ur.e  density  variable  et 
^gale  h  une  fonction  rationnelle  et  entiere  des  coordonn&s,  et  d'uno  loi  d'attraction 
selon  une  puissance  quelconque  de  la  distance  (toujours  a  n  variables) ;  mais  quoique 
j'aie  r^ussi  k  effectuer  cette  generalisation,  mes  for  mules  «5taient  si  confuses  et  si 
inf^rieures  k  celles  que  donne  la  belle  analyse  de  M.  Lejeune-Dirichlet,  que  je  ne  les 
ai   jamais    publi^es.     Cependant,    en    revenant    il    y   a    quelques   jours   sur    ee   sujet,    en 

25—2 
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me  fondant  sur  une  integrate  plus  g^n^rale,  j'ai  trouv^  que  la  question  ^tait  k  peine 
plus  difficile  que  dans  le  cas  d'une  density  constante,  et  se  laissait  traiter  exactement 
dc  la  m&me  raaniere.  J'ai  reussi  de  cette  fa90n  a  exprimer  Tint^grale  chereh^e  au 
moyen  d'une  seule  integrals  ddfinie  ah4limne,  et  de  ses  coefficients  diff^rentiels  relatife 
aux  constantes  qui  y  entrent;  et  il  m'a  paru  que  lea  formules  que  j'ai  ainsi  obtenuew 
pourraient  n'Stre  pas  tout  k  fait  indignes  de  I'attention  des  g^jmetres. 

Consid^rons  I'integralc  multiple  k  n  variables  V,  donn^e  par  I'^quation 

Y  —  i  dxi ...  cci*''+^  ■•■  (/  termes)  Xfj^-^m  ...  in—f  termes)  ^{a^  —  xf, ...), 

oil  Ics  variables  Xu  ...  doivent  recevoir  des  valeurs  reelles  quelconques,  positives  ou 
nt^gatives,  qui  satisfaasent  k  la  condition 


et    Ton    suppose    de    plus    qu'il    est   perniis    de    d^velopper    (sous    ie    signe    integral)    la 
fonction  ^  suivant  les  puissances  ascondantes  des  variables  Xs_,.... 

En  faisant  ce  d(5veloppement,  il  est  clair  que  les  termes  qui  contiennent  des 
puissances  impaires  d'une  ou  de  plusieurs  des  variables  se  d^truisent  par  I'int^gration ; 
done,  en  ne  faisant  attention  qu'aux  termes  qui  contiennent  seulement  des 
paires,  on  a  ce  terme  gdn^ral, 


[2. 


,+ir«...-[8^;j^T.Uii-j    -{i^J    ■■■*(«.-■■■) 

xjdn,...  a!,"-i+'.+' . . .  a;,+."»*»/t. . , , . 

p-ri  + ...; 

de  remarquer  que,  dans  I'expression 

[2n+lJW...[2r,+J'«...., 

il    faut    prendre    /    termes    tels    que    [2ri  + 1]^'+',    et    n  —  f   termes    de    I'autre    ibrme 
[2)y+.i]^/+i,  et  aiuai  dans  tous  les  cas  semblables. 

L'intdgrale    qui    entre    dans    cette    formule    a    ete    trouvee,     comme    on    salt,    par 
M.  Dirichlet.     Sa  valeur  est 
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Le  terme  entier  devient,  aprfea  quelques  reductions  trfea-simples, 

2=P+1:+/  T(p+k  +/+  ^  +  1) 

oil  Ton  ^crit,  pour  un  moment, 

A     =(2n    +3)  (2r,     +5)...  C2n     +2a,     +1), 


if/«= 

■(2'-/+,+ 

1)  (2.y-, 

.  +  3). 

■■  (Si-zt. 

+  2o 

on 

le  transforme 

en 

(-yiT 

.J«  (3J.+/ 

22p+*+/r(pH- 

t+/+ 

4»  +  i) 

■3o,jl 

vi)- 

...hf.. 

*/«... 

F^(*- 

■  * 
do, 

et  ainsi  de  suite. 

En  prenant   la    somme   de   tous   les   termes   qui   correspondent   k    une    m^me    valeur 
de  p,  on  a 

En  posant 

puis,    en   observant    que   p    doit    s'^tendre    dopuis    0   jusqu'&,   =o,    on    a,    ponr    I'inte'grale 
cherchec, 

2'+/      \d<h'"ia,l  [^  dhj    ■•■ 

X  [/,■ ...  V, ...  1/  s;;::  {^^fj^-ip+l+f+in+i)  ^'  *<*'■■■))] . 

ce  qui  fait  voir  que  I'int^graie   V  depend  de  cette  seule  expi-ession, 
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On  peut  remarqucr,  en  passant,  que  eettc  quantity  aatisfait  a  cette  Equation  diff^rentielle, 
Id/ 


(-3fc-j/-n+i  £  (fst+y+n  U)\-VU=G, 


^^.   T  V-  -  -^  -r  -  -r  V  (   - 

M.  G.  Boole,  de  Lincoln,  a  d^uit  une  Equation  semblable  de  mes  formules  dans 
le  Mathematical  Journal.  O'est  k  lui  qu'on  doit  I'lntroduction  dans  i'integrale  propos^e 
de  cette  quantity  (,  ce  qui,  au  reste,  n'est  pas  d'unc  grande  importance  ici;  mais  j'ai 
cm  devoir  la  conserver,  a  cause  de  cette  Equation  m^mc,  qui  pourrait  conduire  a  des 
r^sulfcats  int^ressants. 

A  present,  soit 

oil  s  est  un  nombre  entier  ;  jc  pose,  pour  abreger, 

ct;  qui  donne 

et  ainai 

^^rJi+V)^"  [2^[pf  [p  +  i  +  a-f*''  "^^  (ii^  +  . .  .y)  ■ 

Le  cas  de  (r=0,  qui  est  le  plus  simple,  est,  en  effet,  celui  du  Memoire  cit^,  et  a  oe 
cas  on  peut  rdduire  celui  de  <t  cnticr  ndgatif;  il  y  a  m^me  deux  maniferes  d'effectuer 
cette  reduction.  Representons,  en  effet,  la  valeur  dc  U  par  cette  notation  plus  complete 
Ui;    on  obtient  tout  de  suite 

la  seconde  desquelles  equations  ae  d^duit  de  cette  formule  facile  a  d^niontrer. 

Nous  pouvons  done,  dans   la  suite,  ne   consid^rer  que  le  cas  de   cr  entier  positif, 

Commen9ons  par  op^rcr  la  transformation  que  voiei ;  en  determinant  ^  par  I'^quation 


?  +  A, 


-,+  ■■■=(', 
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jo  pose 

ce  qui  doniie 

!:-".■+..., 

1"  U  +  ij  lia,"        7  ' 

oil   il   faut   rcmarquer   que   ce   f,   contenu   en   V,   ne   doit   pas   gtre   affecte   des   symboles 

-^  ....  de  V.  de  manifere  qu'il  faut  ^crire 
da. 


formulcs  qui  ae  prStent  mieux  aux  r^uctions,  quoique  plus  compliqu^es  eii  apparence, 
Eerivons  d'abord 

En  diiveloppant  la  p'*"^  puissance  de  ce  symbole  aelon  !es  puissances  de  A,  on  a 

-If-' 

quidoit.'appliqueri  j-^j-^Q.;^---|,. 
Considerons  1 


et  mettons,  pour  un  moment, 

(1 +««.■-«',■...; 
cette  expression  se  trouve  reduite  a 

W'^  ■■■)    («?+":::) 

laquelle,  par  une  formulo  ddj^  cit^e,  devient 
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c'est-a-dire  2^"^  [i  +p-q-  l]^""  [i  +  p-q-  ^«]^-«  ^^.(^j^i^'^^y*^-,  ■ 

Le  terme  general  de   U,  en  faisant  abstraction  du  facteur 

consid^rons  la  partie  de  ce  terme  qui  est  de  I'ordre  0  en  h,  ■■■  ,  elle  devient 

•    (-)""'W  +  -)'".rj  +  „_„  +  o-ii.-.-.-. 
2-![p-}]»-«[5j«  [»]■ 

X  [i + J,  -  J  -  i»r » a«  („,.+''.;^y;;-'t.  ^ 

Soit,  en  g^n^ral,  ©  une  fonction  homogfene  do  I'ordre  26  des  lettres  a, , . . . ;   oo  a 

et   de   la,  en  rep^tant   toujoiira  I'op^ration  A,  et  faisant   attention  k  ce  que  A©,  A^0, . . 
sont  des  fonctions  homogfenes  des  ordres  2^-1,  20  —  %  &c.,  on  obtient 


<[i  +  5-2e-i»].-'A»©,^j^j-j--^,^,, 


(!.»,■  +  ...)'      _  [_,]' 


x[i+j)-(!-i»]!~»a»(i,","  +  ...)' 

depuis  \-0  jusqu'jl  \  =  g. 

Pnis,  pour  !e  terme  g(5n(?ral  do   I/, 


»[i+y+e-x-l]'-' 


{..■+..,)'+"-'-' 


2»  [p  -  s]»-!  [9]'  [X]»  [5  - 1]«-»  t' "'"  ^  +  ^  ~  ^  "  '^' 


"  2WH->  ['+'>+''-  '^  -  ']*-""  ^"  ('«' +•■•>'■  mh=^  '■ 
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le  dernier  facteur  ^tant  ind^pendant  de  q,  q  doit  s'^tendre  depuis  0  jusqii'a  p.  Mais 
a  cause  de  [q-X]^-'-  qui  devient  infini  pour  q<\  on  pent  faire  etendre  q  depuiw 
7  =  \  jusqu'^.  q^p;    ou,  en  ecrivant 

5-X  =  g',     p  -\=p', 
ij'  s'etend  depiiia  0  jusqu'a  p'.     Le  lacteur  a  sommcr  est  done 


{ff^:^^^io-iy-'m'}. 


,  pour  un  moment,  Ton  pose 


Cette  sommc  ae  rdduit  a 

cest4-dire  a 

et  nous  avons  ainsi  le  terme  gf^neral 

(_)«+.  [9  _  M'-f  [i  +  e  -  X  - 1  +  p]"-.~»-. 

)•       ' 

2"[«]>[\]»[e-p]'->'                  w,T... 

'  ■(.,■  +  .. 0- 

Ecrivons 

p-«-/; 

cela  devient 

i-ywic-PT-'    (-)■    .,„.,.,    ,. 

I 

oil  M=0-X,     C^i+20-X-l,     C-A=^e-a--\-1  ; 

p'  doit  s'etendre  depuis  —  so  jnsqu'^  S.  Mais  a  cause  de  [p'Y,  qui  devient  infini,  pour 
p'  n^gatif,  on  peut  I'etendre  seulement  depuis  0  jusqu'a  6,  ou  mSrao  suulement  depnis  0 
jusqu'a  M,  k  cause  du  facteur  [My.    La  somme  se  r^uit  iL 

[6'  -  Mf-"-^  [C  -  A]"^  [i+e^  1]-'-'  ie-a-\-  \Y-\ 

et  le  tcrmc  general  devient 
Ecrivons  enfin 


-Ji  +  ^-1]— 
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h;  termu  de  vie  lit 

11  faut  que  K  soit  toujours  positi^  car  autre ment  le  terrae  s'evanouit  a  cause  de 
i\^{l,a,^  +  ...Y'''' ;  mais  pour  k  plus  grand  que  a;  ie  facteur  [«~<t  —  1]'  s'evanouit, 
done  K  a'^tend  settlement  depuis  0  jusqu'i,  o-. 

Soit  ifci+ ...  =  «,  efc  considerons  les  termes  de  A^(^a,-'+ ...)*''■''  qui  conticnnent  a;""',...; 
ces  termes  seront  de  la  forme 


ou,  en  r^duisant, 


et  cela  donne  pour   (/, 

(-)'         b.  +  t.-H°-... , „rt     [.-.7-1]-. ..■'....  __i 

[i  +  «  +  x  +  .7]-«       [{J<.^..       '■      ■'■  [*,]'■  («.'  +  ...)■■ 

Soit 


w-<'>'^'lvl'z ■■'■"■■  ■  +  *"=■'  ?.  +  ■■■ -^i 


de  mauifere  que  Ic  terrae  de   U  devient 
PreBant  la  eomme  pour  \.  a  I'aidt;  de 
{ce  qui  suppose  l  +  u> 0),  on  obtient 
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2-H.[«^.-l]-V'....        1       /       d\».  Ml-ur«'*-'<i" 

[2i,]*. ..(«,-+...)■     V(,;::r a;/ ■-"^'■■■■i.  Ki+i,»)..j»   ' 

ou,  mettant  4  —  ~^  .  ■  -  ■  . 

2-MT,-^-ll.    '''"'■-     )-l"-'.x     '     ^J'"*"!*'       J         r(l-i')'»'*"'i». 

2     t,xj     [«-»-- IJ     pj,j.i:l  Xj^-(^ft,_jjJ      .../■,...  J_         (((.^.J^^),    J,  : 

en  retablissant  le  factcur  constant  py^.-j,-  c,;  de  U,  le  terms  genera!  de  eette  quantity  est 

oii  k, ,  &c.,  sont  des  entiers  positifs  queleonqucs  qui  satisfont  k 

k,  +  ...=^, 
et    «    peut    s'^fcendre    depuis    0    jusqu'a    cr.     II    faut    observer    qii'en    diff^rentiant    par 
jT ,  &c.,    on    ne    doit    paa    consid^rer    i^   comme    fonction    do    ht  ... ,    ce    qui    est    cependant 
dajis  r<?quation  entre  V  et  U. 
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29. 

ADDITION  A  LA  NOTE  SUR  QUELQUES  INTEGRALES  MULTIPLES. 

[From  thu  Journal  de  MatMmatiques  Pures  et  Appliquies  (Liouville),  tome  x.  (1845), 
pp.  242—244.] 

()s   demontre,  au   moyen  des   formules  que  j'ai  donnees  sur  ce  aujet,   [28],   uiie  pro- 
priete  remarquable  de  I'integrale  multiple 

7=  i  (7iCi  ...  da;„iCi'"i+^  ...  Xf^i-'f^i  ...  ip (Uj  —  x^t, . . .), 

prise  eiitre  les  limites 

rh+  ■■■  +  ri<'*- 
V  K 

En   effet,  en  suppoaanb  toujours  que  Ton  peut   di^velopper   la   fonction   <j>   aeloii   les   puis- 
sances entieres  et  positives  de  t,  I'integrale  V  peat  s'exprimer  sous  la  forme 

oil 

k  =  a^  +  ...+a„, 

f7=  Sl^a  [2^'r(p  +  1)  T  (p  +  k +/+JnVl)  ^"'^  *"'  "V' 
'  da„^ ' 


V^\dx,...^(a,~x,tT,...) 
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entve  les  mfiTncs  limites  que  V.     On  a 

En  multipliant  par 


et  int<?grant  depuis  T=0  jusqu'a,  T=l,  on  obtient 

-wi'h,...h,Sl.,  {wr(iTi)rTp  + ''■+/+  i»  + 1) "'''*"" ■•'•'J ' 

puisque  en  gdn^ral 

r(k+f)j.  ^'      ^'      "^ -T(p  +  k+f +in+l)- 

On  a  done  I'^quation 

Mcttons  la  valeur  do  U  qui  en  results,  dans  I'equation  entro  V  et  U;  faisoiis  aussi 
t  —  1,  ce  qui  ne  niiit  pas  a  la  gen&alite.     On  a,  en  rasaeniblant  les  fonnnles, 

V  —  I  dx^...  (^«„ ,.,  «,*'>+' ...  ir^+i^'/t-i . . .  ^{di  —  X,,...), 
W^  j  dx,  ...da:,,...  4>(a,  -a:,T,  ...), 

"-  .-.^*&^(i- 1.)  {<T-  ('•■*.)'"■■  -''-fj"  <'  -  '■^'''"''- 

ce  qui  ^tablit  ce  theoi^me :  La  suite  des  integrales  V  s'exprime  an  nioyen  des  coefficient.^ 
diff^entiels  par  rapport  k  k,  ...kn  et  a, ...  a/  de  la  seule  integrale 

Er  suppoaant  que  les  indices  dans  V  soiont  tous  pairs,  on  a  /=  0.  Les  symboles 
-J—,...  n'entrent  plus  dans  I'expreBsion  de  V.  En  changeant  la  fonction  <j},  on  a  ces 
form u les   plus   simples, 
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^/' 


IT  =     dm,  ...  it,  *  (Ji, 1\0, 


oii  V"  s'cxprime  au  inoyen  des  coefficients  diff^rentiels  par  rapport  a  Ai, ... ,  A„  de  I'int^grale 

de   maniere   que   nous   avons   trouv^   des   relations   entru    des   int^grales  d^finies  qui  con- 
tieiinent   une   fonction   ind^termin^e,   assujettie   ^   la   seule   condition   d'etre 
dans   les  limites   de   I'int^gration  selon  les  puissances  entiferes  et  positives  des   vai 
mais  dans  lesquelles  les  limites  sont  donn^es  par 


i  il   me    paralt,   d'api'es    la    forme    du   risultal, 
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MEMOIRE   SUR   LES    COURBES    A    DOUBLE   COURBURE    ET    LES 
SURFACES   DEVELOPPABLES. 


[From    the   Journal  de   Mathematiques   Pures   et   Appliquees   (Liouville),   tome   x.   {1845), 
pp.  245—250. 

On  trouve,  dans  la  Th4orie  des  cov/rbes  algdbnques  de  M.  Plucker,  de  trfes-belley 
recherches  sur  le  nombre  des  diffdrentes  singularit^s  (points  d'inflexion,  tangentes  doubles, 
&c.)  dee  courbes  planes.  Lea  monies  principea  peuvent  s'appliquer  au  cas  des  courbes 
a  trois  dimensions.  Pour  cela,  conaid^ns  une  suite  continue  de  points  dans  I'espace, 
les  ligiies  qui  passent  par  deux  points  consecutifs,  et  les  plans  qui  passent  par  trois 
points  cons^cutifs;  ou,  en  envisageant  autrement  la  mfeme  figure,  une  suite  de  lignes 
dont  chacune  rencontre  la  ligne  consecutive,  les  points  d'interseetion  de  deux  lignes 
consecutives,  et  les  plans  qui  contiennent  ces  lignes ;  ou  encore  de  eette  mani^re :  une 
suite  de  plans,  les  lignes  d'interseetion  de  deux  plana  cons^cutife,  les  points  d'interseetion 
de  trois  plans  cons^cixtits,  C'est  ce  que  Ton  pent  nommer  un  systeme  simple.  Ce 
systfeme  est  ^videmmont  forme  d'une  courbe  k  double  courbure  et  d'une  surface  d^ve- 
loppable ;  la  courbe  est  I'arSte  dc  rebroussement  de  la  surface,  la  surface  est  I'osculatrice 
developpable  de  la  courbe.  Les  points  du  systfeme  sont  des  points  dans  la  courbe,  les 
lignea  du  systfeme  sont  les  tangentes  a  la  courbe,  les  plans  du  systeme  sont  les  plans 
osculateurs  de  la  courbe.  De  m^me,  les  plans  sont  les  plans  tangents  de  la  surface, 
les  lignes  sont  les  generatrices  de  la  surface ;  pour  les  points,  on  pent  les  nommer  les 
points  de  rebroussement  de  la  surface.  J'entendrai  dans  la  suite  par  les  termes  ligne 
par  d&uas  points,  ligne  dans  deux  plans,  une  ligne  men^e  par  deux  points  quelconques 
(non  cons^cufcifs  en  general)  du  systeme,  et  la  ligne  d'interseetion  de  deux  plans 
quelconques  [non  conaecutifs  en  g^n^ral)  du  systfeme.  Enfin,  chaque  ligne  du  systeme 
est  rencontree,  en  general,  par  un  certain  nombre  d'autres  lignes  non  consecutives  du 
systeme.  Je  nommerai  le  point  de  rencontre  d'une  telle  paire  de  lignes  point  dans 
deux  lignes,  et  le  plan  qui  contient  une  telle  paire  plan  par  deiia  lignes. 
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Supposons  qu'un  plan  donne  contienb,  en  general,  m  points  du  aystfeme,  qu'une  ligne 
donn^e  rencontre,  en  general,  r  lignes  du  aystfeme,  qu'un  point  donn^  est  situ^,  en 
gin4ral,  dana  n  plans  du  systfeme.  Le  syst^me  est  dit  &tre  de  I'ordre  m,  du  rang  r, 
de  la  classe  n.  On  voit  tout  de  suite  que  I'ordre  de  la  eourbe  est  ^gal  a  i'ordre  du 
systfeme,  ou  k  m;  la  classe  de  la  eourbe  au  rang  du  syatfeme,  ou  k  r.  Et  de  m§me, 
I'ordre  de  la  surface  au  rang  du  systfeme,  ou  a  r;  la  classe  de  la  surface  a  la  classe  du 
systfeme,  ou  a  n. 

Cela  pos^  les  singularit^s  proprement  dites  (ouvrage  cit^,  page  202}  sont  lea  deux 
suivantea,  analogues  aux  points  d'inflexion  et  de  rebroussement  dans  les  courbes  planes: 

1.  Quand  quatre  points  cons&utifa  sont  situ^s  dans  le  niSme  plan,  ou,  autre- 
iiiont  dit,  quand  trois  lignes  cons^cutivea  sont  situ^s  dans  le  mSme  plan,  ou  quand 
deux  plans  cons^cutifs  deviennent  identiques;  je  dirai  qu'il  y  a  alors  un  ^^(rm  station- 
naire,  et  je  repre'senterai  par  la  lettre  a  le  nombre  de  ces  plans. 

2.  Quand  quatre  plans  cons^cutifs  se  rencontrent  dans  le  mSme  point,  ou,  autre- 
ment  dit,  quand  trois  lignes  se  rencontrent  au  meme  point,  ou  quand  deux  points 
cons^cutifs  deviennent  identiques;  je  dirai  qu'il  y  a  alora  un  point  stationnaire,  et  je 
repr^aenterai  par  €  le  nombre  de  ces  points. 

Dans  le  premier  cas,  il  y  a  un  point  d'inflexion  spherique  dans  la  eourbe,  et  une 
iigne  d'inflexion  dans  la  surface.  On  n'a  pas  donn^  dc  noms  a  ce  qui  arrive  dans  la 
eourbe  et  la  surface  dans  le  second  cas;  et  puisque  la  singularity  est  suffisamment 
distingu^  d^j^  en  la  nommant  point  stationnaire,  il  n'est  pas  necessaire  de  supplier  k 
cette  omission.  On  peut  dire  que  ces  deux  cas  sont  les  singulaiit^s  simples  d'un 
systfeme.  II  y  a  des  singularities  d'un  ordre  plus  ^leve  dont  on  n'a  pas  besoin  ici. 
Ensuite,  il  y  a  des  singularit^s  d'une  autre  espece,  en  quelque  sorte  analogues  aux 
points  et  tangentes  doubles,  mais  qui  ont  rapport  k  un  point  ou  plan  indetermind 
(hois  du  systfeme) ;  savoir  ; 

3.  Un  plan  donn^  peat  contenir,  en  general,  un  nombre  g  de  lignes  dans  deux  plans. 

4.  Un  point  donn^  peut  etre  situe,  en  gineral,  dans  un.  nombre  h  de  licjnes  par 
deux  points. 

5.  Un  plan  donn^  peut  contenir,  en  gindral,  un  nombre  x  de  points  dans  delta;  lignes. 

6.  Un  point  donn^  peut  &tre  situ^,  en  gMral,  dans  un  nombre  y  de  plans  par 
deux   lignes. 

Ces  quatre  cas  sont  les  singularit^a  impropres  simples  du  systfeme. 

II  faut  maintenant  chercher  les  relations  qui  ont  lieu  entre  les  nombres  m,  r,  n, 
a,  €,  g,  k,  X,  y. 

Citons  d'abord  les  formules  de  M.  Plueker  pour  les  courbea  planes  (page  211),  en 
changeant  seulement  les  lettres,  pour  ^viter  la  confusion.  En  repr^sentant  par  /*  I'ordre 
d'une   eourbe,  par  v  sa  classe,  par   ^  le   nombre  de   ses  points   doubles,  ij   de  ses   points 
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de  rebroiisaement,   ii   de   sea   tangoiitcs   doubles,  h  de  ses  points  d'inflexion,  I'on   aura  lea 
six  Equations 

6  =  3/i .  M  ^  -  (6^  +  Stj), 

^  - 1. .  i7^  i  -  (2a  +  36), 
9?  =  Sf.jT^ -(6(1  +  86), 

f  =  1 1- .  ir-~2  ^fi^  -  (2a  +  36)  (v .  V^l  -  6)  +  2tt .  a^^  + 1 6 .  6^  +  6ra6, 
dont  los  trois  derrdferes  se  d^rivent  des  trois  promiferes,  ct  vice  versd. 

Conside'rons  eiisuite  un  plan  donne  quelconqiie  en  coiijonction  aveo  le  systeme.  Ce 
plan  coupe  la  surface  suivant  uae  courbe  plane.  Les  points  de  cette  eoiirbe  sent  les 
points  de  rencontre  du  plan  avec  lea  lignea  du  systeme,  les  tangentes  de  cette  courbe 
sont  les  lignes  de  rencontre  du  plan  avec  les  plans  du  systeme.  II  est  clair  que  la 
courbe  est  de  I'ordre  r  et  de  la  classe  n.  Chaque  fois  que  le  plan  eontient  un  point 
en  deux  lignca,  la  courbe  a  un  point  double;  aux  points  oil  le  plan  rencontre  la 
courbe  a  double  courburo,  il  y  a  dans  la  courbe  un  rcbroussement  (car,  dans  ce  cas, 
il  y  a  deux  lignes  du  systeme  qui  eoupcnt  le  plan  en  un  meme  point,  c'est-&^dire 
qu'il  y  a  dans  la  courbe  d'inter section  un  point  stationnaire  ou  de  rebroussement). 
Quand  le  plan  eontient  une  ligne  en  deux  plans,  il  y  a  dans  la  courbe  une  tangente 
double;  et  enfin,  pour  chaque  plan  stationnaire  du  systfeme,  il  y  a  dans  ia  courbe  une 
tangente  stationnaire  ou  une  inflexion.  Done  nous  avons,  dans  la  courbe,  r  I'ordre, 
n  la  classe,  x  le  nombre  de  points  doubles,  m  de  points  de  rebroussement,  g  de 
tangentes  doubles,  a  de  points  d'inflexion,  ce  qui  donne  les  six  equations  (e'quivalentes 
a  trois) : 

B=r.7^n-(2K  +  3m), 

a  =  3r.?--2-(6^  +  8m), 

g^^r.  r^  r^-9  -  (2a:  +  3m)  (r .  r^  ~G}  +  2x.  x-l  + 1  m .  m^l  +  Gxvi; 

r  =  n.n~i-(2g  +  dcL), 

m  =  3ji  .  n  -  2  -  (63  +  8a), 

a:  =  ^n.  m^ n^-9  - (2g  +  3a) (n . n^  - 6)  +  2^ . ^-1  +  f  a .  a-1  +  Qga 

(ofi  Ton  pent  rcmarquer  la  sym^trie  k  I'^gard  des  combinaisons  n,  a,  g,  et  r,  in,  x). 

De  mime,  en  conside'rant  un  point  donn^  quelconque  en  conjonction  avec  le  sjratfeme, 
ce    point   determine,   avec    la    courbe    a    double    courbure,   une    surface    conique,   et,   par 
des   raisonnements   pareila,   on   fait   voir   que,   dans   cette    surface   conique,   i'ordre   est   m, 
c.  27 
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la  clasae  t,  le  nombre  des  ligncs  doubles  n,  des  lignes  dc  rebrousaemerit  §,  dcs  plans 
tangents  doubles  y,  des  lignes  d'inflexioii  h,  ce  qui  donne  les  equations  (dont  troia 
seulement  sont  ind^pendantes) : 

n  =  3m  .  m-2-  (6^  +  %^), 

y  =  ^m.  m^  mF^  -  {2h  +  3Sj  (m  .  w-l  -  6)  +  2A ,  A  -T  + 1  § .  ~f-  1  +  ^/tg  ; 
m  =  r.r-T-(2^  +  3«), 

A  =  I r .  r""^  ^^^9  - (2y  +  3ji)  (r.  r^- 6)  + 2j/.^"^1 +|'ft.'rt^  1 +  6yn 

(dans  losquelles  on  remarque  la  correspondance  r,  n,  y;  m,  S,  h:  et,  en  les  comparant 
avec  les  autrcs  sis  Equations,  la  correspondance  m,  r,  n,  a,  €,  g,  h,  x,  y;  n,  r,  m,  €,  «,  h, 
9.  y-  ^)- 

En  consid^rant  une  courbc  k  double  courbure  d'un  ordre  donnd  m,  on  pout 
attribuer  k  k,  §  des  valeurs  quelconques  (entre  certaines  limites),  et  Ton  a  alors,  ponr 
determiner  les  autres  quantity,  les  liquations  suivantes: 

r-m.m-l-(2/(.4-3g), 
m  =  3m . m -"2  -  (6/t  +  8g>, 

■n  =  r.T-l-(1x  +  ^m}, 

o  =  3r  . r-2  -  (63!  +  8m), 

g  =  :^r.r-2  7^  -  9  -  (2iC  +  3m)  (r  .  r  -  1  -  6)  +  2a; .  «^T  +  §  m- .  m  -  1  +  S^m. 

Au  eas  d'une  courbe  plane  les  trois  premiferes  equations  continuent  d'etre  vraiea,  mais 
les  trois  autres  n'ont  pas  de  sens.  Le  cas  le  plus  simple  est  celui  d'une  courbe  du 
troisiferae  ordre  dans  I'espace.     On  a,  dans  ce  cas,  m  =  3,  n  =  l,  S  =  0;   et  de  IS.  le  systfeme 

m,     n,      r,      a,     §,     g,     h,     x,     y; 

3,  3,     4,     0,     0,     1,     1,     0,     0; 

c'est-^dire  I'oscula trice  d^veloppable  d'une  courbe  du  troisieme  ordre  est  une  surface 
du  quatrifeme  ordre,  &c.  On  obtient  aussi  un  systeme  trfes-simple,  en  ^crivant  m  =  4, 
/[  =  2,  ^  =  1,  ce  qui  donne 

m,     n,     r,     a,     €,     g,     h,     x,      ij ; 

4,  4,     5,     1,     1,     2,     2,     2,     2. 
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Mais  cela  n'appartient  pas,  a  cc  que  je  crois,  aux  courbes  les  plus  generalea  du 
quatrieme   ordre, 

Le  problfeme  de  classifier  les  courbes  k  double  courbiire  au  moyen  des  surfaces  que 
!'on  peut  faire  passer  par  ces  courbes,  ou  de  trouver  la  nature  d'une  courbe  qui  est 
rintersection  de  deux  surfaces  donn^es,  parait  appartenir  plut6t  a  la  th^orie .  des  surfaces 
qu'a  celle  des  courbes.  Je  n'ai  rien  de  complet  a  offrir  sur  cela.  Seulement  je  crois 
pouvoir  dire  que  quand  la  courbe  d'intersection  de  deux  surfecos  des  ordres  fi,  v  est 
de  I'ordre  fiv  (ce  qui  est  le  cas  general),  on  a  toujours 

'ik  —  iiii.ij.-~lv  —  l, 

de  maniere  que  la  classo  de  la  courbe  est  au  plus  mji(m+n  — 2).  Mais  j'espere  revenir 
une  autre  fois  sur  cette  question.  II  est  presque  inutile  de  remarquer  que  pour  un 
systfeme  qui  est  r(5ciproque  poiaire  d'un  systfeme  donii^,  il  faut  seulomont  changer 
TO,  r,  n,  a,  S,  g,  h,  x,  y  en  n,  r,  m,  S,  a,  h,  g,  y,  x.  Par  exemple,  les  deux  systemes  qui 
vieunent  d'etre  eonsid^rds  ont  des  re'ciproques  de  la  meme  forme. 
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31. 

DEMONSTRATION    D'UN   THEOREME   DE   M.    CHASLES. 

[From  the  Journal  de  Mathdmatiques  Pures  et  Appliqixies  (Liouville),  tome  X.   (1845), 
pp.  383—384.] 

"  Soieiit  P,  F'  ties  points  correspondants  de  deux  figures  homograph iquea ;  si  la 
droite  PP"  passe  toujours  par  un  point  fixe  0,  les  points  P  sont  situes  sur  une  courbe 
du  troisifeme  degr^,  qui  passe  par  ce  in^me  point." 

Soieiit   -  ,  -  ,   -    les   coocdonn^es   de   P ;    — , ,   ^ ,   — ,   celles   de    P'.     En    supposant 
IV     w     w  www  ^"^ 

ijue    a/,    y' ,   z',    w'    sont    des    fonctions    Hneaircs    (sans    terme   constant)    de    x,    y,    z,    w,    les 

deux  figures  seront  homographiques. 

Soient,   de   mSme,  ^ ,    ■=, ,   ?  les   coonlonnees   de    0 ;   -   ,    - ,    —   les   coordonn&s   d'un 

bob  w       Tz      Tn 

point  quelconque  T. 

Puisque  P,  P',  0  sont  sur  la  meme  droite,  on  pent  faire  passer  un  plan  par  les 
qnatre  points  P,  P",  0,  T.     Cela  donne  tout  de  suite  I'f^quation 

f\,    II, 

la,     g, 

=  0 

I  a.',     y,     z,     w    I 

\irJ ,     y',     y,      w ) 
(en   representant   de  cette   maniere  le  determinant  formd  avec  les  quantitds  X,  fi,  v, 
Equation  qui  doit  fetre   aatisfaite   quels  que   soient   X,  fi,  v,  sr,  et   qui   equivaut   aiusi 
deux  conditions 


<x,     y,     z   J--U,  -^  ^,     y,     w 

U',     /,     s'J  U',     y',     w'j 

Cea  deux  derni^res  equations  sont  du  second  degre  par  rapport  aux  quantit^s  - ,  - ,  -  . 
Le  point  P  est  done  situd  k  I'intersection  de  deux  surfaces  du  second  ordre.  Mais  ces 
surfaces  ont  en  commun  la  droite  reprdsentfie  par  les  Equations 

ay  —  Sx=  0,     ax'  —  Sy'  =  0. 
Done    el  les    se    coupent    de    plus    suivant    une    courbe    du    troisieme    degre    qui    passe 
^videmment  par  le  point  0,  parce  qu'on  satiafait  aux  Equations  en  ^crivant 
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ON    SOME    ANALYTICAL    FORMULA,   AND   THEIR    APPLICATION 
TO   THE   THEORY   OF   SPHERICAL   COORDINATES. 


[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  i.  (1846),  pp.  22 — 33.] 

Section  1. 

The  formulsi  in  question  are  only  very  particular  cases  of  some  rela.ting  to  the 
theory  of  the  transformation  of  functions  of  the  second  order,  which  will  he  given  in 
a  following  paper.  But  the  case  of  three  variahles,  here  as  elsewhere,  admits  of 
a  symmetrical  notation  so  much  simpler  than  in  any  other  case  (on  the  principle  that 
with  three  quantities  a,  b,  c,  functions  oi  b,  c;  oi  g,  a;  and  of  a,  b,  may  symmetrically 
be  denoted  by  A,  B,  G,  which  is  not  possible  with  a  greater  number  of  variables) 
that  it  will  be  convenient  to  employ  here  a  notation  entirely  different  from  that  made 
use  of  in  the  general  case,  and  by  means  of  which  the  results  will  be  exhibited  in 
a  more  compact  form.  There  is  no  difficulty  in  verifying  by  actual  multiplication,  any 
of  the  equations  here  obtained. 

It  will  be  expedient  to  employ  the  abbreviation  of  making  a  single  letter  stand 
for  a  system  of  quantities.  Thus  for  instance,  if  8  =  ^,  t}>,  ^|^,  this  merely  means  that 
<i>  (S)  is  to  stand  for  *  (0,  0,  i^),  kH  for  kd,  k-^,  k^fr,  &c. 

Suppose   then 

«-i.v.i m, 


Q  =  A,  B,  C,  F,  e,  H  (2). 

the  function   W  satisfies  a  remarliable  equation,  as  follows: 
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mite  m=BC-F' (4), 

JB  =  CM  -G", 
et-jlB-JJ". 
Jf-GH-AF, 
(S^HF-BG, 
|^_J?G  -CII. 

(S-a,  JB,  «,  §,  ffi,  m (5), 

~:-')t'-ve  g'-re  iv-i'i m, 

we   have 

r(».,  «„  e)lf(».,  »„  ®-F(o.„  •..  Q)W(a.,  «„  ®=If(a.;^,  »,».,  ffi)  ...  (7); 

of  which  we  may  notice  also  the  particular  eases 

ff(«.,  «„  Q)W(<i„  o.,  (J)-  if(«., «.,  e)W(»„  »„  <j)-n^(»5;, ««,  OB) ...  (8), 

ir(»„  »„  Q)W(a„  «,„  Q)~IW(«,.  »„  Q)l-.F{»;i,  S^,  O)  ...  (9). 
To  these  we  may  join  the  following  formuljc,  for  the  transformation  of  the  fnnction  11''. 

Suppose 

Wi  =aa;i  +  a')/, +a"5i,     hn;^+h'yi  +  b"3,,     cicj  +  c'^i  +  c'^i  (10), 

0)2  =  a^Ka  +  a'ya  +  a"£3,     hx^  +  h'y^  +  Wss-     cir^  +  c'ya  +  c"^2 , 

then,  writing  g    -a  ,     b  ,     c  (11). 


?.  =  »:.,  y.,  «.   (12). 

p.-",,  S;  ': 

»=W(g,g,Q).   W(</.g'.Q).   W(g",g".Q).   W(,g',g",Q).   W(g".g.q).   W  (g.g'.Q)  (IS). 

we  have 

W{w„  o„  Q)^W(p„  p,,  ©) (14). 

Similaj-ly,  writing 
•^^W(7f,  j£,  ®),     W(f^  fg.  ©),     W{'jl_,  ^',  ©) 

^(.^.  Z>'  ®)'     "f^®'  @Z'  ^)'     "*^(^>  9Y>  ®) (15). 

we  have  W {i^o^,  a>^w,.,  ©)=  Tf  (Pi|?4,  •p4>3,  "*) (16), 

in  which  eijuations  lEl  may  obviously  be  changed  into  Q. 
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TO   THE   THEORY   OF   SPHERICAL   COORDINATES. 


be    the    cosines    of    the 


■ioal  Applications. 

Consider   any    three    axes    Ax,   Ay,   As,    and    let    '. 
inclinations  of  these  lines  to  each  other. 

Let   A,  M,  N  be   the  inclinations   of  tho   coordinate   planes  to   each   other ;    I, 
the  inclination  of  the  axes  to  the  coordinate  planes.     Suppose,  besides, 


r  =  i   -i'\ 

^  —  vX  —  jj., 

k  =  l-X'~  ij:'-v-  +  2  V (18) ; 

;  have  the  following  systems  of  equations : 

V(hC)cosA  =  -f,     V(I)E)8in  A^VC-^)-     \/(a)sin  I  ^  ^  (k) (19). 

V  (ta)  COS  M  =  -  g,     V  (Ca)  sin  M  =  V  {k),     V  (b)  sin  m  =  V  (k) 
v'(flfi)  cos  N  -  - 1),     v'  {a\\)  sin  N  =  V  {k),     V  (t)  sin  m  =  V  {k). 

a+  v^^-  n%^k,     (20). 

vti+   &  +  xg  =  0, 
lid.  -I'  xlj  +    9  =  0. 

f)+yi)+  /*f-0,  (21), 

I.!)  +  fa  +  xf  =  h 
^t)  +  \b  +    f  =  0. 

g+  vi+  /j,t  =  0.  (22). 

^g  +  xf  +     c  =  ^- 

bt-    f'^ka     (23). 

ca-  ^^  =  kb, 

ab-  i)=  =  Z;c, 
gl&-af  =  -fc/, 

M  -  bg  =  kg, 
fg  -  ri&  =  M, 

abt-af'-fag— cb^  +  2fg&  =  fc^ (24). 
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Imagine  now  a  line  AO,  and  let  a,  ^,  7  be  the  cosines  of  its  inclinations  to  the 
three  axes.  Suppose  also,  6,  (f>,  ■)(  being  its  inclinations  to  the  coordinate  planes, 
we   write 

„-?i!L'^  f,-^!?.'^  r-^:^  {9'.\ 

V(a)'      "-Vet")'  V(c) ^^''- 

If  we  consider  a  point  P  on  the  line  AO,  at  a  distance  unity  from  the  origin, 
we  see  immediately,  by  considering  the  projections  in  the  directions  perpendicular  to 
the  coordinate  planes,  that  the  coordinates  of  this  point  are  a,  b,  c.  By  projecting  on 
the  three  axes  and  on  the  line  AO,  we  then  obtain  the  equations 

a=    a+  vb+fxc (26), 

0=  va+  h  +  Xc, 
7  =  ;aa  +  X6  +  c, 
1  =aa+^b  +  yc (27). 


which  we  obtain 


ka^aa  +  i)l3  +  Qy    (28), 

&c  =  ga  +  f/3  +  £7, 
l  =  aa  +  Bb  +  yc     (29), 


Hence  writing 


we  have  the  cquatioi 


1  =a^  +  b'  +  c^  +  2\bci-  2jj.ac-v2vab (30), 

t  =  aa^+l)^  +  £7^  +  2f/37  +  2ga7  +  2ft«/3 (31). 

a,  b,  c=t (32), 

a,  A  7  =  ^ (3'S). 

I,  1,  i.\.  fi,  v^q (34), 

a,  b,  C,  f,  g,  S  =  q (35), 

l^W(t,  t,  q)   (36), 

k=W{r,  r,  q)    (37). 


Let  AO'  be  any  other  line,  and  5  its  inclination  to  XO;   a',  ^',  7',  a',  b',  c\  the  quantities 
corresponding  to  a,  /3,  7,  a,  b,  c,  and  similarly  t',  r'  to  (,  t.     We  have  of  course 

1=  W(f,  t',  q) (38), 

k^W(r',  t',  q)  (39). 
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We  have  besides,  by  projecting  on  the  hne  AO',  the  equation 

cosB  =  a'a  +  ff'b  +  y'c  (40), 

or  the  analogous  one 

COS  S^a'a  +  IS'b  +  ry'c    (41). 

From  either  of  which  we  deduce 

cos  S  =  aa'  +  W  +  cc'  +  X  {be'  +  h'c)  +  ji  {ca'  +  c'a)  +  v  {ah'  +  a'b) (42), 

fccosS  =  aaa'  +  6;8^'  +  £77'  +  f(/37'  +  /3'7)  +  g{7«'  +  7'"')  +  6(<'y3  +  a'^) (43); 

which  may  otherwise  be  written 

cosS=Tr(i,  f,  q)   (44), 

fecosS=  Tr(T,  t',  q) (45); 

or  again,  observing  the  equations  which  connect  the  quantities  t,  t, 
W{t,  If,  q) 


\/""fW(f,  t,  q)  W  {f,  H,  q)}    ■ 
W(t,  t',   q) 


■  (46), 


■  (47), 


forms  which,  though.  moi«   complicated,  have   certain  advantages ;   for  instance,  wc  derive 
immediately  from  them  the  new  equations 

'"^"viTrci.  f.  qTyTi-,  f,  q)i <*"'■ 

.  V|tF(V,J^',  q)l 

™^'vTifTT,  T,iryK.-,  q)l <">■ 

written  more  simply  thus 

sinS=       If  ((?,  ((^,  II)   (50). 

V/.'Sin8  =  V{F(;^',  tt',  q)j     (51); 

to  these  we  may  join 

cota  =  -^f-*a-l)- (52), 

V!W(_^,^,  %)] 

V-tcotS^  — 'Wj^r'.p        

V{Tr(TT^,  tV,  q)] 

Section  3.     Oji  Spherical  Coordinates. 

Consider  the   points  X,   Y,  Z,  on   the   surface   of  a  sphere,   as   the   intersections   of 
the   three   axes   of  the   preceding   section,  with  a  sphere  having  its  centre  in  the  origin. 
It  is  evident  that  X,  fj.,  v  are   the   cosines   of  the   sides   of  the   spherical   triangle   XYZ, 
c.  28 
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A,  M,  N  are  its  sides,  I,  ni,  n  are  the  perpendiculars  from  the  angles  upon  the 
opposite  sides.  Let  P  be  the  point  where  the  line  A  0  intersects  the  sphere :  the 
position  of  the  point  P  may  be  determinud  by  means  of  the  ratios  f  ;  jj  :  iT,  supposing 
^,  7/,  J;  denote  quantities  proportional  to  the  a,  0,  7  of  the  preceding  section,  i.e. 

^  :  7,  :  f=eosPZ  :  cosPF  :  cos  P2  (54); 

or  again,  by  means  of  the  ratios  x  :  y  :  z,  supposing  x.  y,  3  denote  quantities  proportional 
to  the  a,  h,  c  of  the  preceding  section,  i.e. 

sin  Pj!      ain  Py      sin  Pe  .. ,, 

X  :  y  :  z  = —. — ^--  :  -. — =f  ;  -.  —^ (55), 

^  sm  X       sm  1        sin  Z 

(Pec,  Py,  Ps  are  the  perpendiculars  from  P  on  the  sides  of  the  spherical  triangle  XYZ). 

These  last  equations  may  be  otherwise  written, 

X  sin  X     sin  PZY 


(56). 


y  sin  Y  sin  PZX 
ifsmY_smPXZ 
zsmZ^ sin  PXY' 

e  aia  Z _mi  PYX 
xsmX     sin  PYZ' 

The  ratios  ^  :  tj  :  ^,  or  x  :  1/  :  z,  are  termed  the  spherical  coordinate  ratios  of  the 
point  P.  The  two  together  may  be  termed  conjoint  systems :  the  first  may  be  termed 
the  cosine  system,  and  the  second  the  sine  system.  The  coordinates  of  the  two 
systems  are  evidently  connected  by 

f  :  ij  1  f  =  ic    +i'i/  +  iiz  :  vx-Vy    +\z  :  /j.x  +  Xy+z  (57), 

or  X  :  y  ■  .^  =  a?  +  f(^  +  fi?  =  U  +  ^V+i^  ■  ^^+fv  +t^ (58). 

The  systems  may  conveniently  be  represented  "by  the  single  letters 

=^  =  1,  V,  ?  (59), 

i--^.  y,  ^    (60). 

Fundamental  formula  of  spherical  coordinates;    distance  of  two  points. 

Let  P,  P'  be  the  points,  S  their  distance,  w,  p  the  conjoint  coordinate  systems 
of  the  first  point,  ai',  p'  of  the  second ;   we  have  obviously 


cot  s  =  ^<y'  p'-  q) 

V(^(p,  p,  q)r(p',/,  q)r 
sin  8--       "^^^^M.'  £P''  9)! 


-.(01), 


'  ./[W{p,p,   fi)W[p\  p'Vq)]' 

cots=-^-<a^ij>-i 

V{  F(  pp',  p^  it)i 
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„(C2). 


y;.  loot  8-      ^'^(^"■J^. 

V!W(»«',   ™',   q)| 

Equation  of  a  great  Circle. 

Let  the  conjoint  coordinate  systems  of  the  pole  be 

e^a,  b,  c  (63), 

e  =  a,  0,  7  (64), 

then,  expressing   that   the   distance   of  any  point  P  in  the  kicus  from  the  pole  ia  equal 
to   90",  we  have  immediately  the  equations 

Wip,  e,  q)-0  (65), 

Tf{«,  e,  (I>  =  0 (66), 

which  may  otherwise  be  written  in  the  forms 

<if  +  6^+<-0  (67), 

«ic  + /St/ +  7^  =  0  (68), 

or   the   equation   of   a   great    circle    is    linear    in    either    coordinate    system.     Conversely, 
any  linear  equation  belongs  to  a  great  circle. 

Suppose  the  etiiiation  given  in  the  form 

A^  +  Bv  +  C^=Q (69); 

or  by   an   equation  between   cosine   coordinate    ratios : — the   sine   system   for   the   pole   is 
given  by 

e  =  A,  B,  a (70), 

and  the  cosine  system  by 

e^A  +  vB  +  iiG,     vA-\-B  +  XO,    ii,A  +  \B  +  C (71). 

Suppose  the  circle  given  by  an  equation  between  sine  coordinates,  or  in  the  form 

Aic+By  +  C2  =  0 (72), 

the  cosine  system  of  coordinates  for  the  pole  is  given  by 

e  =  A,  B,  C  (T;5), 

and  the  sine  system  by 

e  =  aA  +  fjB  +  9C,    |)A  +  bB  +  fC,    gA+fB  +  cC  (74). 

28—2 
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It  is  hardly  necessary  to  observe,  that  if 

A^  +  Bn+C^^O (75), 

A3:  +  B^+C2  =  0 (76), 

represent  the  same  great  circle, 

A  :  B  :  C=   A  +  vB+/*C  :  vA  +    B +  \C  :  /^A +\B  +  C (77), 

A  :  B  ■  C  =  flA+t)B+gC  ;  fiA  +  liB+  fC  :  gA  +{B+cC (78). 

IncliruiMon  of  two  great  Circle.i. 
Let  the  equations  of  these  be 

(       ^f +  S7,  +  Ct  =  0  (79), 

\or  Ais+By  +  Cz  ^0 (SO), 

I       A'^  +  B'v  +  C'^^0  (81), 

\or  A'w  +  B'y  +  G'z^O  (82), 

and  let  e,  e,  have  the  same  values  as  above,  and  e',  e',  corresponding  ones.  To  obtain 
the  inclination  of  the  two  circles,  we  have  only,  in  the  formulas  given  above  for  the 
distance  of  two  points,  to  change  p,  p',  <•>,  m',  into  e,  e' ,  e,  e'. 

The  distance  of  a  point  from  a  given  circle  may  be  found  with  equal  facility ;  for 
this  is  evidently  the  complement  of  the  distance  of  the  point  from  the  pole  of  the 
circle.  In  like  manner  we  may  find  the  condition  that  two  great  circles  intersect  at 
right   angles,   Sec. 

There  are  evidently  a  whole  class  of  formnlte,  not  by  any  means  peculiar  to  the 
present  system  of  coordinates,  such  as 

Ax  +  By+Cs~3{A'a:  +  B'y  +  C'e)    (83), 

for  the  equation  of  a  great  circle  subjected  to  pass  through  the  points  of  inter- 
section  of 

Aj;  +  By\-Cz  =  0,     A'x  +  B'y+G's^f). 

=  0 (84), 


for  the  cquatiou  of  the  great  circle  which  passes  through  the  points  given  by  the  sine 
systems  a  \  h  :  c  and  a'  :  b'  :  c',  &c.,  and  which  are  obtained  so  easily  that  it  is  not 
worth  while  writing  down  any  more  of  them. 

Transformation  of  Coordinates. 

Let   X,,  Yj,  Zi,  be   the   new  points   of  reference,   and   suppose   X^  is   given   by  the 
conjoint  systems  e  =  a,  b,  c,  e  =  a,  0,  y;   and   similarly    Yj,  Z^   by  the   analogous   systems 
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.  before,   P   is  given   by   one   of   the   systems   w,  p;    and   let   o),,   /)j   be 
the  new  systems  which  determine  the  position  of  P  with  reference  to  X,,  Yi,  Z^. 

Ill  the  first  place,  X,,  /tj,  Vt,  are  given  by  the  formula? 

^^■j{W(e',  «-,  q)  r(/',  .",  q)l      Vilf  (e';V,  ()  Tf(.",  e",  ()]  ^     '' 

Tr(e". «,  q)  _  r(«".  t.  <r) 

'"'"Vltf  («".  e",  q)  H'Ce,  1,  q)l      V|lf  («",  e",  g)  If  (e.  e,  I,))' 

ff  (e,  e',  q) W_{t^',^)  _ 

"-^{Wi,,  e.  q)  rK.  «'.  qJl-Vflfle.  «,  q)  »(«',  eTg)? 

The  system  o),  is  evidently  given  immediately  by 

,  .     ^  r-   ^fe  r,  q)    .    yy.  y.  q)    .    V{'".  p,  q)  «„> 

*■   ■   "   ■   ''"VlTf  fe  e,   q>l   ■   ^{W{e!,  ,;   q)J    •  v/|lf(8",   K",  q)| ^      ' 

-V|if  (., .,  01  ■  /lifV,  .',  11)1  ■  vir(.". .",  ,)! '•'">^ 

and  from  these  we  may  obtain  the  system  p, ,  by  means  of  the  formula} 

»,;!/,:  2,-a,l,  +  i,%  +  5.f,  :  il.li  +  ti>).  +  «■  :  Jif, +f>1>  +  «, (88). 

This  requires  some  further  development  however.  We  must  in  the  first  plaoe  term 
the  system  a,,  i3i,  Ci,  fi,  Oi,  61:  this  is  done  immediately  from  the  formulae  of  Sect.  2, 
and  we  have 

W(7i',  7S\  q)                    tir(£>?,  7j!\  q) 
"■=  r(e',  e',  q)"ltn:«'r«",l)"  WX<!71^<i)^ (J^'.li)  **"'" 

•W(Ie.7t,li)  _         tW(77.  7;,  q) 

''"  WW7f','WVW7^y  Wlf,'7'7it'W(,,  ,7j)' 

ff(«?,  1?,  q)  iF(3,  «',  q) 

''  "  WXe,  e.  q)Tf  («'.  e'T^ll "  IfCe,  e,  ()  If^e',  «',  q) ' 

F(7V;  i/,  ()  ^Tf(75fZ'l) 

''  "  *(<,,  e,  q)i/(r(?,  e'rq)  F(e".  e",  q))  "  If(e,  e,  q)VlW'(«',  «',  II)  If  («"  «",?)!  ' 

If  («?,  ?7',  q)  iTf  (17,  77',  q) 

'■ "  yTif.  "i,  q)  VI  If  (?'r«Tqrif  (eT  «.  q))  "  If  (e',  e',  q)V|lI'(«",  «",  q)  If  (e,  «,  ().!  ' 

F(«V',  W,  q)  tlf  (tV',  75,  q) 

'■"  F(«",  e",  q)V{F(«,  B,  q)  W(i777^'  F(?V«",  q)  V|If(«,  e,  qylf  r7,irq)i " 
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:»,   :  J,  ;  ^,-V|Ffe  e,  q)l  x    (90), 

( r  (e,  p,  q)  r  (  ??,  S"   t)  +  F  («',  p.  q)  Tf  (  ??,  «5  ()  +  F  (e",  p,  5)  IF  (  ??,  S,  j)} 

:  VlIF(e>',  q)lx 
(r(e,  J),  q)  WiTl,   7?,  t|)  +  F{<!',  y,  q)W{^,    K,  4)+  FK,  j),  q)  If  (  ?5;  <  q)l 

:  V(F(e»   e",  q))  x 
( W  (e,  p,  q)W(  iT,    /e",  ()  +  F  (»',  y,  q)  IF  ( «7,    ?V  ([)  +  F  ( «",  J),  q)  F  ( f7,  eg  ?)!  i 
tli!38e   may   by   reduced   to   the   very   simple   form 

I,  r  y,   f  «,  =  ViF(e  ,  «  ,  q)]  F(W',  »,  tj)  (Bl), 

;  VlF(<i',  .',  q)l  F(75,  »,  5), 
;  V|FK,  .",  q)l  F(rf.    «,,  t). 
and   in   like   manner   we   obtain 

■:,  :  5,  :  z,.^{W(,  ,  .  ,  q)\W(7}.  p.  q) (92). 

:  V(F(.'.  .',  5)1F(H.,,,  q), 
:  V|F(e",  ,",  q)lF(];-,  p,  q). 

It  will  be  as  well  to  indicate  the  steps  of  this  reduction.  Consider  the  quantity 
in  {  }  in  the  first  line  of  the  equation  which  gives  the  ratios  a>,  :  yi  :  Sj-,  and  suppose 
for  a  moment  e'e"  =  l,  m,  n,  &c,t  then,  selecting  the  portion  of  the  expression  which  is 
multiplied   by   a,   this   is 

=  a;  [l  {a^  +hri  +  cO  +  V  (<it  +  h'ri  +  c'O  + 1"  (ffi"f  +  h"7,  +  c"?) |, 
or,  since 

la  +  I'of  +  V'a"  =  ee'e",     lb  +  I'b'  +  l"h"  =  0,     fc  +  Vc'  +  l"c"  =  0, 

this  reduces  itself  to  ee'e".  a?f,  which  is  a  term  of 

ee'e"  ir(  e'e",  m,  ti) ; 

and    by   comparing   the   remaining   terras    in    the   same   mamier,   it   would   bo   seen   that 
the  whole  reduces  itself  to 

^  F(  ~N\  m,   ij)  ; 
whence  the  formula  in  question. 

The  formulse  (86),  (87),  (91),  (92),  completely  resolve  the  problem  of  the  transfor- 
mation of  coordinates;    they  determine  respectively  p^  from  j»  or  w,  toj  from  p  or  a. 

To  complete  the  present  part  of  the  subject  wc  may  add  the  following  formulfe. 

Suppose  iti',  :  y^  :  ^i  =  a^i  +  a'j/i  +  a"3,  (03), 

I  b^i  +  b')/i  +  h"y, , 

:  CT,  +  c'yi  +  c"s:„ 
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see   from   the    preceding   formula;   is    the    form    of   the    relation    between   the 
I  Pi   and  p.     And  suppose,  as   before,  Tij,  /ti,  v,   arc   the   cosines   of  the  distances 
of  the  new  points  of  reference  Xi,  Yi,  Zi. 

We  can  immediately  determine  the  relations  that  must  exist  between  these 
coefficients,  in  order  that  they  may  actually  denote  such  a  transformation.  For  this 
purpose  write 

a  ,     b  ,     c  =j  (94), 

a' ,     b' ,     c'  =  /, 

a",     b",     c"—j". 

Then  the  distance  between  the  point  P  and  any  other  point  P'  is  given  by  the  formula 

„,8 irifjW . w(p„  ft-,  e) 

^liWdi,  p,  q)W{p',  p',  q)}      V|W(Pi,  Pi,  ®)  H'ta,  ft',  ®)1'"^     * 
where 

*^-W(j,j,q).     W(/,/,q),     Wif.f.q).     If  (/,/',  q),     Wif.j.q),     If  (j,/.  q). ..{%). 
But   we   must  evidently  have 

„„s-  If  (ft,  ft',  q.)  ,„j, 

/(If  (ft,  ft,  q.)  If  (ft-,  ft',  q.)l  '     '' 

or  the  quantities  €i  must  be  proportional  to  the  quantities  q,  i.e. 

W(j,j,  q)  ■■    W{j',j',  q)   :    W  {f.  f.  q)    :    W(j'.j",  q)  :  W(f,j,  q)  :    W(j",j,  q) 
=  1:1                             1               :              Xi            :  Ml  :       j'i...(96). 

And  in  precisely  the   same   manner,   if  instead   of  w,  y,  z,  a;,,   y, ,  s,,   in  the   above 
formula,  we  had  had  ^,  i},  ^  :  ^i,  tji,  ?,,  the  result  would  have  been 
W{j,j,  g)   :   W{j;j',  q)  ;    W(f,f,  5)  :    W(j\j",  q)  :    W(f.j,  (j)  :    W'J",  j,  (f) 
=  H:t)  :t  :f  :  t^  :  \)     ...(99). 

It    is    hardly    necessary    to    remark,  that    throughout     the    preceding    formula!    an 
expression,  such  as    W(p,  p',  q),  is  proportional  to  either  of  the  quantities 
x^'  +  ^T}'  +  e^  or  x'^  +  y'ti  +  Z^, 

and  may  be  changed  into  one  of  these  multiplied  by  an  arbitrary  constant,  which 
may  be  always  made  to  disappear  by  a  corresponding  change  in  another  quantity  of 
the  same  form :    thus,  for  instance, 

Wjp,  p\  <^)^x'^+y'i^  +  z'i; 

Wiplp.  q)      x^  +  y^  +  zi;  '-'''' 

but  these  forms  being  unsymmetrical,  it  is  better  in  general  not  to  introduce  them. 

All  the  preceding  expressions  simplify  exceedingly,  reducing  themselves  in  fact  to 
the  ordinary  formulie  for  the  transformation  of  rectangular  coordinates  in  Geometry  of 
three  dimensions,  for  the  case  where  the  triangle  XYZ  has  its  sides  and  angles  right 
angles.     As  this  presents  no  difficulty,  I  shall  not  enter  upon  it  at  present. 
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ON"    THE    REDUCTION    OF    -^,    WHEN    ^   IS    A    FUNCTION    OF 
THE    FOURTH    ORDER. 


[From  the  Gambiidge   and  Dublin  Mathematical  Journal,  vol.  i.  (1846),  pp.  70 — 73.] 

It  is  well  known  that  the  transformation  of  this  differential  expression  into  a  similar 
one.  ill  which  the  function  in  the  denominator  contains  only  even  powers  of  the  corre- 
sponding variable,  is  the  first  step  in  the  process  of  reducing    j-rfr  to   elliptic   integrals. 

And,  accordingly,  the  different  modes  of  effecting  this  have  been  examined,  more  or 
less,  by  most  of  those  who  have  written  on  the  subject.  The  simplest  supposition, 
that  adopted  by  Legendre,  and  likewise  discussed  in  some  detail  by  Gudermann,  is  that 
M  is  a  fraction,  the  numerator  and  denominator  of  which  are  linear  functions  of  the 
new  variable.  But  the  theoiy  of  this  transformation  admits  of  being  developed  further 
than  it  has  yet  been  done,  as  regards  the  equation  which  determines  the  modulus  of 
the  elliptic  function.     This  may  be  effected  most  easily  as  follows. 

Suppose 

U  =  a      +  4bu       +  f)cu°       +  idu?      +  eu*, 
P  =  ax'    +  iba^y     +  ^oa^y"^     +  ^dxy'     +  ey*. 

Also  let 

F'  =  aV  4-  %'3-J^y'  +  ^c'x'^y'^  +  iid'x'y'"  +  e'y'* 

be  what  P  becomes  after  writing 

X  =  \x'  +  iJ.y'  , 
y  =  \x'  +  fi^xj' : 
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k 

-V, 

-\l^. 

I 

=  ae 

~ibd 

+  3c-, 

I' 

-oV 

-ib'd'  +  Sc'; 

J 

=  ace 

-ad- 

-he  - 

-c'  +2bcd. 

J' 

-  a'e'e 

'-a'd" 

-hV- 

-e''  +  2b'a'd'; 

xdy- 

-Sdx  = 

i(«%' 

-!/<*»'), 

xrly  -  ydw 

.My'-^dx' 

RuppoE 


we  have  evidcntly 


Heiice  writing 


a:dy  —  ydx  _  dii         x'dy'  —  y'dx'  _  du' 
pi        -Ul  •  Tn         -  1J'\ ' 

we  obtain 

dv.  _      du' 

the  equation  between  if.  and  u'  being 

_  \-\-ii,u' 
^'^  \  +  !>.,%' ' 

Next,  to  determine  the  relations  between  the  coefficients  of  U  aud  V.  Since  F,  F' 
are  obtained  from  each  other  by  linear  transformations  {Math.  Journal,  vol.  iv,  p.-  208), 
[13,  p.  94],  we  have  between  the  coefficients  of  these  functions  and  of  the  transforming 
equations,  the  relations 

/'  =  ¥  I, 

J'  =  ld'J- 
whence  also 


Suppos 


U'  ^a'  (I  +pu"')  (1  +  5m'=), 
b'  =  {),    d'^0,    6c'  =  a'(p  +  ^),     e' 
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(p  +  3)(3%>g-p^-5-)  =  216 -^y; 


(p'+q^+lipqy  P    ' 


whence  also 


I08pq(p-qy        J  _  27/^ 
(pa  +  22  +  14p5)'  /^   ' 


which  determines  the  relation  between  p  and  q.     Also 


.  that 


/jJ^+t/^  +  l^pgXi 


V"r7      I,  12/         j     v'ia+jOM'')(l  +  3"'')j' 

If  in  particular  p  —  —  1,   writing  also  —  §  for  q, 
du  _fq''  +  IJ-g  +  iy 


VET      I     "12/       )     ^{(l-u'^)(l-qu'^j]' 


lOSq  (1  -  qY  _     _  27/" 
(q'  +  Uq  +  iy  I'' 


Suppose,  for  shortness, 


j¥=V 


27/"-^ 


/        27/^'     -^'T^s^^-        /.  ; 
(>f  +  liq  +  ly  -  lUMq  {q  -  1)^  =  0. 


KiM' 


then  t"-i/(^-l)=0, 

which  determines  ^.     And  then 

_  7  +g  +  4(3  +  g)' 
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Suppose  q~a  is  one  of  the  values  of  q ;  the  equation  becomes 


'-(r+J)  • 

(,.  +  145+1)         "•(i^.^jr-. 

83(H-/3-) 

which  values  satisfy  the  above  equation:   honco  also,  identically, 

(,.+u,+i).-,(,-.).(i?5;^^ 

H,-«(,-i){.-(i^)]{,-(^]{,-(i^n{,-(-i)]. 

or  the  values  of  q  take  the  form 

B^   I    (i-^X    (^-^X    f^"^'Y    C^^y 

(Comp.  Ahel.  (Euv.  torn.  i.  p.  33  0  ^Ed  2,  p.  459].) 
The  equation  S'-Md  +  M-^^Q 

has  its  three  roots  real  if  27  -  iJt/  is  negative,  and  only  a  single  real  root  if  27  -  4ilf  is 
poative.     Writing  the  equation  under  the  form 

(^  +  3y_t|{6(  +  3)'  +  {27-J/)(^  +  3)~(27-4JlO-0, 

we  see  that  in  the  former  case  6  has  two  values  greater  than  —  3,  and  a  single  value 
less  than  -  3.     "Writing  the  equation  under  the  form 

{B-Vf+Z(e-iy  +  iZ'-M){e-\)-\-l  =  Q,  (S-il/is  negative) 

the  positive  roots  are  both  greater  than  1.  Hence,  in  this  case,  q  has  four  positive 
values  and  two  imaginary  onea.  In  the  second  case  9  has  a  single  real  value,  which  is 
greater  than  —3  and  less  than  1.  Hence  q  has  two  negative  values  and  four  imaginary 
ones.  In  the  former  case,  P  —  'iT-P  is  positive,  and  the  function  U  has  either  four 
imaginary  factors  or  four  real  ones.  In  the  second  case,  I'  —  '2HJ''  is  negative,  or  the 
function   JJ  has  two  real  and  two  imaginary  factors. 
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NOTE    ON    THE    MAXIMA    AND    MINIMA    OF    FUNCTIONS    OF 
THREE    VARIABLES. 

[From  the  Camln-idrjs  and  Dublin  Mathematical  Journal,  vol.  I.  (1846),  pp.  74,  T'>.] 

If  a,  B,  C,  F,  G,  R,  be  any  real  quantities,  such  that 

BC  +  CA+AB-F'-G'-R; 

and  (A+B+(T){ABC~AF--BG--CH-  +  2FGH) 

are  positive ;   the  six  quantities 

BC-F',  CA-G',  AB-U\  AK,  BK,  CK, 

(where  K  =  ABC -AF^~BG^-CH^  +  2FGH)  are  all  of  them  positive.     It  is  unnecessary 
to  point  out  the  connection  of  this  property  with  the  theory  of  maxima  and  t 

To  demonstrate  this,   writing  as  usual 


GII- 

-AF. 

•F, 

HF- 

-BG. 

•G, 

FG  ^ 

-CH. 

.H'. 

AB~H-  =  C' , 

and  K  as  above :  then  if  A",  B",  0",  F",  G",  H",  K'  be  formed  from  A',  B,  C, 
as  these  and  K  are  from  A,  B,  G,  F,  G,  H,  we  have  the  well-known  formulae 


l"-KA, 

r 

-Kf, 

3"  -  KB, 

G" 

-KG. 

r  -KG, 

H" 

-KB, 
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It  is  required  to  show  that  if  A' +  B' +  G'  and  A"  +  B"  +  C"  are  positive,  A',  B',  C, 
A",  B",  G"  are  so  likewise. 

Consider  the  cubic  equation 

iA'-h){B'-k){G'-k)-{A'  -k)F'-{B'  -k)G"-(C'-k)H'-'  +  tFG'H'  =  0, 

the  roots  of  which  are  all  real.     By  the  formulae  just  given  this  may  be  written 

k'-k-<(A'  +  B'  +  G')  +  k{A"-\-B"  +  C")-K^  =  0; 

and  the  terms  of  th^  equation  are  alternately  positive  and  negative;   i.e.  the   I'oots   are 
all  positive.     Hence  the  roots  of  the  limiting  equation 

(B'-k)(G'  -k)-F"'  =  0 

are  positive,  i.e.  B'+C  and  B'C  are  positive;   but  from  the  second  condition  B',  0'  are 

of  the    same    sign :   consequently  they   are   of   the   same  sign   with   B'  +  C,   or   positive. 

Also   A"  =  B'G'~F^    13   positive.      Similarly,   considering  the    other    limiting    equations, 
A',  B',  G',  A",  B",  0"  are  all  of  them  positive. 

In  connection  with  the  above  I  may  notice  the  following  theorem.     The  roots  of  the 
equation 

(.1  -  /m)  (S  -  W)  (G  -  ok)  -(A-  ka)  (F  -  kff  -{B-  kb)  (G  -  kg)'  -{G-  kc)  {H  -  kkf 

+  %(F-  kf)  (G  -  kg)  (H  -  kh)  =  0, 

are  all  of  them  real,  if  cither  of  the  functions 

Ax''  +  Bf  +  Gz^  +  %Fyz  +  ^IGxz  +  2i%, 
0^  +  6^=  +  ce^  +  ^fyz  +  ^gxz  +  ^hwy, 

preserve  constantly  the  same  sign.     The  above  form  parts  of  a  general  system  of  proper- 
ties of  functions  of  the  second  order. 
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35. 


ON   HOMOGENEOUS   FUNCTIONS   OF   THE    THIRD    OKDEU   WITH 
THREE   VARIABLES. 


[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  i.  (1846),  pp.   97 — 104.] 

The  following  problem  corresponds  bo  the  geometrical  question  of  determining  the 
polar  reciprocal  of  a  plane  curve  of  the  third  order:  the  solution  of  it  is  also  important, 
with  reference  to  the  linear  transformations  of  homogeneous  functions  of  three  variables 
of  the  third  order;  reasons  for  which  it  has  appeared  to  me  worth  while  to  obtain  the 
completely  developed  result. 

Let 

^11=0x^  +  11/  +  oz^  +  Uy'-z  +  3js=a:  +  Zkafy  +  3^lt/^=  +  3j>«'  +  Zk^xy-  +  dlxyz   (1). 

It  is  required  to  eliminate  x,  y,  z,  \  from  the  equations 

U^O (2), 


-+X?  =  0, 


From  the  equations  (2),  (3), 
and  thence 


we  obtain  immediately 
@  =  ^.K  +  7j^  +  r2  =  0 


0«  =  0,     @y  =  0,     ©^  =  0 


..(5); 
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ingle  equation  more,  such  as 


<l>  =  0 (6), 

where  ^  is  homogeneous  and  of  the  second  order  in  x,  y,  z,  would,  in  conjunction  with 
the  equations  (3)  and  (5),  enable  U3  to  eliminate  linearly  the  seven  quantities  a?,  'if,  e'', 
yz,  zx,  xy,  X.     Such  an  equation  may  be  thus  obtained. 

Let   L,  M,  jV",   .R,  S,  T,  be   the   second   differential   coefficients   of    U,   each   of  them 
divided  hy  two.     The  equations  (3)  may  be  written 

Lx+Ty  +Sz+X^=0, (7). 

Tx  +  My  +  Rz  +  Xii  =  0, 

Sie  +Ry  +Nz  +  \^=0. 
And  joining  to  these  the  equation  (4), 

^^  +  V1/  +?^  =  0, 

we  have,  by  the  elimination  of  x,  y,  z,  in  so  far  as  they  explicitly  appear,  and  \,  an 
equation  ^  =  0  of  the  required  form.     Hence  we  may  write 


■t.-ii,     T,    S,    t 

j  T,    if,    R,    , 

(8)- 

S.     R,     N,     f 

U.    n.    i. 

substituting  for   h,  M,  F,  R,  S,  T,  and  expanding, 

^^Ai>;'  +  Bif''+Gs^  +  ^F^z  +  2Gsx  +  2Hiey  

<9). 

ere  the  values  ef  A,  B,  0,  F,  G,  H  are     

(10). 

[I  omit  these  values  (10),  and  the  values  in  the  subsequent  equations  (13),  (14), 
(20) :  the  values  (10)  and  (13)  serve  for  the  calculation  of  (14),  FU,  the  expression 
for  which  with  the  letters  (a,  b,  c,  f,  g,  h,  i,  j,  h,  I)  in  place  of  (a,  h,  c,  i,  j,  k,  ii,  j^,  k„  I) 
is  reproduced  in  my  "Third  Memoir  on  Quantics,"  Phil  Trans,  vol.  CXLVI.  (1856) 
pp.  627 — 647:  the  values  (20)  serve  for  finding  that  of  (21),  K{'U),  but  the  developed 
expression  of  this  has  not  been  calculated.] 

Performing  the  elimination  indicated,  the  result  may  be  represented  by 


1=U  = 


I, 


Partially  expanding, 


F;/  =  ^a4-5b  +  C7c  +  2i^+2Gg  +  27/h    (12). 
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The  values  of  the  coefficients  a,  b,  c,  f,  g,  h  may  be  useful  on  other  occasions:  they 

art!  aa  follows (13). 

Substituting  these  values  the  result  after  all  reductions  becomes 

0  =  F([r)=  (14). 

It  would   be  desirable,  in  conjunction  with  the  above,  to  obtain  the  equation 

^vhich  results  from  the  elimination  of  x,  y,  s  from  the  equations 


..(15), 


dx        '     dy        '     ds 

(i.e.  the  condition  of  a  curve  of  the  third  order  having  a  multiple  point),  but  to  effect 
this  would  be  exceedingly  laborious.  The  following  is  the  process  of  the  ehmination  as 
given  by  Dr  Hesse,  Crelle,  t.  xxviii.  (and  which  applies  also  to  the  case  of  any  three 
equations  of  the  second  order).  Forming  the  function  V(7,  of  the  third  order  in  x,  y,  z, 
by  means  of  the  equation 

VU^:  L,    T,    S   I    (16), 

I  T,    i¥,    li  \ 
'8.    R,    nI 
(L,  M,  N,  R,  B,  T,  the  same  as  before). 

Then,  in  consequence  of  the  equations  (15),  we  have  not  only 

V0'=0 (17), 

which  is  very  easily  proved  to  be  the  ease,  but  also 

fvU^O,     ^VU^O,     -f-VU  =  0 (18), 

ax  dij  ds  ^     " 

as  will  be  shown  in  a  subsequent  paper  "  On  Points  of  Inflection."  [I  think  never 
written.] 

And  from   the   six  equations  (15),  (18),   the  sis  quantities  a?,  ■>/,  ^^  yz,  zx,  xy,   may 
be  Knearly  eliminated :   we  have 
'!^U='Ax'  +  By'-\-Cz'-\-Mf-z  +  ^Jz-'x  +  2K3fly  +  M,ys-'  +  U^zx^+'AK,xy''-^&\xyz...{l%), 

where   the   values   of  the   coefficients   A,  B,  ...  A    are     (20), 

and  the  result  of  the  elimination  is 
E{U). 


h  , 

i. . 

b 

1  • 

'. 

I  , 
J  ■ 

I 

A, 

K, 

J. 

i, 

Ju 

K 

K. 

B 

1„ 

/, 

L, 

K 

J„ 

I 

C. 

/„ 

J , 

L 

--0    . 


,.(21). 


{K  {U)   is  consequently,  as   is   well   known,  a  function   of  the   twelfth   order  in   a,   h,   c, 

*i  j<  ^<  ii,  ji,  k-i,  l\. 
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The  equation  V  f/"  =  0, 

combined  mfch  that  of  the  curve,  determine,  as  Dr  Hesse  has  demonatratod  in  the  paper 
quoted,  the  points  of  inflection  of  the  curve.  It  may  he  inferred  from  this,  that  if  U 
reduce  itself  to  the  form 

(7^(00^  +  l3f  +  yz'  +  2iyz  +  %kxz  +  2\xy)  P^VP (22), 

P  a  linear  function  of  x,  y,  e:   then  V  U  takes  the  form 

VCr  =  P(pF+crPO    (23), 

where  p  is  of  the  second  order  in  the  coefScients  of  P,  and  also  in  the  coefficients 
"i  (3.  7,  I,  K,  y^:    and   a-  is   equal  to  the  determinant 

\,     K  I (24), 


multiplied  hy  a  numerical  factor.     If   U  is  of  the  form 

U^PQR (25), 

then  VU^pPQB^pU  (26), 

and  this   equation   is  consequently  the  condition  of  the  function   U  being  resolvable  into 
linear  factors.     The  equation  in  question  resolves  itself  into 

a      b      c      i     j      k      ij      ji       kj       I    ' 

a  system  which  must  contain  three  independent  eipiations  only.     It  would  be  interostini^ 
to  verify  this  a  posteriori. 
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36. 


ON   THE   GEOMETRICAL   EEPEESENTATION   OF   THE   MOTION 
OF   A   SOLID   BODY. 


[From  the  Cambridge  aiid  Dublin  Mathematical  Jou/rnal,  vol.  i.  (184ti),  pp.  164—167.] 

Let  P,  Q,  B,  be  consecutive  generating  lines   of  a  skew  surface,  and   on   those 

take   points  p',  p;   q',  q;  ¥,  r  such   that  ^$',   qy'  aro   the    shortest    distances 

between  P  and  Q,  Q  and  ii,  &c.  Then  for  the  generating  line  P,  the  ratio  of  the 
inclination  of  the  lines  P,  Q  to  the  distance  ^  is  said  to  be  "the  torsion,"  the  angle 
((■pq  is  said  to  be  the  deviation,  and  the  ratio  of  the  inclination  of  the  planes  Qpg'  and 
Qjr'  to  the  inclination  of  P  and  Q  is  said  to  be  the  "skew  curvature."  And  similarly 
for  any  other  generating  line;  so  that  the  torsion  and  deviation  depend  on  the  position 
of  the  consecutive   line,  and  the  skew  curvature  on  the   position  of  the  two  consecutive 

lines.     The    curve   pqr is    said    to    be    the    minimum    distance   curve    [or    curve   of 

striction].  {When  the  skew  surface  degenerates  into  a  developable  surface,  the  torsion 
is  infinite,  the  deviation  a  right  angle,  the  skew  curvature  proportional  to  the  curva- 
ture of  the  principal  section,  i.e.  it  is  the  distance  of  a  point  from  the  edge  of  re- 
gression, multiplied  into  the  reciprocal  of  the  radius  of  curvature,  a  product  which  is 
evidently  constant  along  a  generating  line.  Also  the  curve  of  minimum  distance  becomes 
the  edge  of  regression.}  A  skew  surface,  considered  independently  of  its  position  in 
spa«e,  is  determined  when  for  each  generating  line  we  know  the  torsion,  deviation, 
and  skew  curvature.  For,  assuming  arbitrarily  the  line  P  and  the  point  p,  also  the 
plane  in  which  p<l  Hes,  the  position  of  Q  is  completely  determined  from  the  given 
torsion  and  deviation;  and  then  Q  being  known,  the  position  of  P  is  completely  de- 
termined from  the  skew  curvature  for  P,  and  the  torsion  and  deviation  for  Q;  and 
similarly  the  consecutive  generating  lines  are  to  he  determined. 

Two  skew  surfaces  are  said  to  be  "deformations"  of  each  other,  when  for  correspond- 
ing generating  lines  the  torsion  is  always  the  same.  Thus  a  surface  will  be  deformed  if 
considering  the  elements  between  the  successive  generating  lines  P,  Q as  rigid,  these 
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elements   be   made   to   revolve    round   the    successive   generating    lines   P,  Q  and   to 

slide  along  them.  {They  are  "transformations",  when  not  only  the  torsions  but  also  the 
deviations    are    equal    at    corresponding    generating   lines :    thus,   if    the    sliding   of   the 

elements   along   P,  Q be   omitted,  the   new   surface  will   be,  not  a  deformation,  but 

a  transformation  of  the  other.}  No  two  skew  surfaces  can  be  made  to  roll  and  slide 
one  upon  the  other,  so  that  their  successive  generating  lines  coincide,  unless  one  of 
them  is  a  deformation  of  the  other :  and  when  this  is  the  case,  the  rolling  and  sliding 
motions  are  completely  determined.  In  fact  the  angular  velocity  of  the  generating  line 
is  the  angular  velocity  round  this  line,  into  the  difference  of  the  skew  curvatures  of 
the  two  surfaces;  the  velocity  of  translation  of  the  generating  line  in  its  own  direction 
is  to  the  angular  velocity  of  the  generating  line,  as  the  difference  of  the  deviations 
is  to  the  torsion.  (This  includes  also  the  case  in  which  one  surface  is  a  transforma- 
tion of  the  other,  where  the  motion  is  evidently  a  rolling  one.}  A  skew  surface  moving 
in  this  manner  upon  another  of  which  it  is  the  deformation,  may  be  said  to  "glide" 
upon   it.     We   may   now   state   the   kinematical   theorem : 

"  Any  motion  whatever  of  a  solid  body  in  space  may  be  represented  as  the  '  gliding ' 
motion   of  one   skew  surface   upon   another  fixed  in  space,  and  of  which  it  is  the  defor- 
mation." 
a  theorem  which  is  to  be  considered  as  the  generalization  of  the  well-known  one — 

"Any  motion  of  a  solid   body  round  a  fixed  point  may  be  represented  as  the  rolling 
motion  of  a  conical  surface  upon  a  second  conical  surface  fixed  in  space." 
and  of  the  supplementary  theorem — 

"The  angular  velocity  round  the  line  of  contact  (the  instantaneous  axis)  is  to  the 
angular  velocity  of  this  line  as  the  difference  of  curvatures  of  the  two  cones  at  any 
point  in  the  same  line,  to  the  reciprocal  of  the  distance  of  the  point  from  the  vertex." 

The  analytical  demonstration  of  this  last  theorem  is  rather  interesting:  it  depends 
on  the  following  formulae.  Forming  two  determinants,  the  first  with  the  angular  velo- 
cities round  three  axes  fixed  in  space,  and  the  first  and  second  derived  coefficients 
of  these  velocities  with  respect  to  the  time ;  the  other  in  the  same  way  with  the 
angular  velocities  round  axes  fixed  in  the  body;  the  difference  of  these  determinants 
is  equal  to  the  fourth  power  of  the  angular  velocity  into  the  square  of  the  angular 
velocity  of  the  instantaneous  axis. 

To  show  this,  let  p,  q,  r  be  the  angular  velocities  round  the  axes  fixed  in  the  body ; 
M,  V,  v)  those  round  axes  fixed  in  space ;  a,  the  angular  velocity  round  the  instantaneoitK 
axis;   V,  il  the  two  determinants:   the  theorem  comes  to 

V  -  n  =  if, 

where  3/ =  m^  (p''' +  5'^  +  r'' —  w'^,  or  (i)''(M''  +  w'^  +  w'^~  w''). 

Here 

u   -ap+^r/  +7r, 

V    =a'p  +^'5  -F7'r, 

«;  =  a"p  +  ^"5  +  7'V  ; 
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whence  w'  =  a  p'  +  /3  (/  +  7  r', 

v'  =0'^ +  ^'2'  +  7'r', 
w'  =  o'y  +  ^"q'  +  7'V, 
(the  remaining  terms  vanishing  as  is  well  known) ;   and  therefore 

v>u/  —  ifw  =  a   (5/  —  gV)  + 18   {rp'  —  r'p)  +  7   (pg'  —  p'q), 
wu'  -w'u^rd  (qr'  —  i^r)  +  0  {rp'  —  /p)  +  7'  (pg'  -  p'q), 
wo'  —  u'v  =  a"  (qr"  ~  q'r)  +  Q"  {rp'  —  r'p)  +  7"  {p(f  —  p'q). 
Hence 

mv"-v"w  =  a  {qr"-q"r)  +  0  {rp"-'/'p)  +  y  {pq"  -  p"q)  +  u'm^  -  U(a<o' . 
wu"  —  if/'u  =  a'  (gr"  -  t^'r)  +  ^'  {rp"  -  r"p)  +  7'  (p^'  —  p"q)  +  v'ai'  -  vmw' , 
mf'  —  u"v  =  a"  {qr"  -  q"r)  +  ,S"  {rp"  —  r"p)  +  y"  {pi/'  -  p"q)  +  v/o)^  —  wmm', 

and   multiplying  these   by   u',   ii,   v/,  and   adding,  the   required   equation   is   immediately 
obtained. 

In  fact,  if  r  be  the  distance  of  a  point  in  the   instantaneous  axis   from   the    vertex, 
and  p,  (T  the  radii  of  curvature  of  the  two  cones  at  that  point,  then 

as  may  be  shown  without   difficulty :  and  the  angular  velocity  of  the  instantaneous  axis 
is  given  by  the  equation  ■sr  =  — - ;   hence   the   relation   between   the   two    angular   veloci- 
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37. 


ON   THE   ROTATION   OF   A   SOLID   BODY   ROUND   A   FIXED 
POINT. 


[From    the    CaTnbndge   and   Dublin   Mathematical  Journal,    vol.    L   (lS4fi),   pp.    IG7— 173 
and   264—274] 

Thk  difficulty  of  completing  elegantly  the  solution  of  this  problem,  in  the  ease 
where  no  forces  act  upon  the  body,  arises  from  the  complexity  and  want  of  symmetry 
of  the  ordinary  forraulEe  for  determining  the  position  of  one  set  of  rectangular  axes 
with  respect  to  another  set ;  in  consequence  of  which  it  has  hitherto  been  considered 
necessary  to  make  a  particular  supposition  relative  to  the  position  of  the  fixed  axes  in 
space,  viz.  that  one  of  them  shall  be  perpendicular  to  the  "  invariable  plane "  of  the 
rotating  body.  But  some  formula  for  the  above  purpose,  given  also  by  Euler,  are 
entirely  free  from  these  objections.  Imagine  two  sets  of  axes  Am,  Ay,  As,  Ax^,  Ay^,  Az^. 
The  former  set  can  be  made  to  coincide  with  the  second  set,  by  a  rotation  Q  round  a 
certain  axis  AB,,  inclined  to  Ax,  Ay,  As  at  angles  f,  g,  h.  (As  usual  /,  g,  h  are  the 
angles  RAx,  RAy,  RAz  considered  as  positive,  and  the  rotation  is  in  the  same  direction 
as  a  rotation  round  Az  from  x  towards  y.)  This  axis  may  be  termed  the  resultant  axis, 
and  the  angle  9  the  resultant  rotation.  The  formula;  of  Enler  express  the  coefficients 
of  the  transformation  in  terms  of  the  resultant  rotation  and  of  the  position  of  the 
resultant  axis,  i.e.  in  terras  of  6  and  of  the  angles  f,  g,  h,  whose  cosines  are  connected 
by  the  equation 

coa^/+  cos^  g  +  cos'  ft  =  1, 

This  idea  was  improved  upon  by  M.  Rodrigues  (Liouv.  torn.  v.  p.  404),  who  intro- 
diiced  the  ijuantities 

tun  ^0  cos  f,     t9,n -^  d  COP,  g,     tan -^  0  cos /;, 

(quantities  which  will   be   represented   by  X,  fj,,  v)  by  means   of  which  he   expressed   the 
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coefficients  as  fractions,  the  numerators  of  which  are  very  simple  rational  functions  of 
the  second  order  of  X,  /i,  v,  and  which  have  the  common  denominator  (1  +  X^  +  ^'  + 1^). 
These  quantities  may  conveniently  be  termed  the  "coordinates  of  the  resultant  rotation," 
and  the  denominator  or  the  square  of  the  secant  of  the  semi-angle  of  resultant  rotation 
will  be  the  "modulus"  of  the  rotation.  The  elegance  of  these  results  led  me  to  apply 
them  to  the  mechanical  question,  and  I  gave  in  the  Journal  (vol.  iii.  p.  224),  [6],  the  diffe- 
rential equations  of  motion  obtained  in  terms  of  X,  ft,  v:  which  I  integrated  as  in  the 
common  theory,  by  supposing  one  of  the  fixed  axes  to  be  perpendicular  to  the  invariable 
plane.  Though  my  attention  was  again  called  to  the  subject,  by  the  connexion  of  some 
of  these  formulfe  with  Sir  William  Hamilton's  theory  of  quaternions,  no  other  way  of 
performing  the  integration  occurred  to  me.  The  grand  discovery  however  of  Jacobi,  of 
the  possibility  of  reducing  to  quadratures  the  two  final  differential  equations  of  any 
mechanical  problem,  when  the  remaining  integraJs  axe  known,  induced  me  to  resume  the 
problem,  and  at  least  attempt  to  bring  it  so  far  as  to  obtain  a  differential  equation  of 
the  first  order  between  two  variables  only,  the  multiplier  of  which  could  be  obtained 
theoretically  by  Jacobi's  discovery.  The  choice  of  two  new  variables  to  which  the  equa- 
tions of  the  problem  led  me,  enabled  me  to  effect  this  with  the  greatest  simplicity; 
and  the  differential  equation  which  I  finally  obtained,  turned  out  to  be  integrable  per 
se,  so  that  the  laborious  process  of  finding  the  multiplier  became  unnecessary.  The  new 
variables  li,  v  have  the  following  geometrical  interpretations,  il  —  k  tan  ^  0  cos  /,  where  k 
is  the  principal  moment,  6  as  before  the  angle  of  resultant  rotation,  and  /  is  the  incli- 
nation of  the  resultant  axis  to  the  perpendicular  upon  the  invariable  plane,  and 
u  =  A^cos'^/;  where,  if  we  imagine  a  line  AQ  having  the  same  position  relatively  to 
the  axes  in  fixed  space  that  the  perpendicular  upon  the  invariable  plane  has  to  the 
principal  axes  of  the  rotating  body,  then  J  is  the  inclination  of  this  line  to  the  above 
perpendicular.  To  the  choice  of  these  variables  I  was  led  by  the  analysis  only.  It  will 
be  seen  that  p,  q,  r  are  functions  of  v  only,  while  X,  /i,  p  contain  besides  the  variable 
11.  In  obtaining  these  relations  a  singular  equation  iP  =  Kv  —  !^  occurs  (equation  13), 
which  may  also  be  written  I  +  tan^  ^  0  cos^  /  =  sec^  ^  0  cos^  J-  J,  in  which  form  the  inter- 
pretation of  the  quantities  /,  J  has  just  been  given.  The  equation  (17),  it  may  be 
remarked,  is  self-evident:  it  expresses  that  the  inclination  of  the  resultant  axis  to  the 
normal  of  the  invariable  plane,  is  equal  to  the  inclination  of  the  same  axis  to  the  line 
j\  Q.  Now  the  resultant  axis  having  the  same  inclination  to  the  axes  fixed  in  space  as 
it  has  to  tho  principal  axes,  and  the  line  AQ  the  same  inclinations  to  these  fixed  axes 
that  the  normal  to  the  invariable  plane  has  to  the  principal  axes,  the  truth  of  the 
proposition  becomes  manifest.  The  correspondence  in  form  between  the  systems  (10) 
and  (14)  is  also  worth  remarking.  The  final  results  at  which  I  arrive  are,  that  the 
time  and  the  arc  whose  tangent  is  fl  -^  ft,  are  each  of  them  expressible  as  the  integrals 
of  certain  algebraical  functions  of  i;.  The  notation  throughout  is  the  same  as  that  made 
use   of  in   the   paper  already   quoted. 

The    equations    of  rotatory    motion    are 

,       (?p  _  dg  _  dr  __  dX  _<if^  _di' 
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dvn 


A-il(l  +X-)p  +  (Xf.-')l  +  (^'+l^)'-],) 

M-il(iik  +  i,)  p  +  (l  +f^')q  +  (li,i:~\)r\,> 

N  =>,[(vX~ii)  p  +  (jir+\)  g  +  (l  +i'')r],j 

[whence  also  XA  +  ^M  +  i'N  -^K(Xp  +  iAg  +  nr) (3  bis)]. 

In  the  case  whore  the  forces  vanish,  the  first  tliree  equations  become  simply 
p.l(B-0,r,  ' 


(2). 


(3). 


Q  =  ^(C-A}rp. 
R  =  \,{A-B)pq, 

and  here  the  usual  four  integrals  of  the  system  are 

Ap^  +  Bq^  +  CY  =  k ■ (5), 

Ap  (l+X'-fT-  v')  +  255  (V  - 1')  +  20r  ( I'X  +  /a)  =  a  (  L  +  X^  +  /i^  +  v%  "j 

'iAx)i\ii  +  v)  +  Bqil+^i?-v''-\^)  +  'lGr(}j.v-\)  =  \){l  +  X'  +  ii^  +  v%  \- (C), 

^Api^X-  (i.)  +  iBq{iiv  +  \)  +  Cr{\-lrv'--K''  -  tJ?)  =  <2{l  +X^  +  f>?  +  "-),] 

or  as  they  may  also  be  written, 

2a (X/i - 1')  4- b (1  +  ^=  - 1.=  -  V)  +  2c {,>.p  +  \)  =  Bqi\  +  X^  + iJ?-\-v%>  (6  his) ; 

2a {v\  +  ft)  +  2b (/ii- - X)  +  c (I  +  c' - X'^ - /i')  =  Gr  (l->rX''  +  p?  +  v%  J 

to  which  we  may  add, 

AY  +  B'q^  +  Gh-'  =  k'    (7); 

where  /(.■"  =  a- +  b^  +  c^ (8), 

Introducing  the  quantities  «,  H,  {the  former   of  which   has   been   already   made   use 
of)  given  by  the  equations 

"=^^+^'  +  ""  +  '■1      (9, 

£l  =  \Ap  +  i>.Bq  +  varJ 
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The  ecjuations  (6)  may  be  written  under  the  form 

2\n   +  2iJ,0r  -  2vBq  =  /c  (A_p  +  a)  -  2Ap,  "i 

-2\Cr+2fiil    +2vAp  =  KiBq+h)-2BqA    (10), 

27^q  -  2fiAp  +  2M    =  « (&  +  e)  -  2Cr  ,  J 
whence  also,  multiplying  by  A.p,  Bq,  Cr,  and  adding, 

2a'^K[Jc'  +  (Apii  +  Bqh  +  OrQ)]-2k' (11), 

k'  +  (Apa.  +  Bqh  +  C'rc)  =  2v  (12), 

this  becomes 

il^^Kv-k^ (IB); 

All  equation,  the  geometrical  intei^retation  of  which  has  already  been  given. 


From  the  equations  (10)  we  deduce  the  inverse  system 
ail   -  hCr  +  oBq  =  2Xv  -  ^.Ap,  ^ 

aCr  +  bli    -cAp  =  2/j.v-aBq,  I (14), 

-  sBq  +  hAp  +  cfi    =  2vv  -  SlGr  , ) 

which  are  easily  verified  by  multiplying  by  fl,  Cr,  -  Bq;  or  by  -  Cr,  H,  Ap ;  or  Bq,  -  Ap,  Q. : 
adding   and   reducing,  hy  which  means  the   equations  (10)   are   re-obtained.      Hence   also 


if  for  shortness 

<I>  =  an  4-  Vio  -I-  r^j-  \ 


"I*  =  ajj  +  bg  +  cr,  ■\ 


V  =a.qr{B-C)  +  \,rp{G-A)  +  Q.pq{A-B).) 
\Y&  have,  multiplying  by  p,  q,  r,  and  adding, 

li*  -  V  =  2i;  (Xp  +  ^9  +  i-r)  -  nft (IC). 

To  these  may  be  added  the  equation 

n=a\  +  b/t  +  cy   (17), 

which  follows  immediately  from  either  of  the  systems  (10)  or  (14). 
We  may  also  put  the  equations  (10)   under  this  other  form, 
2Xli  -  2^c  +  Si-b  =  K  {Ap  +  a)  -  2a,  "1 

2\c  +2^-2:'a  ^it{Bq  +  b)  -  2b,  j-     [10  bis). 

-2X.b  +2^  +2va,=  >c(Cr  +c)-2c,J 

It  may  be  remarked  now,  that  p,  q,  r  are  functions  of  v ;   since  we  have  to   deter- 
mine these  quantities,  the  three  equations 

Ap^  +  Bq^  +  Cr"  =  A,  ■> 

Ay  +  B^  +  C'i^^/if,  i   (18). 

Apsi  +  Bqb  +  Crc  ^2v-  It?,  j 
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Also  X,  fi,  V  are  given  by  the  equations  (14)  aa  functions  of  p,  q,  r,  O,  i.e.  of  u,  li; 
so  that  every  thing  is  prepared  for  the  investigation  of  the  differential  equation  between 
u,  n.     To  find  this  we  have  immediately 

dv^\{A&dp  +  Bhdq^-Gcdr)  =  lVdt (19), 

from  the  equations  (4)   and   (15).     V   is   of  course  to   be   considered  as  a  given   function 
of  V.    Again, 

£ldn^^(Kdv  +  vdic)  (20), 

where  dK  =  '2{\dX  +  iJ,diJ.-^vdv)  (21); 

or  from  the  equation.s  (1),  (3),  [and  (3  his)\, 

dK.  =  K{\p  +  ixq  +  vr)dt (22). 


Hence,  from   (16), 


2vdic^ic{Q.{h^-^)-V]dt (23); 

^{vdK  +  Kdv)^KSl{h  +  ^)dt (24), 

dn  =  lK{h-v  *)  dt, 

=  1  ^^1+^  (^i  +  $)  di (25), 


and  therefore,  from  (19), 


..(26), 


the  required  differential  equation,  in  which  *,  V  are  given  functions  of  v,  i.e.  they  are 
functions  of  p,  q,  r  by  the  equations  (15),  and  these  quantities  are  functions  of  v  by 
(18).     The  variables  in  (26)   are  therefore  separated,  and  we  have  the  integral  equation 

2tan-'  ^=S  +  A^J^— ^^     (27), 

where  5  is  the  constant  of  integration.     The  equation  (19)  gives  also 

(28); 


2f^. 


and  thus  the  solution  of  the  problem  is  completely  effected.  The  integrals  may  be  taken 
from  any  particular  value  v^  of  v.  The  variable  11  may  be  exhibited  as  the  integral  of 
an  explicit  algebraical  function,  by  recurring  to  the  variable  ^  of  the  paper  quoted. 

Thus  if 

Ap^^  +  Bqa"  +  Gn^  =  k, 

A^„''  +  B%''  +  Or„=  =  k\ 

Ap„a  +  Bq^h  +  Cnc  =2va-i^\ 
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then  the  values  of  p,  q,  r  are  respectively 

^\p.'-l(C-B)i.],      ^{5.-](4-C)*},      y|,,4<B-^)^}, 
where 

^  pqr       V   '  V      *  pqr ' 

and  then 

«  J  0  («^  +  -iliJa  +  Bqh  +  Vrc)pqr 

in  which  form  it  is  exactly  analogous  to  the  equation  there  obtained,  p.  230,  [6,  p.  34] 

+  kr)dtf) 
f  Cr)  pqr ' 


A  .     -1  ((h  +  kr)d<fi 


On  the  Variation  of  the  Constants,  when  the  body  is  acted  upon  by  Forces. 

The  dynamical  equations  of  a  problem  being  expressed  in  the  form 

ddT_dT^dV 
dt  d\'     dx     dx ' 

ddT_^dT^dV 
dt  dfj!     djj.      dfj. 

ddT__dT^dV 
dt  dv       dv      dv  ' 

suppose  the  equations  obtained  from  these  by  neglecting  the  function   V,  are  integrated ; 
each  of  the  six  integrals  may  be  expressed  in  the  form 

a^f(X,  /i,  V,  X',  yu-',  !■',  t), 

where  a  denotes  any  one  of  the  arbitrary  constants.     Assume 

dT  _        dT^        dT^ 
dX'       '     dfi!       '     dv         ' 

then  X',  /jf,  v    may  be  expressed  in  terms  of  X,  fi,  v,  u,  v,  w,   and  the  integrals   may   be 
reduced  to  the  form 

a  —  F(X,  fi,  V,  u,  V,  w,  t). 

These  equations  may  be  considered  as  the  integrals  of  the  proposed   system,  taking 
into  account  the  terms  involving  F,  provided  the  constants   [say  a,  h,  c,  d,  e,  J  ]   be  sup- 
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posed  to  become  variable.     We  have,  in  this   case,  by  Lagrange's   theory  of  the 
of  the  arbitrary  constants,  the  formulae 


^  '    '      \Au  dX     dX  duj      \(?! 


/da  db  _da  db\ 
\dw  dv     dv  dwj  ' 


and  in  which   V  is  supposed  to  be  expressed  as  a  function  of  a,  6,  c,  d,  e,  f,  t. 

Thus  the  solution  of  the  problem  requires  the  calculation  of  thirty  coefficients  (a,  &), 
or  rather  of  fifteen  only,  since  evidently  {a,b)  =  —  (b,  a).  It  is  known  that  these  coeffi- 
cients are  functions  of  a,  b,  c,  d,  e,/,  without  t;  so  that,  in  calculating  them,  any  assumed 
arbitrary  value,  e.g.  t~Q,  may  be  given  to  the  time. 


In   practice,  it   often   happens   that   one   of  the   arbitrary   constants,   e.g. 
in  the  form 


may   be 


-F{X,  f.,  . 


w,  t,  h,  c,  d,  e,  /), 


where   b,  c,  d,  e,  f  are   given   functions   of  X,  fjb,  v,  u,  v,  w,  t.     In  this  i 
seen  that  we  may  write 


upon   a  arc   performed    without 


(a,6)=((a,6)l  +  (»,J);j_ 

whore,  in  the   calculation   of  {(a,  &)},  the   differeiitiatio 
taking  into  account  the  variability  of  b,  c 

In   the   particular  problem   in   question,   the   following    are    the   values    of   the    new 
variables  u,  v,  w  (Math.  Journal,  memoir  already  quoted,  [6]), 


z(     ^P- 


1  +  iJ.Gr), 


■  (29), 


-  (      vAp+    Bq-  \Gr), 


^  -  (-  t^cAp  +  \Bq  +     Gr)  ; 


equations  which  may  also  be  expressed  in  the  form 

^Ap  =  ( 1  +  X.3)  M  +  ( V  +  ")  »  +  (t'^-  -  /t)  w 
25?  =  (V  -")"  +  ( 1  +  /i')  v  +  {iJ.v-{-  X)  w, 
2Cr  =  (y\  +  ^)  M  +  (Aif  ~  X)  1!  +  (  1  +  v')  w, 

or  putting  for  shortness 


XU  +  /J.V  +  V 
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these  become  2j1^  =  \c7+    u-[-  vv—iiv!, (32). 

2S5  =  /iOT-  —  j/w  +   v-\-  XvJ, 

2C'r  ^imr  +  /j.u,-Xv+    w, 
whence  also 

2fl=KOT (33), 

Substituting  the  values  of  Ap,  Bq,  Or,  given  by  (30)  in  the  equations  (6),  we  deduce 

2a  —  X.or  +    u  —  fv  +  fj/iu (34), 

2b  =  /isj  +  VU+    V  —  \w, 

2c  =  m  —  /Ait  +  X^;  +    w, 

whence  also 

2  (aX  +  b/i  +  cy)  =  «OT  (35), 

which  in  tact  follows  from  (33)   and  (17).     And  likewise  the  inverse  system, 

M  =  ?(      a  +  i.b-/ic)    (36). 

v^-{-v&+   b  +  Xc), 

W  =  -  (    /ia  —  Xb  +    u). 

It  is  easy  to  deduce 

k'^\K{u^  +  ',fi  +  w-'  +  ^"\    (37), 

v  =  H('«^  +  ^*  +  ^0  +  (l+«)«T     (38). 

Again,   from   the   equations   (10  his), 

K  (bCr  -  oBq)  =  -  2X  (a'  +  V  +  c'^  +  2a  (?k.a  +  ^b  +  vc)  +  2  (bj'  -  c/^)  fi 
=  -  2X/c^4-  2  (a  +  by  -  c^)  fl 
=  ~  2Xi:^  +      icvX). ; 

and,   Ibrming   also   the   similar   expressions   for  k  {cAp  —  aCr),  and  ic  (&,Bq  -  bAp),  we  thu.s 
obtain 

au--/^X^hC'r~cBq  (3&), 

flv  —  ■  /if /J.  =  cAp  —  hCr, 

Hm  —  k'^v  —  a,Bq  —  cAp ; 

to   which  many  others   might  probably  be  joined. 

The   constants   of  the   problem   are   a,  h,  c,  h,  e,  K     Of  these   a,   b,   c   are  given   as 
functions  of  X,  ft,,  v,  u,  v,  w,  by  the   equations  (34);   in  which  ct  is  to  be  considered   as 
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where  Ap,  Bq,  Or  arc   given   as   functions  of  X,  /a,  v,  u,  i>,  w   by   (S2),   : 
stands  for  \u+  iiv  +  vw.     Again, 
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standing  for  Xu  +  ij,v  +  vw.  {These  determine  Ai^,  which  is  however  given  immediately  by 
(.S7).|     As  for  h,  we  have 

h^\{Apy  +  \{Bqr  +  l{Gr)\ 
■\> 

in  each  of  which  V,  <i>  are  functions  of  v,  and  of  a  b  i  h  partly  as  enteimg  explicitly 
into  these  functions,  partly  as  contained  implicitly  la  p  q  ?  which  enter  into  V  $•,  and 
are'  functions  of  v,  k,  k  given  by  (18].  After  the  mtegiation  u  is  to  be  i^onsidered  a 
function  of  X,  fj,,  v,  u,  v,  w  given  by  (38).  Both  of  the  integnk  may  be  supposed  taken 
from  a  certain  value  no  of  v,  which  may  be  eonsideied  a=i  an  abiolutely  mvaiiable  arbi- 
trary constant,   since  without   it   we   have   the   light   number    six    ol   aibitrary  constants. 

First  to  find   (a,  b),  (b,  c),  and  (c,  a).     From  (34)  we  have 

(a,b)  =  i[     (  1  +V)(/iM-    w)-{\u+-a7)(\ii+  v) 
+  {\li-v}  ifiv  +  ■or)-{Xv  +iv)(l  +/J?) 
+  (vX  +  ^)  {  u  +  fm)  —  (\w  —  v)  {fiv  —  X)] 
^  ^{nu-Xv  -w  -vs!)^-  l^a^-c; 
whence  the  system 

(b,  c)--a,     (c,  a)  =  -b,     (a,  b)  =  -c (40), 

Also  we  may  add  {k,  a)  =  t  (a,  ^)  +  r,  (b,  a)  +  7  (c,  a)  =  0, 

{fc,a)  =  0,        (/c,b)  =  0,        (/c,c)-0   (41), 

which  will  be  useful  in  calculating  some  of  the  following  coefficients. 

Proceeding  to  calculate   (a,  h),  (b,  h),  (c,  K).     It  is  seen  immediately  that 
(a,  A)=2(j)(a,  Ap)  +  q{3,,Bq)-\-T{&,  Cr)], 
where  Ap,  Bq,  Cr,  are  given  by  the  equations  (32),  so  that 

(^,Ap)^i{  (14-V)(X«+  ^)~{\  +X^)(X-i(+  w) 
+  (X;ti  -  !■ )  (X?i  -  w)  -  (X//.  +  c )  (Xi!  +  w) 
+  {vX+iJ.){    V +  Xvj)  -  {i>X  -  fi)  (- V +  Xw)] 

i.e.  (a,  ^p)  =  0 (42). 
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Similarly  (a,  Bg)  =  -J  (  (  1  +  X^)  (/mu  +vj)  -{ku+  ar)  {Xfi  ~  v) 
+  {X/i  -  V  )  iii.v  +  vt)  ~  (\V  +  to)  (  1  +  /J?) 
+  (vX  +  /J.)  (ftw -  u)  -  {—V  +  Xw)  iiiv   +X)\ 

le.  (a,  Bq)^Q,  (43), 

and  similarly  (a,  Cr)  —  0  ; 

whence  (a,  h  )  =  0,  and  therefore   ih,  A)  =0,  (c,  A)  =  0 (44): 

ako  {k,  h)  =  0,  (45). 

Next,   we    have    to    determine    (a,   e),    (b,   e),    (c,    e).     Here    e    being  a    function    of 
y,  V,  w,  \,  fj.,  V,  a,  b,  c,  A,  we  must  write 

(a.e).|(a,.)K(..b)|  +  0,c)|  +  (a.*)J. 


(a,  6)=|(a,  e)]+b^-c 


But 


2  , 


=  f  — 2l-=;    and  thence   ((a,  e))  =  — ^-(a,  v), 


and    V    is    given    immediately    as    a    function    of  \,    /i,    u,   m,    «,    w,    by    the    equation    (38), 
Hence 

(a,  y)  =  1  [     (  1   +  X=)  ((1  +  «)  Mw  +  X^=]  -  (  Xii  +    ^)  [m  +  \  (1  +  «)  ^! 

+  (\^  -  I' )  ((1  +  /c)  ^t?  +  ^C7^}  -  (  X;;  +    w)  [w  +  M  (1  +  «)  w] 
+  iyX  +  ^)  {(1  +  k)  MTO  +  r^^)j  -  (-  i,  +  Xw)  [w  +  J-  (1  +  «)  ^}] 

=  ^  {(1  +  «)  «rw  -  X  (1  +  «;)  CT=  +  Xk  -  X  (m^  +  i>^  +  Jii^)  -  mot} 

=  \  [kUis  -  Xnr=  -  X  (w=  +  ?!=  4-  W")] 

=  i«7m-^-i(iiM-^)  (by  (37)  and  (33)}, 

=  ^(bCr-cS5)      ■ (46); 

whence  {(a,  e)}  =  —  ^  (bCr  —  cBq), 

The  terms  b -^ — c-^^  are  evidently  of  the  form  F(v)  —  F(vi,). 
If  therefore  we  suppose  v^vn,  we  have 

(a,  .)  =  -^^(bCn-cif3„) (47), 
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if  P».  1ii>  ^0.  ^0  refer  to  the  value  v^  of  v,  i.e.  if 

Apa^  +  Bq^-{-Cr^^^h 

Ap^  +  Bq^h  +  Cr„c  =  2v„  -  P. 
[This  implies  e-vidently 

an  equation  which  it  is  intoreating  to  verify.     In  fact,  from  the  value  of  e 
01-  we  have  to  show  that 


,1a 
if  for  shortness 


Now  V  containing  a,  b,  e  explicitly,  and  i 

suppose.     The  equation  to  he  verified  becomes 

"Now,  observing  that  Sk—0,  we  have 

A  pSp  +  B  qSq  +  CrBr=  0, 
A^Bp  +  &q§q  +  GV8r  =  0, 
Aa^p  +  BhSq  +  CcBr=^-  {hCi-  -  cBq). 


Also, 


'Si-'' 


A-pf-  +  B;''J+C-rf.O, 
■^  dv         ^  dv  dv 
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vhence  evidently 

du     hOr^iBq^-     dv     ha 

,r 

dV           -2 

rfu      bOr-cBq         • 

or  the  e(iuatioii  to  be  verified  is  simply 

which  follows  immediately  from  the  three  equations  just  given   for   the   determination  of 
dp     dq     dr  , 
dv'    dv'   dv  ^' 

From  these  values  also 

ik.  e)-0   (49). 

Next,  to  calculate  (h,  e), 

(*,,)-((*,.))  +  (/.,  a)|  +  (i,b)*+(4,„)|; 

but   the   three  last  terms  being  evidently  such   as  to  vanish  for  w  =  w„,  we  may  neglect 
them,  and  consider  {h,  e)  as  the  value  which  {{h,  e)]  assumes  for  this  value  of  i>. 

Now  1(4,  e)l  -  2p  l(Ap,  e)l  +  2g  {IBq,  ,)]  +  2r  {(Cr,  e)|, 

where  l(Ap,  ,}]~~^(Ap.v), 

and 

(Ay,  „)  .  J  [      (  1  +  V)  1(1  +  «)  «=r  +  ta"|  -  (Xa  +    <»)  |ii  +  X  (1  +  «)  »1 

+  (X^+  »)  1(1  +  «)  TO  +  ^«')  -  (X»  -    i»)  i»   +,1  (1  +  «)  »| 

+  (i-X  -  ^)  1(1  +  /t)  io»  +  »ir"j  -  (  »  +  X!»)  (ro  +  1.  (1  +  «)  •;.] 

=  i  {(l  +  K)Tiru  +  XK^^-\(l  +  K)z7^-\{u^  +  iC  +  iif]  -iixMJ  =  (a,  i>) 

-i(b(;r-cB5) (30), 

whence  {{Af,  e)|  -  -  ^  (btV  -  cB,) (51), 

and  therefore  [{Bq,  e)]  =  -^ (cAp -  a&), 

|(0r,  e)!--  ?(ai!<,-b/ly). 
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whence  [{h.  e)]=-2, 

and  therefore 

{h,  f)=-2 (52). 

Next,  to  find  (a,  8),  (b,  S),  (c,  S),  {h,  5), 

,     _,       ,  K13-     ,  f(h  +  'P)dv 
g  =  2tan>2^-ij— ^, 

=  8'  +  8"  suppose, 
(a,  S)  =  (a,  «')  +  (".  S"), 
(a,  S')  =  l(a,  «„)  +  (a,  t)g, 

[observing  K-ta^  +  4fc'  =  4  (fi=  +  P)  =  4«;u} 

k   .  . 

where 

(a,  «w)  =  ^  (  (  1  +  X^)  («iy  +  2Xw)  -  (  Xm  +  ^)  «X 
+  (X/i  -  V  )  (otj  +  V^)  -  (  Xj;  +  w)  «;,t 
+  (i'X  +/i)  (kw  +  2i^)  -{-ii+Xw)w  } 

^i-  K  (u  +  Xct)  ^Ap-  vBq  +  /j,Or  +  XH  =  ^  (a  +  ^^))  «  {53), 

by  equations  (29),  (33),  and  (10)  ; 

that  is  (a,  B')  =  ^  (a  +  Ap). 


Also 


■  putting  u  ~v^, 


^-\k  ^-  (bCr  -  aBq)  +Fv-  Fv„ 


(.^,S)^l-J.  +  Ap-'^0>Cr. 


(a,  S)  =  ^ja  +  J;.,-^±^(b(7r„-c%)i     (54), 


lud  therefore  also  (b,  -S)  =  ~\h  +  Bq„-  ——'  (cAp„  -  aCr,)), 
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Again,  (    h,  S)  =  2p{Ap,  S)  +  2q{Bq,  S)  +  2T(Cr,  S), 

(Ap,  S-)  =  {Ap,  S')  +  {Ap,  S"), 

(Ap.S').^(Ap,.^)+{Ap,l,)'§^ 


(Ap,  /c^)  =  i  I     (  1  +  V)  (ku  +  2Xc7)  -  (Xu  +   ^)k\ 

+  {vX+fJ.)iim  +  2vw}-{v    +Xw)kv] 
=  i«(ii  +  \tr)=J«(a  +  ^ji) 


(Ap  S"}--k 

=  -  J7e  — ~  (tCr  -  cBq)  +  Fv  -  Fv„ 
{Aj,,  8)  .  ^  (a  -  ^p  -  ^±5  (bCr  -  iBq)\  +  Fv  ~  Fv. , 

aiid  similarly  for  {Bq,  5),   (Cr,   S).     Substituting,  and  neglecting  tile  terms  whicii  vanish 
for   v~v., 

(h,  S).-(<S>  +  h--^X'), 

i.e.  (ft,  8)  =  0     (67). 

Lastly,  to  find  (e,  8), 

(.,8)  =  |(e.8)!  +  (a,8,|+(b,S)|  +  (c,8)|, 

where,    in    ({e,   S)j,  the    differentiations   upon    e    are   supposed    not    to    atToct    the    constants 
a,  h,  c.     Neglecting  the  terms  which  vanish  for  v  —  v„, 

fcS)  -1(«.  8)1, 

i(.,  8)1.((.,  801  +  l(e,  8")), 

((e.  8')1  =  [((.,  S')|]  +  (..t)5  =  [l(e,  8'))]; 
where,  in  [|(e,  B'j]],  the  differentiations  upon  e  and  S  do  not  affect  the  constants. 

1(6,  8'-)).[f(e,  8-))]  + 
i.6.  (fcS-')l  =[!(.,  S"))]: 
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neglecting  the  terms  which  vanish  for  v^Vn, 

therefore  (e,  S)  -  [j(e,  8')!!  +  [((«.  8")|] 


feS)-- 


'  «Vi, 


(y,  /cot) 


■  (58), 


u  +  (1  +  /c)  ^w)  (2\ot  +  m)  -  {Xot=  +(!+<)  ^it]  «A 
w  +(!+«)  ^ot}  (2/iw  +  «y)  -  [/icr=  +  {X  +  ic)^v]  K^ 
,+  {!»  +  (! +«)»«|(2ra+««i)-(>.ii"+(l  +  «)OTo|«« 
.  |(2sr" +«(»■  +  »■  +  «<')  + 2  (]+«)(«-!)  ■r"  +  «(l  +  «), 

-.(«-l).'-«(,+l)„-l 

-4«  j(/c  +  l)5r=+(!(=  +  )('  +  w;')}  =  ^4KU-2«y   


■  (59), 


Hence,  recapitulating, 


=  —  a,     (c,  a)  =  -  b,     (a,  b)  =  —  c, 
=  0,        (b,  A)-0,         (0,4). 0, 

--^(bCr.-cBg.), 
=  -  ^  (c^j>o  —  aGi'o), 
.  -  ^  (a,B(7„  -  b^p„). 


-*  +  *'(bCr.-ei!s.)), 
|-  Ic  +  Or.-^±-??(nSg.-  bAp,)), 


.^(a+^ft- 
"2i;. 
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.^-(bCr.-oBs.))^, 
lie       ,dV       <iF      1  ,   „       .  ,    ^dV      4  ,     ,    „       h+t,  dV 

djh^_^dy^ 

dt  de  ' 

„dV      h  dV 


de      1   (,.„  „   ^dT  ^  ,    .  „   ,iiF     ,  _        I.    ^'«'l   ,  o'"'      *  '*'' 

+  if,  +  Bq,-  -^— •Mp.-aCr.))  ^j- 
+  |o  +  Cn  -  ^  (aB,.  -  b Jj,.)]  ^  J  +  V.  i  ■ 
to  which  we  may  join 


dt~  dS" 


We  have  thus  the  complete  system   of  formula 
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NOTE   ON   A   GEOMETRICAL   THEOREM   CONTAINED   IN   A 
PAPER   BY  SIR   W.    THOMSON. 


[From  the  GambHdge  and  Dublin  Mathematical  Journal,  vol.  i.  (iSiCi),  pp.  207,  208.] 

It  is  easily  shown  that  if  three  confocal  surfaces  of  the  second  order  pass  through 
a  point  P,  then  the  square  of  the  distance  of  this  point  from  the  origin  is  equal  to  the 
sum  of  the  squares  of  three  of  the  axes,  no  two  of  which  are  parallel  or  belong  to  the 
same  surface  (the  squares  of  one  or  two  of  the  axes  of  the  hyperboloids  being  considered 
negative);  i.e.  if 


a=  +  A 

*JI'  +  h^<?  +  h       ' 

a? 
a'  +  t 

+  !?f-4  +  4"*-l' 

a? 

+A+?fi-i- 

*^  +  /  +  3' 

-a'  +  h''  +  (?  +  h  +  k^ 

In  fact  these 

equations 

give 

».-( 

«■  +  (.)(»■  +  !:)  (a- +  0 

(„._!,)(„._o.) 

,_(c^  +  A)(c'  +  /:)(c^  +  0 


and  adding  these  and  reducing,  we  have   the   relation  in  question ;   which  is  also  imme- 
diately obtained  by  forming  the  cubic  whose  roots  are  k,  k,  I. 
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From  thif,  property  may  be  deduced  the  theorem  given  by  Mr  ThoKiBori  in  the 
preceding  memoir  ["On  the  Principal  Axes  of  a  Solid  Body,"  pp.  127 — -133  and  195 — 206, 
see  p.  205].     In  fact,  writing 

»■"  =  ic^  +  ?/'  +  z^, 
and  &  =  -  a^  -  6=  -  C=  +  /(, 

we  see  that  in  consequence  of  these  relations  the  equations 

^         +         C         -H  "?         =1, 


&"  +  &  c=  +  i 


.  1, 


are  equivalent  to  two  independent  equations,  i.e.  the  third  can  be  deduced  from  the 
two  first.  Now  the  first  equation  is  that  of  an  ellipsoid  (or  generally  a  surface  of  the 
second  order,  since  a,  b,  c  are  not  necessarily  real).  The  second  is  that  of  what  may  be 
called  a   conjugate  eqnimomental  surface,  defining  the  term  as  follows:    "The   conjugate 

a^      y^      2^ 
equimomental  surfaces  of  an  ellipsoid  (or  surface  of  the  second  order)  —  +  ji  +  ^=^,  fwe 

the  equimomental  surfaces  derived  in  the  usual  manner  from  any  surface  of  the   second 

order  ,  _    ^  +  i-^j-j  +  ,  _  ^  =  1,  which  is  confocal  with  the  conjugate  surface  —  +  ^s  +  -i  =  -l 

of  the  given  ellipsoid,"  viz.  by  measuring  along  any  line  through  the  centre  distances 
equal  to  the  axes  of  the  section  by  a  plane  through  the  centre  perpendicular  to  this 
line,  and  taking  the  locus  of  the  points  so  determined  for  the  equimomental  surface. 
The  third  equation  is  that  of  a  surface  confocal  with  the  given  ellipsoid ;  hence  the 
theorem,  "  The  curves  of  curvature  of  a  ■  given  ellipsoid  lie  upon  a  system  of  conjugate 
equimomental  surfaces." 

But  since  the  first  and  second  ecjuations  are  evidently  satisfied  by  the  combination 
of  the  first  equation  with  the  relation  i^  =  h,  which  is  that  of  a  sphere,  we  have  also, 
"The  curve  of  intersection  of  the  ellipsoid  with  any  one  of  the  conjugate  equimomental 
surfaces,  is  composed  of  the  line  of  curvature  and  a  spherical  conic."  And  these  two 
curves  being  each  of  them  of  the  fourth  order  make  up  the  complete  curve  of  intersec- 
tion, which  should  obviously  be  of  the  eighth  order. 

It  would  be  an  interesting  question  to  determine  the  relations  existing  between  the 
curve  of  curvature  and  the  spherical  conic,  which  have  been  thus  brought  into  connec- 
tion by  means  of  the  conjugate  equimomental  surfaces;  i.e.  between  the  two  curves 
obtained  by  combining  the  equation  of  the  ellipsoid  with 

3?  y^  s' 

T-^  =  ft=  +  6'  +  c'  +  k, 
respectively  1  but  it  will  be  sufficient  at  present  to  have  suggested  the  problem. 
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ON  THE  DIAMETRAL  PLANES   OF   A  SURFACE  OF  THE  SECOND 
ORDER. 


[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  i.  (ia46),  pp.  274 — 278,] 

Let  U^Ax''  +  Bf  +  Gs^+2Fyz  +  2Qai2+2Rxy  =  0,  be  the  equation  of  a  surface  of 
the  second  order  referred  to  its  centre,  and  let  ax  +  a'y  +  a"e  =  0  be  the  equation  of 
one  of  its  diametral  planes;   then,  as  usual 


(A- 

-»).+ 

m  + 

ea"  =  0, 

Ha  +  {B- 

■«)«'  + 

Fo:'  =  0, 

ea  + 

Fd-  +  (C  - 

■..)«"-0, 

which  are  equivalent  to  two  independent  equations,  and  consequently  capable  of  deter- 
niining  the  ratios  o.  :  d  :  a",  provided  that  v,  satisfy  the  cubic  equation  that  is  obtauied 
by  eliminating  a,  a',  a"  from  the  three  equations. 

We   have   from  the   second   and   third,  from   the   third   and   first,  and  from  the  first 
and  second  equations  respectively, 

a  :  a'  :  a"  =  gl,  ;  |^,  :   <&=^,  :  03,   :  jf,  =  «G,  :  ^,   ■   €,; 

where,  if 

gl=SO  -F'  , 

§  =  GH-AF, 

€5^SF-B0, 

P^^FG  --OS, 

^,.    33.,    ®,.    jF/,    ®..    ^,    ^e    what    these    become    when     A,    B,    C    are     changed    into 
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A  -? 

B-u,  C-u,  SO  that 

«,.»-(-B  +  C)«  + 

v,-m-(c  +  A)u+ 

e.,  =  a-(A+B)u  + 

§,-£  +  "". 

«I,  =  ffi+G», 

m,=m+H"- 

SLTRFAOE    OF    THE    SECOND    ORDER. 


[39 


Hence  the  equation  a^  +  o.'y  +  a"^  =  0  may  be  written  in  the  three  forma 

or,  what  comes  to  the  same  thing,  as  follows, 

^^  +  Vg  +jl^  +  u(Hi,  +  Bg  +  Fi:)  +  vy.O, 

in  which  for  shortness  v  has  been  written  instead  of 
u'-(A  +  B  +  C)«. 

The  elimination  of  u,  v  ii-om  these  equations  gives  a  result  @  =  0,  where  0  is  a 
homogeneous  function  of  the  third  order  in  w,  y,  z;  and  this  equation,  it  is  evident, 
must  belong  to  the  three  diametral  planes  jointly,  i.e.  0  must  be  the  product  of  three 
linear  factors,  each  of  which  equated  to  zero  would  correspond  to  a  diametml  plane. 
Thus  the  system  of  diametral  planes  is  given  by 

!+K?  +  fe  A^.^-Hy  +  Bz,     ir    .0, 

x  +  'iiy+^z,  Hx  +  By+Fs, 

'  +  §y  +  *«.  Gx  +  Fy+Oz, 
or  developing  the  determinant,  as  follows, 

e  =  (SJ^  -  ff«I)  *■  +  (ffjf  -  JTI5)  y  +  (J^ffi  -  Gjp)  2" 
+  1    6  («  -  au)  -  CS  (C  -  B)  -  (ffjf  -  Fjei)]  az' 

+  1  jTca-ffl)- j|u-cj-(«s -Gjf))2»- 

+  1  Fl^~f3l.)-SI.Ji-^)-(<'''^-B&'A''y' 
+  {- H{<S,  -Vi)  +m{(!  -  B)  +  {F(&  ~  aS)]tz 
+  \~F(»-«}+§  {A-C)  +  lfi^~Hei)\z'x 
+  I-  G  (as  -  H)  +  a  {B-A)+  (Hg  -F^i]  'A, 

+  (oja  -  ija  +  9c  -  cm  +  sa  -  am)  ^yz ; 
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or  reducing 

a.  [F  {0' -  IP)  -  on  {C  -  B)\  If 
+  [G{E-—F')-HF{A-G)\y' 
+  [H(F'-Q')-FO(B-A)\z- 

+  lOiA-B)(B-0)  +  FS(A+B-2C)  +  e(F-+G--2H')]sz- 
+  [H{B-0){C-A)  +  GF{B+C~2A)+H{a'+II'-2F-)]iif 
+  lF(C-A){A-B)  +  GElO+A~W)+F(E'  +  F--2G')]i:y' 
+  \H{B-C)[C-A)+FG(C+A-  25)  +  S[H'+  f»-  20-))  y'e 
+  [F{0~A)(A~B)  +  GB{A  +  B-2C)  +  F{F-+a'-tB'i]i'i! 
■V\G{A-B)(B-0)+HF{B  +  C-2A)  +  G(G'  +  IP-2F-)}i?y 
-[(A-B){B-C)(C-A)  +  (B~C}F'  +  (C-A)G'  +  {A- B) if"!  nt/z. 
In  the  case  of  curves  of  the  second  order,  the  result  is  much  more  simple ;    we  have 
@  =  \  Ax+  Ey,     3!  1  =  0, 
i  Hx+By,    y  I 
i.e.  %~B(tf-te)Jr(A-B)xy-t>, 

for  the  equation  of  the  two  diameters. 

The  above  formula  may  be  applied  to  the  question  of  finding  the  diametral  planes 
of  the  cone  circumscribed  about  a  given  surface  of  the  second  order,  (or  of  the  lines 
bisecting  the  angles  made  by  two  tangents  of  a  curve  of  the  second  order).  Considering 
the  latter  question  first ;   if 

be  the   equation  of  the  curve,  and  a,  0  the  coordinates  of  the  point  of  intersection   of 
the  two  tangents,  the  equation  of  the  pair  of  tangents  is 

or  making  the  point  of  intersection  the  origin. 


^y^f^^§i_iy(^^^+m 


=  0, 


i.e.  (0x  -  ayf  ~  (6W  +  ay)  =  0  ; 

whence   A  —  Q^  —  Jf,  B  —  a^  —  a?,   H=  —  a^,   and   the    equation    to   the   lines   bisecting   the 

angles  formed  by  the  tangents  is 

"13  (»?  -  J')  -  l«"  -  fl-  -  (»■  -  i')l  ^1/  =  0, 
which  is  the  same  for  all  confocal  ellipses;  whence  the  known  theorem, 

"If  there  he  two  confocal  ellipses,  and  tangents  be  drawn  to  the  second  from  any 
point  P  of  the  first,  the  tangent  and  normal  of  the  first  conic  at  the  point  P.  bisect 
the  angles  formed  by  the  two  tangents  in  question." 


Hosted  by 


Google 


258        ON   THE    DIAMETRAL    PLANES    OF    A    SUE^FACE    Or    THE    SECOND    ORDER.       [39 

In   the   case   of   surfaces,   the    equation    of   the    circumscribing    cone   referrefi   to   its 
vertex  as  origin,  is 

W     b^     (fj  W     b'     &       /     Va       H'      cV 
whence 

a  =  7W  +  «V  —  aV, 

F--a'l3j, 
e  =  -  6"7«  . 
iJ.-c'n/S. 

Hence,  omitting  tlie  factor  b^c^a' +  i^a^fS^  +  a^b^y' -  a^b'c\  we  liave 


(S-f-c-. 
J -ft, 

«B-r>. 

and  the  equation  of  the  system  of  diametral  planes  becomes 
0  =  0=  a=;37  (c^  -  i^  ^  +  ;9V«  («"  -  cO  ^'  +  7=a/3  (i'  -  ct=)  s' 

+    7a  {a^  (c^  -  i=)  +  /9=  (6'  +  c=  -  2ft0  -  t'  (6'  -  ci')  +  (b'  -  a')  (c'  -  b^)\  yz'- 

+  7a  [a=  ((t=  +  6=  -  2c=)  -  ^=  (a'  -  c^)  +  7^  (6=  -  a')  +  (a'  -  c=)  (&=  -  a')]  xf 

-  «/3  {a'  (c=  -  6')  -  /3=  (a=  -  c=)  -  7=  {6=  +  c"  -  2a0  -  («'  ~  o^  (C  -  h%  fz 

-  ^7{-a=(c'  +  a'-26=)+/3={a=-c')-7'(^'-'*')-(^-''')(a'-c')|3''« 

-  7a  { -  tf  (c=  -  &=)  -  j9=  (a*  +  &=  -  2c=)  +  7=,(i=  -  of)  -  (c^  -  &^)  (6^  -  a^)}  s;'// 

(a*  +  ^3^70  (&'  -  c^)  -  (^'  +  7'«')  (c'  -  '*')  -  (7*  +  '-'&')  («^  -  y')  + 

and  since  this  is  a  function  of  a^  —h'\  ¥  —  c',  and  c^  -  ((=,  the  equation  is  the  same 
for  all  confocal  ellipsoids;  whence  the  known  theorem,  "The  axes  of  the  circumscribing 
cone  having  its  vortex  in  a  given  point  P,  arc  tangents  to  the  curves  of  intersection 
of  the  three  surfaces,  confocal  with  the  given  surface,  which  pass  through  the  point  P." 
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40. 

ON    THE    THEOBY    OF    INVOLUTION    IN    GEOMETKY. 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  ii.  (1847),  pp.  52 — 61.] 


When  three  conies  have  the  same  points  of  intersection,  any  transversal  intersects 
the  system  in  six  points,  which  are  said  to  be  in  involution.  It  appears  natural  to 
apply  the  term  to  the  conies  themselves ;  and  then  it  is  easy  to  gcncraUze  the  notion  of 
involution  so  as  to  apply  it  to  functions  of  any  number  of  variables.  Thus,  if  U,  V... 
be  homogeneous  functions  of  the  same  order  of  any  number  of  variables  «,  y  ...  ,  a 
function  0,  which  is  a  linear  function  of  U,  V...,  is  said  to  be  in  involution  with 
these  functions.  More  generally  @  may  be  said  to  be  in  involution  with  any  system  of 
factors  of  these  functions:  or  if  U,  V  ...  be  given  functions  ot  x,  y,  z...,  homogeneous 
of  the  degrees  m,  n...,  and  u,  v,  ...  arbitrary  homogeneous  functions  of  the  degrees 
r  —  m,  r~n  ...;  then,  if  ®  =  uU+vV+ ... ,  O  is  a  function  of  the  degree  r,  which  is 
in  involution  with  JJ,  V...  .  The  question  which  immediately  arises,  is  to  find  the 
degree  of  generality  of  @,  or  the  number  of  arbitrary  constants  which  it  contains. 
And  this  is  a  question  which,  from  the  variety  and  interest  of  its  geometrical  inter- 
pretations, has  very  frequently  been  treated  of  by  geometers,  though  never,  I 
believe,  in  quite  so  general  a  form,  (the  number  r  has  almost  always  had  particular 
values  given  to  it,  except  in  -a  short  paper  of  my  own,  on  the  particular  case  of  two 
curves,  in  the   Journal,  vol.  III.  p.  211   [5]).^     There   is  also   an   analytical   application  of 

'  The  first  suggestion  of  tiie  piofalem  is  contained  in  a  memoir  of  Ealer's— "  Snt  nne  contradiction  apparente 
dans  la  doctrine  des  lignes  courbeB,"  MSm.  de  Serlin,  t.  iv.  [1748]  p.  219.  It  is  noticed  also  in  Cramer's 
IntTodaction  a  Vanah/se  des  lignes  cowrbes  [1760].  The  following  memoirs  also  have  been  puMished  on  the  subject: 
Pllioket,  "Eeohereliea  em-  lea  combes  alg^briqnsB  de  tous  les  degris,"  Gerg.  Ann.  t  MX.  [1828 — 29]  p,  97; 
"Eeoherches  eur  les  surfaces  algebriques  de  tons  les  degrfis,"  p.  129;  (a  great  namber  of  memoirs  on  particular 
applications  of  tlie  theory  are  contained  in  Gergonne;)  Jaeobi,  "De  relationibus  quie  locum  habere  debent  inter 
pnncta  intersectiouis  duanim  curvamm  vel  trium  superficierunt  dati  ordinis,  eimul  cum  enodatione  paradoxi 
algebraioi,"  GrelU,  t.  sv.  [1836];  Plucker,  "Ti^rfemes  sSn^iaux  coneernant  les  Equations  d'un  degrfi  queloouque 
entre  un  nombre  qnelconque  d'ineonnues,"  Crelle,  t.  ivi.  [18371,  (l>nt  this  last  must  be  road  with  caution,  be 
several  of  the  theorems  are  incorrect,  or  at  least  stated  without  the  proper  limitations);  and  the  FAnleitcaM 
Betrachtungen,  in  Pliioker's  "  Theorie  der  algeLraisohen  Curveu"  [1839].  The  following  memoirs  of  Hesse,  con. 
taining  developments  relative  to  the  case  of  three  aurtaces  of  the  second  order,  may  likewise  be  mentioned, 
"De  cuivis  Bt  Huperfioiebus  seonndi  gradus,"  Crelle,  t.  si.  [1310]  p.  285;  and  '■  Oeber  die  linearc  Constmction 
des  acbten  Scbnttt-punctes  dreier  Oberflachen  zwuiter  Ordnung,  wenn  sieben  Suhnitt-puncte  derselben  gegeben 
sind,"  Crelle,  t.  sxvi.  [1843]  p.  147. 
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the  theory,  of  considerable  interest,  to  the  problem  of  elimination  between  any  number 
of  equations  eontainiing  the  same  number  of  variables.  Suppose,  for  instance,  two  equa- 
tions, U  —  0,  V—0,  when  U,  V  are  homogeneous  functions  of  se,  y  of  the  degrees  m,  n 
respectively.  To  eliminate  the  variables  it  is  sufficient  to  multiply  the  first  equation  by 
ic^',  af^y...,  -tf-^,  and  the  second  by  a!'^^...,  y™-',  and  from  the  equations  so  obtained 
to  eliminate  linearly  the  (m  +  «)  quantities  a;™+"~',  iK™**^^...,  ^™+»-i.  But  in  the  case 
of  a  greater  number  of  equations  it  is  not  at  first  obvious  how  many  new  equations 
should  be  obtained ;  and  when  a  number  apparently  sufficiently  great  have  been  found, 
it  may  happen  that  the  equations  so  obtained  are  not  independent,  and  that  the  elimi- 
nation cannot  be  performed,  But  in  showing  the  connexion  that  .exists  between  these 
different  equations,  the  theory  of  involution  explains  in  what  manner  a  system  is  to  be 
formed,  which  includes  all  the  really  independent  equations,  and  gives  the  means  of 
detecting  the  extraneous  factors  which  appear  in  the  result  of  the  linear  elimination  of 
the  different  terms;  but  I  do  not  see  at  present  any  mode  of  obtaining  the  final  result 
at  once  in  its  reduced  form  free  from  any  extraneous  factors. 

Let  X,  Y",  ,..  be  given  homogeneous  functions  of  the  same  degree  of  any  number  of 
variables,  and  suppose 

0  =  aZ  +  /3F+.,., 
a,  y3,.,    being   constants,   and   the   number   of  terms   in  the   aeries   being  g;    0   contains 
therefore    g    arbitrary    constants.      If   however,    by    giving    to    a,    &  ...   particular   values 
«i,  ^1  ... ,   or  Oa,  ft  ... ,  and  representing  by  @i,   0^  ...  the  corresponding  values  of  ©,  we 
have  identically 

©1  =  0,     ®a  =  0,  . , .  {h  equations) ; 
then    the    constants    in    %    group    themselves    together  into  a   smaller  number  g  —  h    of 
arbitrary  constants.     This  supposes,  however,  that  the  last  mentioned  equations  are  linearly 
independent;    if  there  are  a  certain  number  k  of  equations 

<J>,  =  0,     *,  =  0  . . . , 

(where  <b^,  '3>2,  ...  are  linear  functions  of  @i,  ©b...)  which  are  identically  satisfied,  inde- 
pendently of  the  h  equations,  then  the  equations  in  question  are  equivalent  to  h  —  k 
equations,  and  the  function  0  contains  g—{h—k)  or  g  —  h  +  k,  arbitrary  constants. 
Similarly  if  the  functions  <^  are  not  independent ;  so  that  the  number  of  arbitrary 
constants  really  contained  in  0  is  always 

N^g-h  +  k-Sic.  ... 

Consider  now  the  case  of  a  function  0,  homogeneous  of  the  r"'  degree  in  the  variables 
X,  y...{(d-\-l)  in  number).     Let  V,   V...  be  functions  of  the  degrees  m,  n...,  and  suppose 

S^uU+vV+  ... 

where  M,  V  ...  are  arbitrary  functions  of  the  degrees  r  — m,  r  —  n,...{r  is  supposed 
throughout   greater  than  m,  n  ...].     Suppose  for  shortness   that  the   number  of  terms   in 

the   complete   function   of  d   variables,  and   of  the  order  p,  i,c.   the   quotient    *^    ^  ,  is 
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represented  by  [p,  6] ;   then  the  function  0  contains  apparently  a  number 

of  arbitrary  constants. 

But  since  we  should  have  identically  0  =  0  by  assuming  m  =  7,F,  v^-LU,  w^O,  &c..,. 
(L  the  general  function  of  the  order  r  —  m-n),  or  u  =  M'W,  ji  =  0,  w^-MU  {M  the 
general  function  of  the  order  r—m—p)  &a,  the  number  if  must  be  diminished  by 

[r-m-K,  0\  +  [r~-m~:p,  0\  +  {r-n-p,  &]  +  ...; 
but  the   equations  just   obtained  are   themselves  not  linearly  independent,  and  in  conse- 
qiience  of  this  the  number  of  arbitrary  constants  has  to  be  increased  by 

[r-w,-v.-p.  «]+...; 
and  so  on.     Hence  finally  the  whole  number  of  arbitrary  constants  in  the  function  B  is 
¥={r-m,  e]  +  [r^n,  e]  +  [r-p,  6]  + ... 
^\r-m~n,  e-l-ir-m-p,  ^]_[r->.-p,  ^]-,., 

+  [r-m-ra-p,  ^]4-  ...+  &c.   &c (A). 

This  however  supposes  that  all  the  numbers  r  —  m,  r  —  n...,  r ~m,  —  ii...,  are  positive; 
whenever  this  is  not  the  case  for  any  one  of  them,  the  corresponding  term  is  obviously 
to  be  omitted.  With  this  convention  the  equation  (A)  gives  always  the  correct  number 
of  arbitrary  constants  in  ® :  it  will  be  convenient  to  represent  it  in  the  abbreviated 
form 

iV={r  :  m,  n,  ;p,  ...  :  (9t. 

An  expression  analogous  to  this,  for  the  particular  case  of  r  =  m,  but  incorrect  on 
account  of  the  omission  of  all  the  terms  after  the  second  line,  has  been  given  by 
M.  Plilcker  {Crelle,  torn.  XVI.  p.  55),  and  even  some  of  his  particular  fonnulje  are  incoiTCct. 
But  proceeding  to  examine  some  particular  cases:  if  r>'m.  +  n+p  +  ...  —  d  —  1,  then  in 
the  expression  (A)  either  no  terms  are  to  be  omitted,  or  else  the  terms  to  be  omitted 
reduce  themselves  to  zero,  so  that  N  is  given  by  this  formula  continued  to  its  last 
term.     It  will  be  subsequently  shown  that  in  this  case 

[r  :  m,  n,  p  ...  :  6]  —  [r,  ff]—  mnp  ...  ; 

or  in  the  case  of  two  or  three  variables,  we  have  the  theorem,  "If  a  curve  or  surface 
of  the  order  r  be  determined  to  pass  through  the  mn  points  of  intersection  of  two 
curves  of  the  orders  m  and  «,  or  the  mnp  points  of  intersection  of  three  surfaces  of  the 
orders  m,  n,  p;  then  ifr>m  +  Ji  —  3,  or  r>m  +  n  +p -~ 4,  the  curve  or  surface  contains 
precisely  the  same  number  of  arbitrary  constants  as  if  the  mn  or  nrnp  points  were 
perfectly  arbitrary." 

This  is  natural  enough ;  the  peculiarity  is  in  the  case  where  r  J>  m  +  rt  —  3,  or 
r  If-  m-{-n+p--  i<.     For  instance,  for  two  curves,  r  ^  m  +  w  —  3,  we  have 

\t  :  m,  n  :  2j=[r-m,  2]  +  [r-n,  2]  =  [r,  2] -m«  +  [r-m -«,  2], 
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or  tho  new  curve  contains  ^  [m  +  n  —  j —  Ij^  more  arbitrary  constants  than  it  would 
do  if  the  mn  points,  through  which  it  was  made  to  pass,  had  been  perfectly  arbitrary ; 
a  result  given  before  in  the  Journal,  [5]. 

In  the  case  of  surfaces,  if  ?■  ^  m  +  n  +  p  —  i.  Then  assuming  r>ni  +  n  —  4^,  m+p  —  i, 
or  n+p  —  i,  Tve  have 

{r:^i,n,p:3\  =  [r--m,  S]  +  [r^n.  3]  +  [r-^,  3] 

-[r-m-n,  3]-[r-m-p,  n]-[r-n-p,  3] 
=  [)-,  S]-m»p-[r-m-n-p,  3]; 

or  the  surface  contains  ^[m  +  n+p  —  r  —  1]'  more  arbitrary  constants  than  it  would  do  if 
the  mnp  points,  through  wliich  it  was  made  to  pass,  had  been  perfectly  arbitrary. 
Similarly,  in  the  case  where  r  is  not  greater  than  one  or  more  of  the  quantities 
m  +  n  —  i,  m+p  —  i,  n+p  —  4^.  Thus  in  particular,  if  r  be  not  greater  than  the  least  of 
these  quantities 

{r:m,  n,p:^]  =  [r,  ^- m}ip+[r  -  n  -  p,  3]  +  [r-m~p,  3] 

+  [r-m-n,  ^]-[r-vi-n-p.  S]; 
or  the  surface  contains 

i[m  +  n  +  p-r-lf-i[n+p-r-lf-i[m+p~r-lf-ilm  +  n-r-l]- 

more  arbitrary  constants  than  it  would  otherwise  have  done.  Again,  for  a  surface  of  the 
r*  order,  subjected  to  pass  through  the  curve  of  intersection  of  two  surfaces  of  the 
orders  m,  n, 

{r:m,  »,  3l.[r-m,  3]  +  [r-»,  3]-[r-™-,,  3]; 
in  which  the  last  term,  or  ^[m  +  n  ~v —  1]',  is  to  be  omitted  when  r:!fni  +  n  —  i. 

The  function  of  the  r""  order,  which  is  satisfied  by  the  systems  of  values  which 
satisfy  the  equations  of  the  orders  m,  n...  contains,  we  have  seen,  [r,  m,  n,  p...&] 
arbitrary  constants ;  hence  it  may  be  determined  so  as  to  pass  through  this  number, 
diminished  by  imity,  of  arbitrary  points.  But  the  equation  being  determined  in  general 
by  the  condition  of  being  satisfied  by  [?■,  ^]  —  1  systems  of  variables,  it  will  be  com- 
pletely determined  if,  in  addition  to  the  above  number  of  arbitrary  systems,  we  suppose 
it  to  be  satisfied  by  a  number  N=[r,  0]--{r;  m,  n,  p...  :  B\  of  systems  satisfying  the 
equations  above.     Hence  the  theorem 

"The  equation    of  the    ?■"■    order    which  is   satisfied  by   a  number 

W  =  [r,  e'\-\r\  m,  n,  p...  :  0} 

of  systems  satisfying  the  equations  of  the  orders  m,  n,  p...  is  satisfied  by  any  systems 
whatever   which   satisfy   these   equations." 

In   particular — "The   surface   of  the   r^"   order   which   passes   through   a   number 
[r.e-}-{r:m,n:e] 
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of  points  in  the  curve  of  intersection  of  two  surfafiea  of  the  orders  m,  n, — or  through 
[r,  $]~-{r  :  m,  n,  p  :  $]  of  the  mnp  points  of  intersection  of  three  surfaces  of  the  orders 
m,  n,  p,- — passes  through  the  curve  of  intersection,  or  through  the  ntnp  points  of  inter- 
section." 

Thus  a  surface  of  the  second  order  which  passes  through  eight  .points  of  the  curve 
of  intersection  of  two  surfaces  of  the  second  order  passes  through  this  curve ;  and  any 
surface  of  the  second  order  which  passes  through  seven  of  the  points  of  intersection 
of  three  surfaces  of  the  second  order  passes  through  the  eighth  point.  (The  first 
theorem  obviously  fails  if  the  eight  points  have  the  relation  in  question,  i.e.  if  they 
are  the  eight  points  of  intersection  of  three  surfaces  of  the  second  order.) 

Again — "  The  curve  of  the  r"*  order  which  passes  through  [r,  0]  —  [r  :  ni,  n  :  d]  of 
the  points  of  intersection  of  two  curves  of  the  orders  mn,  passes  through  the  remaining 
points  of  intersection."  e.g.  "Any  curve  of  the  third  order  which  passes  through  eight 
of  the  points  of  intersection  of  two  curves  of  the  third  order,  passes  also  through 
the   ninth   point." 

Consider  next  the  following  question,  which  [as  regards  particular  cases]  has  been 
treated  of  by  Jaxiiobi  in  the  memoir  already  quoted  (Crelle,  tom.  xv.).  "To  find  the 
number  of  relations  which  must  exist  between  K{8  +  1)  variables,  forming  K  systems, 
each  of  which  satisfies  simultaneously  equations  of  the  orders  m,  n,  p...  respectively; 
the  number  </>  of  these  equations  being  anything  less  than  0 ;  oi  tp  being  equal  to  0, 
provided  at  the  same  time  K=m7ip...." 
Suppose  m.-^n,  n-^p...  and  write 

[m,  0]  —  [m  :  m,  n,  p  ...  :  $\  =  N , 

[n,  0']-{n  -.n.  p  :  0]  =  ^', 

&c. 
Imagine  the  equations  of  the  orders  «,  p...  given.  Any  function  of  the  m"'  order 
which  is  satisfied  by  N  of  the  systems  of  values  which  satisfy  the  given  equations, 
and  any  particular  equation  of  the  m""  order,  is  satisiied  by  the  remaining  K  —  N 
sy.stems  of  values.  Hence  assuming  i\^  aystemsj  satisfying  the  equations  of  the  orders 
n,  p  ...  but  otherwise  arbitrary,  the  remaining  systems  must  satisfy  these  equations, 
and  a  completely  determinate  equation  of  the  m'"  order;  i.e.  there  must  be  0  rela- 
tions between  the  variables  of  each  system,  and  consequently  tj)  {K  —  JV")  relations  in 
all.  Similarly,  if  the  equations  of  the  orders  p  ...  were  given,  N'  systems  of  variables 
might  be  assumed  satisfying  these  equations,  but  otherwise  arbitrary ;  the  remaining 
If  —  N'  systems  satisfy  {<j>  —  1)  determinate  equations,  or  the  number  of  relations 
between  the  variables  is  (0  —  1)  (iV  — if')... ;  continuing  in  the  same  manner  the  total 
number   of  relations   between   the   variables   is 

<j,{K - N)  +  (4,-l){N - N')  +  (<p^-2)(N' ^li")^  ... 
in  which   however  any   term   (0  —  1)  (JV  — JV')   or   (^  —  2)  {N  —  N')  ...  &c.,   which   becomes 
negative,   mtist   he   omitted.     It   is   obvious   that   we   may  write   more   simply 
N  ^[m,  e]-\-{m;  n,  p...0} , 

iv=[«,  0]-i-{n  ■,p...e\.  &c. 
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In  particular,  to  find  the  relations  which  must  exist  between  the  coordinates  of  mn 
points  in  order  that  they  may  be  the  points  of  intersection  of  two  curves  of  the 
orders  m,  n  respectively:  here  K=mn,  N  =  ^[m+  2]"- ^[m-n  +  2f=  ^ {Unm- n"  +  Sn), 
iV' =  ^  (k=  +  Sk  +  2),  so  that  N  —  N'  =  m{m  —  n)—l  which  becomes  negative  when  m  =  m; 
hence  in  general  the  required  number  of  conditions  is  mn  —Sn  +  1,  but  when  m~n, 
the   number  in   question  becomes    {n  —  l)(n  —  2). 

Passing  to  the  case  of  surfaces;  to  determine  the  number  of  relations  which  must 
exist  between  the  coordinates  of  mnp  points,  in  order  that  they  may  be  the  points 
of  intersection   of  surfaces   of  the   orders   m,  n,  p  respectively.     The   number  required  is 

8  {mnp  -N)  +  2(N-N'')  +  (N'  -  N"). 
where 

if.[m,  3]-l-[m-»,  3]-[.»-y,  3]  +  [m-»-p,  3] 
(this  last  term  to  be  omitted  when  m<n+p-~d), 

JV-[«,  3]-l-[n-y,  3], 
W'.[p,SJ-l. 

If,  for  instance,  m>w  +  p— 3,  so  as  to  retain  the  term  [m  —  n—p,  3],  and  n>p, 
so  as  to  retain  the  tenn  N'  —  N",  the  number  becomes,  after  all  reductions, 

2mnp  +  np^  —  4inp  -  2jf  -  J  (p-1)  (p-2)  (p-3), 

a  formula  given  by  Jaeobi.  If,  however,  n  =  p,  this  number  must  be  augmented  by 
unity.     Again,  for  m<n  +p  —  3,  the  required  number  is 

2mnp  +  np^  —  inj)  ~2p^  —  l(p  —  1)  (p  —  ^){p  —  3) 

-l{n+p~-m-l)  (ji+p-m-2)  (m+iJ-m-3), 

which  however  must  be  augmented  by  unity  if  m=n  or  n=p,  and  by  3  if  m  =  n=p. 
But  without  entering  into  further  details  about  this  part  of  the  subject,  which  has  been 
sufficiently  illustrated  by  the  examples  that  have  been  given,  I  pass  on  to  notice  the 
application  of  the  above  theory  to  the  problem  of  ehmination.  Imagine  (^+1)  equations 
between  the  {9  + 1)  variables,  the  first  sides  of  these  being,  as  before,  rational  and 
integral  homogeneous  functions  of  the  variables  of  the  orders  m,  n,  p ...  respectively. 
Writing  m  +  n-i-p  ...  —6  —  r,  and  multiplying  the  first  equation  by  all  the  terms  of  the 
form  afy^...  of  the  degree  r  —  in,  the  second  equation  by  all  the  terms  of.  the  same  form, 
of  the  degree  r  —  n,  and  so  on,  there  result  a  certain  number  of  equations,  containing 
all  the  terms  afy^...  of  the  degree  r.  But  these  equations  are  not  independent;  and 
the  reasoning  in  the  former  part  of  the  present  paper  shows  that  the  number  of  inde- 
pendent equations  is  given  by  the  symbol  {r  :  m,  n,  p...  :  9];  the  number  of  terms  af'y^... 
is  evidently  [r,  6] ;  and  it  will  be  shown  immediately  that  for  the  actual  value  of  r, 
[r.  e]~{r;  m,  ».  p  ...  :»l-0  (B) ; 

SO  that  the  number  of  quantities  to  be  linearly  eliminated  is  precisely  equal  to  the 
number   of  equations,   or   the   elimination   is   always  possible.     I   may  mention   also   that, 
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supposing  the  coefficients  of  all  the  equations  to  be  of  the  ordor  unity,  the  order  of  the 
result,  free  from  extraneous  factors,  may  be  shown  to  be 

[r-m,  $]  +  ...-2[[r-m-n,  6]+ ...}  +  3{[r-m-n~p,  6] +...]- kc. 

=  mn...  +  mp...  +np...  +&c (C), 

(the  equahty  of  wliich  will  be  presently  proved)  a  result  which  agrees  with  that  deduced 
from  the  theory  of  symmetrical  functions;  but  I  am  not  in  possession  of  any  mode  of 
directly  obtaining  the  final  result  in  this  its  most  simplified  form.  My  method,  which 
it  is  not  necessary  to  explain  here  more  particularly,  leads  me  to  the  formation  of  a  set 
of  functions 

P,  Q,  X,  Y,  Z, 

0  in  number,  such  that  Z  divides  F,  this  quotient  divides  X,  and  so  on  until  we  have 
a  certjun  quotient  which  divides  P,  and  this  quotient  equated  to  zero  is  the  result  of 
the  elimination  freed  fi-om  extraneous  factors.  It  only  remains  to  demonstrate  the 
formulae  (A),  (E),  and  (C).  Suppose  in  general  that  (k)  denotes  the  sum  of  all  the 
terms  of  the  form  m'^nP...,  which  can  be  formed  with  a  given  combination  of  k  letters 
out  of  the  ij>  letters  m,  n,  p...;  and  let  %(k}  denote  the  sum  of  all  the  series  (k) 
obtained  by  taking  all  the  possible  different  combinations  of  k  letters.  It  is  evident 
that  'Z  (k)  is  a  multiple  of  (0),  {(0)  denoting  of  course  the  sum  of  all  the  terms 
m^'...,  m,  n...  being  any  letters  whatever  out  of  the  scries  m,  n,  p...}.  Let  g  be  the 
number  of  exponents  a,  b,  ...,  then  (<p)  contains  [-py  terms,  also  (k)  contains  [k]"  terms, 
and  the  number  of  terms  such  as  (k)  in  the  sum  £  (k)  is  [i^]*"*  "^  [0  —  ^]*~*.  Hence 
evidently 

or,  what  comes  to  the  same  thing. 

Let  ^   be   an   indeterminate   coefSeient,    a-   a   summafcory   sign   rei'erring   to   different 
systems  of  exponents ;   then 

or,  giving  to  k  the  values  1,  2  ...  0,  multiplying  each  equation  by  an  arbitrary  coeffi- 
cient, and  adding,  putting  also  for  shortness  itA  {cf>-k)  ^  U^-k,  "we  have 

whence  in  particular, 

f^  -  2  f7^-,  +  . . .  =  17  {fl*-M  {<!>)] , 
ZU^^,  -  nU^-,  +  ...  =  ff  ((0  ~  (/)  0*-^-'^  (0)1, 
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which  are  still  equations  of  considerable  generality.  If  now  ip  =  8  and  Ug  is  a  function 
of  7n  +  n+p+  ...  of  the  order  &,  the  quantity  iT{0^~^A(d)]  reduces  itself  to  the  single 
term  of  Ug  which  contains  the  product  mnp. . . .     Hence,  if 

Ue  =  [a  +  m^-n^-p  ..   ,  i9] 

in  which  afterwards  a  —  r  —  m—n—p  —  ...  we  have  the  formula  (A).  Again,  if  ^  =  ^+1, 
and  (/s+i  is  a  function  of  m  +  n+p  ...  of  the  order  8,  the  sum  a  [0*+'"" ^  {0)|  vanishes; 
.whence  writing  t/fl+i  =  [m  +  K+p...  —  6,  ff\,  we  have  the  formula  (B).  Similarly,  if  in  the 
second  formula  ^  =  ^+1,  and   (Z^+i  is  a  function  of  m  +  n+p  ...  of  the  degree  0,  then 

reduces  itself  to  the  term  which  contains  mn  ...+np  ...  +  mp  ...  +  &c.;    whence,  if 

U,^,=  [m  +  „+p+...-d,  0], 
\\-e  have  the  formula  (C). 
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41. 


ON  CERTAIN    FORMULA  FOE  DIFFERENTIATION  WITH  APPLI- 
CATIONS  TO   THE   EVALUATION   OF   DEFINITE   INTEGRALS. 


[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  U.  (1847),  pp.  122 — 128.] 

In  attempting  to  investigate  a  formula  in  the  theory  of  multiple  definite  integrals 
(which  will  lie  noticed  in  the  sequel),  I  was  led  to  the  question  of  determining  the 
(i  +  l)"*  differential  coefiicient  of  the  2i"'  power  of  ^/(x  +  \)  —  \/{x  +  ft) ;  the  only  way 
that  occurred  for  effecting  this  was  to  find  the  successive  differential  coefficients  of 
this  quantity,  which   may   be   effected   as   follows.     Assume 


-P 


X  +\  +  fi 


=  p 


•il'T 


(i!  +  X){a:  +  li.)  ^/K«  +  X)(!c  +  rt| 

(X  -  j^y k^i 


IVCa'  +  X)  -  VCa'  +  rtj'  («  +  X)  («  +  (•)      \'|(»  +  i)  (!S  +  M)i ' 
,  attending  to  the  signiiication  of  t/ji, 

^  Ui.i = i^  (X  -  /.y  Uk-.j-,  -  (k + i)  u^,^,. 

ence  —  -  t-  ^o  i  =  E^-i  i 

]i:.V^.i-h{^-i-rV_,,^,+  {i~l)U.^u 
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from  which  the  law  is  easil}'  seen  to  be  of  the  form 

^  (e)'  ^•■' "  *  ■^'■' ''' " '"'"""  ^-»«+'."+.+. 

(where  the  extreme  values  of  0  are  0  and  (r~X)  respectively)  and  K^^s  is  detomiined  by 

Kr+,,e^i  =  (r-}-i$)  K,_e+,  +  (i  -  Sr  +  2  +  20) /f,,« . 
This  equation  is  satisfied  by 

''"        T^r'{d+l)r(2r-l-2ff)r(i-r+l)    ' 
for  in  the  first  place  this  gives 


(>--i-!9)/f,,. 


(r-l-W  r(i--|-9)r(2r-2-g)r(i-i-  +  8  +  2 

'rir(e+2)  r(2r-3-29)r(i-r+i)" 

r(r~i-9)r(2r-l-9)r(.-- 


r(i)r(e+2)r(2i--2-2«)r(i-i-+i)  ' 

and  hence  the  second  side  of  the  equation  reduces  itself  to 
r(r-i-S)T(2r-l^S)V{i-r  +  S+l)  .  ,,«,,>.,«,,„,-    ,.,o     ,sv 

r(i)r(e+2)rc2r-i-2e)r(i-,-+i)  (2('-i-«)(— '+<'+i)  +  («+i)<'-3r+2-2e)„ 

where  the  quantity  witliin  brackets  reduces  itself  to  (i  -  r)  (2r  - 1  -  ^),  so  that  the  above 
value  reduces  itself  to  ^,.+1^9^.1,  which  verifies  the  equation  in  question.  Also  by  com- 
paring the  first  few  terras,  it  is  immediately  seen  that  the  above  is  the  correct  value 
of  Z,.fl,  so  that 

i  W    "■'     '  Ta)r{e+i)V{2r-i-e)r{i^r+~i)' 

8  extending  as  before  from   0  to   (r  —  1).     In  particular  if  i  be  integer  and  ) 


r(i)  >"  "  ((MA)(«+rtr' '''• 

(since   the   factor  r(i  — r+ ^+ 1) -i- r(*  — r  +  l)  vanishes   except   for  ^  =  0   on   account   of 
r  (i -}■  +  !)  =  CO ).     Thus  also,  if  r  be  greater  than  (i  + 1),  =  i-|- 1 -Hs  suppose,  then 

-«    T(i  +  s+},-e)Ti2i  +  2B+l^d)V{0-,) 
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where  6  extends  only  from  ^  =  0  to  d-=s,  on  account  of  the  factor  V{6  —  s]^V{—  s), 
which  vanishes  for  greater  valuea  of  ^:  a  rather  better  form  is  obtaine<l  by  replacing 
this  factor  by 

^  ^  r(i  +  s-f)' 

The   above   formulas   have   heen   deduced   on   the   supposition  of  i  being  an  integer; 
assuming  that  they  hold  generally,  the  equation  (2)  gives,  by  writing  [i  —  ^)   for  i, 

or  integrating  {i  +  ^)  times  by  means  of  the  formula 
this  gives 

r ?tM! .ilK'-JL  __i (4V 

J,  {{x+mn+ii)]'       vi     yi. + ,/fi)'-' ^ '• 

whence  also 

r s'-«» _TiT(i+i)       1  ,., , 

],(x  +  X)'*'{x  +  ^)'        T(i  +  1)     (VX  +  V;i)«A ^'' 

aiid  from  these,  by  simple  transformations, 

I,   U„-a,)  +  m{^-m<  r(i  +  l)     (V^  +  l)- ""■ 


/; 


ta-»)'-t(»-ffi'-l(fa _ Vir(i-i)    (a-g)"- 


..(7), 


These  last  two  formulEe  are  connected  also  by  the  following  general  property; 

f- (a  ^  »)■-■(»- a*- <fa 

ttm  (»,  i.  ')  -  r  (»  +  {".TTC  (°  -  ft"  ("  +  ''- '.  '.  ft" W, 

which  I  have  proved  by  means  of  a  multiple^  integral.     From  (6)  we  may  obtain  for  7  <  1 , 


f  ■  (i-^)'-><ia!  _ra)r(.-+t) 

J_, (1-273;  + 7")<       r(i+i)      ^ '' 

f-    .'-»ii.    _rtrn-n  1 

J»(.«"  +  te+t)<         n       IS  +  VMI*"'' 

itmula  wliicli  will  ba  demonBtrateti  in  a 
[The  triple  integral   j  j  U'-'^ x"-^,/''^  e-(''+''!''>»-^-^  dxdijdu.J 


-2737  +  7=)'         r(t"+i) 

3  immediatelj  trana  formed  inti 


which  Is  a  partioalar  ease  of  a  formula  wliicli  will  ba  demonBtrated  in  a  subeequent  paper.     [I 
what  this  refera.] 
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which  however  is  only  a  particular  case  of 

J_'^  <fc  (1  -  ,t')'-l  (1  ~  2  7«  +  T-)-*  ^  [/?  (l  -  2  ^  "^  + 1,")~'] 

-TWlf'^"  *'""'"'  *'"'' 

which  supposes  7  and  -  each  less  than  unity.     This  formula  was   obtained  in  the  case  of 

{i+^)  an  integer,  from  a  theorem,  Leg.  Gal.  Int.,  torn.  II.  p.  258,  but  there  is  no  doubt 
that  it  is  generally  true. 

From  (9),  by  writing  a;  =  cos  0,  vte  have 

r sin^'"  ^dd  _  ^  rir(i+i) 

Jo  (l-27Cos^  +  7V         r(i  +  l)       ^     -'' 

which  may  also  be  demonstrated  by  the  common  equation  in  the  theory  of  elliptic 
functions  sin  (0  —  ^)  =  7  sin  0,  as  was  pointed  out  to  me  by  Mr  [Sir  W.]  Thomson.  It 
may  be  compared  with  the  following  formula  of  Jacobi's,  Crelle,  torn.  xv.  [1836]  p.  7, 

f'        sin^^gtjg  1_         f"     cos{i-l)edd 

Jo  (l-27C0Si9  +  7^)'~r{!:  +  i")     Jo  v'(l-27C0s^  +  7=j    ^     ^" 

Consider  the  multiple  integral 

W=i       '^^f^'-     ,, (13), 

the  number  of  variables  being  (2i  +  l)  (not  necessarily  odd),  and  the  equation  of  the 
limits   being 

then,  as  will  presently  be  shown,   W  may  be  expanded  in  the  form 

'^-"'^-2»r(x+r)r(i  +  x+t)  (07.f"^  «+"■)"''« <">■ 

where  A-a^  +  li'  + and  \  extends  from  0  to  w ,     Suppose  next 

r.f <l^ds.^ 

J  |(^-o)'. ..+»■)'(»=■+■.■«")" '     '■ 

the  number  of  variables  as  before,  and  the  limits  for  each  variable  being  —  a; ,  cc .  We 
have  immediately 

ir  as  before,  i.e. 


"'2«r{x  +  i)r(i+x  +  i)UW  J.  (f+"-)'({  +  »'; 
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But  writing  u\  v^  for  X,  /t,  in  the  formula  (5)  (u  and  v  being  supposed  positive),  the 
integral  in  this  formula  is 

r(.-  +  i)   ,(.  +  ,)■" 

hence,  after  a  slight  reduction, 

Tr'<-       „  (-)'r(t  +  \+l)         A^ 

»rci  +  i)    r(i+i)r(x+i)  ((»+»)■)«• 
"''■^'J'  ^=rf!T),iW^+^'  ™' 

a  remarkable  formula,  the  discovery  of  which  is  due  to  Mr  Thomson.  It  only  remains 
to  prove  the  formula  for  W.  Out  of  the  variety  of  ways  in  which  this  may  be  accom- 
plished, the  following  is  a  tolerably  simple  one.  In  the  first  place,  by  a  linear  trans- 
formation corresponding  to  that  between  two  sets  of  rectangular  axes,  we  have 


TF  = 


dx  d}f . . . 


'((^-VA)-  +  j-. ..  +  «■)' 


ling  in   powers   of  A,  and  putting  for  shortness  R  =  a?  +  if  ,..-\-v?,   the   general 
term  of  IF  is 


To 

of 
les, 

|:ff+i+i  L,r-!  ^~i  _     {^ (a;  -H 1/ , . .)  -I-  v?]-^^-"  dxdy  .. 


the  limits  being  as  before  a?-\-y^  +  ...  —  ^.  To  effect  the  integrations,  write  V^V*'. 
Vl^Vy,  &c.  for  X,  y  ...  so  that  the  equation  of  the  limits  becomes  x -^  y -\' ...  —  X. 
Also  restricting  the  integral  to  positive  values,  we  must  multiply  it  by  2^+' :  the 
integral   thus   becomes 


equivalent  to 

i.e,  to  r:^ifii:|^f<t^i({+„.)-<-w^f. 

Hence,  after  a  slight  reduction,  the  general  term  of  W  is 

r;  <•  '    ^  r(<r  +  i)r(x-»-+i)r(i+„+i)J.*      «+"'        * 

where   o-   may   be   considered  as    extending   from   0   to   >,   inclusively,   and   then    X    from 
0  to  00 .     But  by  a  formula  easily  proved 

"'■  '  r(ir+i)r(x-<r+i)r(i+<r+i)^  ys-f"! 
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where  a  extends  from  0  to  "K.    Hence,  substituting  and  prefixing  the  summatory  sign, 

where  \  extends  from  0  to  oo ,  the  formula  required. 


N.B. — It  would  be  worth  while  to  find  the  general  differential  coefficient  of  f/j. 
Vi.i- -(»  +  <!  "i-H  +  P-'I'.-M-l. 
from  which  it  Is  easy  to  see  that 


+  {-)'■-^K^ga^^U^_^^g._^ 


The  general  term  of  ff^       17^,  ^ 


(-)'" 

■*       if^,9"'"'[n';-^-'')«'t7j_^_S-2 

.l-t-,) 

+{-)'■■ 

-•-'r„„,.»+»[.-|i+i-2»-2-. 

■)  I-'.-r- 

which  must  bi 

i-r 

'*      J^r+i  fl+i"''*"^^  f4_f-a-.2,i-e- 

thei-efore 

^'r+l. 

j+^=(ft+;-r-2s-e)ir^s+i  +  4(fc- 

r-sjjr, 

In  particular 

wlience  ^^r  »  —i^  +  i]'' 

which  appears  to  indicate  a  complicated  general  law. 

Even  the  verification  of  K^  ^  ia  long,  thus  the  equation  becomes 

7^Hh  +  i-2r'-'{k''+(i-r-l)k-iH}~{kU-r~2},-{k'-+{i-r)k^il:.-l)i\[^  +  i-2]'-^=(h-r)[h  +  ir, 

V+Hki-i-r){iP  +  {i-r-ljk-iri\-rik-\-i-r-2){k^  +  {i-r)k-i{r~l)i]^ik-r){k  +  >)lk  +  i~l), 
which  is  identical,   as  may  be   most   easily  Eeeo  by  taking  first   the   ooefEcient  of  k',    and   then   writing  k  —  r 
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ON    THE    CAUSTIC    BY    IlEFLECTION    AT    A    CIRCLE. 

[From  the  Gamhridge  and  Dublin  Mathematical  Journal,  vol.  it.  (IS4-7),  pp.  128^130.] 

The  following  solution  of  the  problem  is  that  given  by  M.  do  St-Laurent  {Annalea 
de  G-ergonne,  t.  xvii,  [1826]  pp.  128—134) ;  the  process  of  elimination  is  somewhat 
different. 

The  centre  of  the  circle  being  taken  for  the  origin,  let  k  be  its  radius;  «,  b  the 
coordinates  of  the  luminous  point ;  ^,  i;  those  of  the  point  at  which  the  reflection  takes 
place;  ic,  y  those  of  any  point  in  the  reflected  ray;    we  have  in  the  first  place 

{■+•)■-*■  (1)- 

There  is  no  difficulty  in  finding  the  equation  of  the  reflected  ray';    this  is 

{h^-av){^a,  +  vy-k')  +  (y^-ccv){a^  +  hv-k-')=^  (2), 

^  To  do  this  in  the  simplest  way,  write 

tlien,  by  the  conditioii  of  reflection, 

!>,  a  being  considered  as  functions  of  the  variables  i,  ti,  which  are  connected  by  the  equation  (1).    Hence 

P  f 

P  " 

or,  elimiaating  \, 

whence  (l^- Jy)=  [(l-'=^)=+(^-6)']-(>ia-|6)H«-^)=+(D-!/)=]- 

Thismay  be  written  {[■n^-iy){i-a.)-[?]a-ib){i-x)}[ij,x-ky)(l-a)  +  (yfi-ih)  (k~^)-\ 

the   factors  in    {  }    reduce  themselves  respecliTely  to  iF  and  t/P,  where  P—^iJ}-y)-ii{a-x)  +  aij-bx;   omitting 
the   factor   P,   (which   equated  to   zero,    is   the   equation   of  the  line  through   {a,  b)   and   {f,  ti),)   and  replacing 

J  (|-a)  +  ii  (5j-b)  and  k  {k-x)  +  'l{'>l-y)  by  l?-a^-b-i)  and   k^-^x^Tpj,  respectively,  we  have  the  equation  given 

c.  35 
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or,  arranging  the  terms  in  a  more  convenient  order, 

(hx  +  a'>/)(^-v')  +  ^{hy-ax)^7i-lc'(b  +  y}^  +  k'ia  +  i>:)v^0 (2'). 

Hence,  considering  |^,  tj  as  indeterminate  parameters  connected  by  the  equation  (1),  the 
locus  of  the  curve  generated  by  the  continued  intersections  of  the  lines  (2)  will  be  found 
by  eliminating  ^,  ij,  X  from  these  equations  and  the  system 

^[X  +  'i{bx  +  ay)]  +  v[^(hy~ax)]^}^(b  +  y)=^Q (3), 

a2iby-ax)]+^[\^2(bx  +  ay)]  +  k'{a,  +  o:)^0 (4), 

and  from  these,  multiplying  by  ^,  i],  adding  and  reducing  by  (2),  we  have 

-^(b+y)+v(a  +  ^)-\  =  0 (5), 

which  replaces  the  equation  (2)  or  (2').  Thus  the  equations  from  which  ^,  ij,  X  are  to 
be  eliminated  are  (1),  (3),  (4),  (5). 

From  (3),  (4),  (5),  by  the  elimination  of  |,  ij,  wo  have 

-  X  |V  -  4  (6^  +  ayf]  -  4/c'  (by  -  ax)  (a  +  x)(b  +  y) 
-k'{a  +  xf  [X.  +  2  {hx  +  ay)'\ 
-k^{b  +  yy[\-'2.{bx-vay)'\ 

+  4<X(by-axf'=0  (G), 

ur,  reducing, 

_  V  +  X  (4  (a^  +  60  (CO'  +  f)  ~  /^  [{o.  +  xf  +  {b  +  yf]] 

-U-(b^-ay)ix^  +  f-a'-b-)^0    (7); 

which  may  be  represented  by 

-X=  +  XQ-2JJ  =  0     (7'). 

Again,    from    the    equations   (4),    (3),    transposing    the    last    terms    and   adding   the 
squares,  also  reducing  by  (1), 

k^  [(a  +  xf  +  (b  +  yy]  =  l(fX^  +  ik^  («=  +  b')  (x^  +  y^) 

+  i\[{^'-n')(bx  +  ay}  +  2^v(h-0-^)]   (8); 

but  from  the  same  equations,  multiplying  by  f,  t)  and  adding,  also  reducing  by  (1), 

I<fX  +  ^(bx  +  ay}(^'  -  71")  +  4-^  (by  -  ax)  +  k''  [-  ^(b  +y)-hv  (a+x)]  =  0 (9), 

or  reducing  by  (5)  and  dividing  by  two, 

k'^  +  (hx  +  ay)(^'-v')  +  2^n(h-a^)-0 (10). 
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Using  this  to  reduce  (8), 

Ic'[{a  +  xy  +  (b  +  i/y]^i(a'  +  b'')ix''  +  f)  +  S\' (11), 

or,  from  the  value  of  P, 

~3\'  +  Q  =  0    (12), 

which  singularly  enough  is  the  derived  equation  of  (7')  with  respect  to  X:  so  that 
the  equation  of  the  curve  is  obtained  by  expressing  that  two  of  the  roots  of  the 
equation   (7')   are   equal.     Multiplying   (12)   by  \   and   reducing  by   (7'), 

or,  combining  this  with  (12), 

27i?=-Q^'  =  0; 

whence,  replacing  M,  Q  by  their  values,  we  find 
the  equation  of  M.  do  St-Laurent. 
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43. 


ON    THE    DIFFERENTIAL    EQUATIONS    WHICH    OCCUR  IN 
DYNAMICAL    PROBLEMS. 


[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  ii.  (1847),  pp.  210 — 219.] 

Jacobi,  in  a  very  elaborate  memoir,  "Theoria  novi  multiplicatoris  systemati  tequa- 
tionum  differentialium  vulgarium  appLican<li"(^),  has  demonstrated  a  remarkable  property 
of  an  extensive  class  of  differential  equations,  namely,  that  when  all  the  integrals  of 
the  system  except  a  single  one  are  known,  the  remaining  integral  can  always  be  deter- 
mined by  a  quadrature.  Included  in  the  class  in  question  are,  as  Jacobi  proceeds  to 
show,  the  differential  equations  corresponding  to  any  dynamical  problem  in  which 
n     h       th      f  th        q         n       f  1      n  lilt  11 


d    aiy  dynam   al   p    bl   n        1    n     11   th        t  g    1     b  t 
ngil      nbdte      nlbjqadt            Ith 
t         dtna       Ikw            dpedntfthtm 
jtmnybtanfndm       ayt         uwlhl 
bj      n  ty   tha           th          ?      1                 d      h   1    d 
ft    warl     bl          mdljaidt                IJb 
vtml        n             ttlpptt           I          ylyn 

h 

k             h 
h     t               d     J     t    na 
d  at  1              tl        1 

t          1 
th 
1    I 

1         f      1    t              1 

tl                  1    h 
m     J  ply    ^        this 
bl        wh           h      f 

nd     q                 {        it              t             ly   th          ri      t 
ytmh         11  th        tgilb                       dund 
It       1   bj   q     d    t              1         I     th     f  11       ng  pap 
f   tl          1.    F    t             1       a     Ij          n  pi  y  d    bj 
■d    n  tl      d  tadh    b  t  th     1  ading  f    tu          ft 

t  th 
th 
h   h 
I     h 
V 

dff     ut   p      t       f    1 
n       ug    ut  gr  1     n    y 
ta  TS  th     dm      tra- 
h       b             nid      bl 
d 
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§  1.  Let  the  variables  x,  y,  z,  ...  &c.  be  connected  with  the  variables  u,  v,  w,  ... 
by  the  same  number  of  equations,  so  that  the  variables  of  each  set  may  be  considered 
as  functions  of  those  of  the  other  set.     And  assume 

dxdy  ...  —Vdudv... ; 

if  from  the  functions  which  equated  to  zero  express  the  relations  between  the  two 
sets  of  variables  we  form  two  determinants,  the  former  with  the  differential  coefBcients 
of  these  functions  with  respect  to  u,  v,  ...  and  the  latter  with  the  differential  coeffi- 
cients of  the  same  functions  with  respect  to  x,  y,  ...  the  quotient  with  its  sign  changed 
obtained  by  dividing  the  first  of  these  determinants  by  the  second  is,  as  is  well  known, 
the  value  of  the  function  V. 


Putting  for  shortness 

du            du     '^ 

dx  ,  dy 
'    do-""'    dv 

£-^.|-*-' 

dv  A'  'i'" 
'     dx^     ■  dy 

V  is  the  reciprocal  of  the  determinant  formed  with  A,  B, ... ;  A',  B',  ...  ,  &c. ;  or  it  is  the 
determinant  formed  with  ct,  /3,  ...a',  jS',...,  &e. 

From  the  first  of  these  forma,  i.e.  considering  V  as  a  function  of  A,  B,  ... 

dA  ^'      dB  '^'■■-     dA'  ^'     dB'  '^'•■■ 

where  the  quantities  a,  ^, ...  a',  /3', ...  and  A,  B,...A',  B',...  may  be  interchanged  pro- 
vided —  V  be  substituted  for  V.  (Demonstrations  of  these  formulae  or  of  some  equivalent 
to  them  will  be  found  in  Jacobi's  memoir  "De  deterrainantibua  functionalibus,"  Crelle, 
t.  XXII.  [{1841)  pp.  319—859].) 

Hence 

^dV  +  ^djl+/3(^B+  ...  +a'dA'+(i'dB'-^  ...  =0, 


or  reducing  by 

iA      dB 
dy      dt:  ■ 

....    f-f....^. 
dy        dx 

this  becomes 

1   ,_         (dA    ,       dB  ^ 

-h<Wy^-t''^ 

,      /dA'  ,      dB' 

■)-^{%^'^%'y- 

Hosted  by 


Google 


27S                                                 ON    THE   DIFFERENTIAL    EQUATIONS 

or,  reducing, 

1   ,„      fdA      dA'          \  ,       (dB     dB'          \   , 

-0; 

whence  separating  the  differentials  and  replaeing  A,  A',  ...;   B,  B', 

...]  by  their  vah 

\  dV      d    du     d   dv             . 
V  dx'^dudx'^  dv'dx^-'-~   ' 

[43 


V  dy      du'  dy     dv'dy      '"       ' 


(in  which  —V,  ii,v...;   x,  j/ ...  may  be  substituted  for  V,  a>,  y---)   u,  v...). 

§  2.     Let  X,  y"...be  any  functions  of  the  variables  x,  y,  ...and  assume 

U=X'^  +  7f  +  ...; 
da:  dy 

dx  dy 

U,  F,  ...being  expressed  in  terms  of  m,  v Then 

dU     dV  _y(^    du      d    dv  \      TT  f '^    '^^  I    "^    '^'^  ^ 

du      dv      '"  \du'dii;     dv' da;      '")  \du' dy     dv' dy      ■■■J--- 

/dX  <i^     dX  dv^  \      /dY  du     dY  dv^  \ 

\du' dx      dv  ' dx      '"J      \du'dy      dv' dy      •■■J  ■■■ 


i.e. 

v(S^f- 

■>-(- 

dx 

-f- 

■1*^  \dx^  dy 

Also, 

whatever  be  the  value  of  M, 

du 

dv 

-T- 

dtj 

and  from  these  two  properties 

iMVU 
-du     + 

dMVV 

-f-?- 

dy            J 

§  3.     Consider  the  system  of  differential  equations 

dx  :  dy  :  dz  ...  =X  :  Y  :  Z  ... 

(where,  for  greater  clearness,  an  additional  letter  s  has  been  introduced).     From  these  we 
deduce  the  equivalent  system 
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Suppose  that  u  and  v  continue  to  represent  arbitrary  functions  of  ic,  >/,  z,...  but  that  the 
remaining  functions  w,  ...  aro  such  as  to  satisfy  W=0,  ...  (so  that  w, ...  may  be 
considered  as  the  constants  introduced  by  obtaining  all  the  integrals  but  one  of  the 
system  of  differential  equations  in  a;,  y.  z,  ...),  we  have 

dW^V    dMVV  ^^/dMX     dMT  ^  dMZ         \ 

du  dv  \   dx  dy         dz        '") ' 

Also  the  only  one   of  the  transformed  equations  which  remains  to  be  integrated  is 
du  :  dv^U  :  V,     or  Vdu-  Udv^O, 
(in  which  it  is  supposed  that   1/  and   V  are  expressed  by  means  of  the  other  integrals  in 
terms  of  u  and  v). 

Suppose  M  can  be  so  determined  that 

dMX     dMY     dMZ 
dx  dy  dz 

{M  is  what  Jacobi  terms  the  multiplier  of  the  proposed  system  of  differential  equations): 
then 

dMVU     dMVV     ^ 
du  dv 

or  MV  is  the  multiplier  of  Vdu-Udv--0,  so  that 

(mV  (Vdu -mv)  =  const. 

Hence  the  theorem ; — "  Given  a  multiplier  of  the  system  of  equations 

dee  :  dy  :  dz,  ...  =X  :   Y  :  Z  ... 

(the  meaning  of  the  term  being  defined  as  above),  then  if  all  the  integrals  but  one  of 
this  system  are  known,  the  remaining  integral  depends  upon  a  quadrature." 

Jacobi  proceeds  to  discuss  a  variety  of  different  systems  of  equations  in  which  it 
is  possible  to  determine  the  multiplier  M.  Among  the  most  important  of  these  may 
be  considered  the  system  corresponding  to  the  general  problem  of  Dynamics,  which 
may  be  discussed  under  three  different  forms. 

§  4f.     Lagrange's  first  form'. 

Let  the  whole  series  of  coordinates,  each  of  them  multiplied  by  the  square  root 
of  the  corresponding'  mass,  be  represented  by  x,  y,  ...  and  in  the  same  way  the  whole 
series  of  forces,  each  of  them  multiplied  by  the  square  root  of  the  corresponding  mass, 
^y  P'  Q^  ■■■\   then  the  equations  of  motion  are 

_=      ^y  = 

dl" 


=i  "■J.-y.- 


'  I  have  slightly  modified  the  form  so  as  to  avoid  the  introauciion  of  the  masses,  and  to  allow  x  (foe 
instanee)  to  atand  for  any  one  of  the  coordinates  of  any  of  the  points,  instead  of  standing  for  a  eoordinate 
parallel  to  a  particular  aiia. 
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where 


where    ©  =  0,   'i>  =  0,  ...    are    the    equations   of   condition    connecting    the   variables,   and 
\  /J.,  ...    coefficients   to    be    determined   by   substituting    the    values    of  -j-^,   &c   in    the 


pendent  of  the  velocities. 


It  is  supposed  that  as  well  P,  ^,  ...  as  0,  ^, ...  arc  inde- 


In   order   to   reduce    these   to   an    analogous   form   to   that    previously   employed,   we 
have    only    to    write 

dx  _    ,     dy  _    , 

di^"^'  ti~y--- 

which  gives 

dt  :  dx  :  dy  :  ds  ...  :  dx'  :  dy'  :  ds'  ... 
=  1  :  x'    :  1/    :  e'    ...:  X     ■    Y     :  Z     ... 

Supposing    that  M  is   independent   of   x\  y',   /,  ...    the    equation    on   which    it   depends 
becomes  immediately 


where  for  shortness 


»--(g-f-f--)-' 


d        ,  d         ,  d        ,  d 
dt         dx     ^  dy         as 


To  reduce  this  we  must  first  determine  the  values  of  X,  /t  ...  ,  and  for  this  we  have 
dt'  dx  dt^      dy  dt^  ' 


«'*  +  ^'S'  +  «f+    ■+'=>■-/''  +  "+--»■ 
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where  tor  greater  clearness  an  additional  letter  of  the  series  ©,  $  . . .  has  been  introduced, 
and  where 

«- (f)"- (f  )■-■■• 

\dx    dx      dy    dy) 
Hence  differentiating  with 


2R^+    ^  j^h'^^  A-     ^       -0 
da:         dx'        dx'      " dx' '"        ' 

ax         ax         ax      ■^  ax 
.  d^        dx       .da        dv 

or  representing  by  K  the  determinant  formed  with  the  quantities  a,  h,  ff,  ...  k,  b,  /,... 
g,  f,  c,  ...  and  hy  A,  H,  G,  ...  H,  B,  F,  ...  G,  F,  C,  ...  the  inverse  system  of  coefficients, 
we   have 

V  ax  ax  ax      I  dx 

2(Hsf  +  Bsf  +  nf-...)+Ef-,  =  0. 

V  dx  dx  dx     I         dx 

2  fes  ?^  +  J.4?  +  C8  5? ...")  +  Z  f-",  =  0, 

\       dx  dx  dx      I  dx 

dx'    dx'    dx' 

As(f)\Bs(f)'  ...+2Hsf  f  ...+K''^  =  0, 

\dx/  \dxj  dx    dx  ax 

and,  forming  the  similar  equations  with  the  remaining  variables  and  adding, 

dY     d_Z 
dy'     dz' ' 


b  +  08c...+  2FSf+  2GBg  +  2.HSA  +  ...  +  k(~ +^,  +  ^,.. 


.^^      ,,/dX     dY     dZ  \      „ 

\dx       dy      ds  J 
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Thus  the  equation  In  i¥  reduces  itself  to 

lam  -  MBK  -  0, 

which  is  satisfied  by  M=  K.  It  may  be  remarked  that  K  reduces  itself  to  the  sum 
of  the  squares  of  the  different  functional  determinants  formed  vdth  the  differential 
coefficients  of  0,  ^  ...  with  r,espect  to  the  different  combinations  of  as  many  variables 
out   of  the   aeries  x,  y  ...  . 

§  5.     Lagrange's  second  form. 

Here  the  equations  of  motion  are  assumed  to  be 

dt  da/     da 

ddT_dT_g^^ 
dt  Ay'     dy 

dt  dz'      dz  ' 


where  22"  represents  the  vis  viva  of  the  system,  a;,  y,  z,  ...  are  the  independent  variables 
on  which  the  solution  of  the  problem  depends,  and  m',  ■^,  /, . . ,  their  differential  coeffi- 
cients  with   respect   to   the   time.     It   is  assumed   as  before   P,  Q,  R  ...  do   not   contain 


Suppose  these  equations  give 

dt  :  d^  :  dy  :  dz  ...   :  dx'  :  dy'  :  ds'  ... 
^\   ■  x'    :  y'     :  !/...:  X    :    Y    :  Z     ...-, 

then  the  equation  which  determines  the  multiplier  M  takes  as  before  the  form 

\dx      dy      dz  I 

To  reduce  this  equation,  substituting  for  T  its  value  which  is  of  the  form 

T=  ^  ((M/'  +  &y=+  c/' ...  +  tfy'z'  +  2^/ic'  +  ihixly  ...), 
and  putting  for  shortness 

L  —  ax'-{- hy'  +gz' ... , 
M=ha/  +  by'  +//  ...  , 
N  =  gc^^fy'  +  cz'  ... 
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the  equations  which  determine  A',  Y,  Z  ...  are 

aX  +  hY  +  gZ...  f  ^L  '  £-^^^' 
hX  +hY  +  fZ  ...  +m  -^f'Q  =  0, 


Hence,  differentiating  with  respect  to  x', 
dX      ,dY  ,      dZ 


u—  —      +S/1+— -  —  =0 

dx'  dec' '"  dx      dy 

dX       AY  dZ  ^       dN     dL     ^ 

'^  dx      ■'  die  dx  "       dx      as 


or  representing   by   K   the   determinant   formed  with  a,  h,  g,  ...  h,  h,  f,  ...  g,  f,  c,  .. 
by  A,  H,  G,  ...  H,  B,  F,  ...  G,  F,  C  ...  the  inverse  system  of  coeflicients,  we  have 

„rfX      ,„       „.,      ^„  -  „ /dM     dL\,„(dN    dL\  . 

and  similarly 

/dL  _  dN\      „  tdM  _  dN\ 
\dg      dx)        \dz      dy  J 


Hence, 

K  {^  +~,  ^^  ..\  +  Aki  +  BSb  +  Ghc  ...  ^^Fhf+IG&g  +  'iH&h  ...  =  0  ; 
and  thus  we  have  as  before,  though  with  symbols  bearing  an  entirely  different  signification, 

and  thence  KBM-MBK  =  0,  and  M  ==  K. 
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(The   value  of  K  in  this   section   may  I   think   be   conveniently  termed   "  the  deter- 
minant of  the  vis  viva,"  with  respect  to  the  variables  x,  y,  z, It  may  be   remarked 

that   "the  determinant   of  the  vis  viva"  with  respect  to   any  other  system   of  variables 
)(,  V,  v>,  ...  ip,  —  V'K,  V  as  before.) 

§  6.     Third  form  of  the  equations  of  motion.     [Hamiltonian  form.] 

Here  writing 


and  taking  t,  a:,  y,...^,  17,...  for  the  variables  of  the  problem  [and  considering  2"  to  be 
expressed  as  a  function  of  these  variables:  to  denote  this  change  it  would  have  been 
proper  to  use  instead  of  2*  a  new  letter  fl"]  the  equations  of  motion  reduce  them- 
selves to 

\  dt  die         '      dt     d^  ' 

<dv^_dT  dy^dT_ 

idt"     dv  '^  dt~df}' 


■  putting  for  shortness 


they  become 


dT     ^ 


:  dx  :  dy  :  dz  ...  :  d^  :  di)  :  d,^  .. 
-1   :  S     :  H    :  Xi  ...  :  X    :    F   :  .2    ., 

Hence  writing  the  equation  in  M.  under  the  form 

yd  -yd,  \ 

\  ii-b         itit  wy  (tf  dy  / 

we  see  immediately  that  (P,  Q  ...  being  as  before  independent  of  the  velocities,  and  1 
sequently  of  f,  -r),  ^,  ...), 

dS     rfX^Q   dB.     dY^^    ^^ 

da;      d^        '   d,y      di}        '       ' 

Hence  EM  =  0,  which  is  satisfied  by  Jf  =  1. 


ydx  dr 
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44. 

ON    A    MULTIPLE    INTEGRAL    CONNECTED    WITH    THE 
THEOHY    OF    ATTRACTIONS. 

[From  the  Cambridge  and  Dublin  Maihematicd  Joaraal,  vol.  11.  (1847),  pp.  21i* — 223.] 

Me  Boole   [in  the  Memoir  "  On  a   Certain  Multiple  deiinite   Integral "   Irish   Acad. 
Trans,  vol  XXI.  (1848),  pp.  40 — 1.50]  hae  given  for  the  integral  with  n  variables 

r      *(5  +  £+ ••■)<&<'?■■■ 
J[(„_,,).  +  (6_5)....+..]l.+, li). 

limits  :.;  +  ^i  +  ...^l, 

/     g         ^ 

the  following  formula,  or  one  which  may  readily  he  reduced  to  that  form\ 

/j...x!.r Si-'-'d^ 

r(i>.  +  <,)i,  v((.+/-)(s+,</')...l  *-'• 

where 
ill  which 

'-/4+^-+! i« 

and  ri  is  determined  by 

f''  +  -n     ll'  +  v'"     v' 

'  See  note  at  the  end  of  this  paper. 
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Suppose  /=  g  =  ■■■  —  'X)-,   also  assume 


»»)'(/■>.+.■)>■« w> 

then  the  integral  becomes 

jj -  i dtidy... 

l{af  +  !,\.-+v')i"'l{,c-ar  +  {!,-t'}...  +  il']l"'    ™' 

the  hmits  for  each  variable  being  —  co  ,  oo . 

Now,  writing  f^s  for  s  and  f^Tj  for  ^,  the  new  value  of  ^  reduces  itself  to  zero,  and 


Also  IT  =  0 ;   but 


"-r(i«  +  q,l,(i  +  s)i'- 


1/V +  ((!-<') +  »■)*" 


if  for  a  moment 


/^9       P     iri-'  dt 


r(-})J.  ((  +  A)W 

_r(i»+g+rt    /••    , 
r  (!»+}■)    jif+!+?' 

or  substituting  in    tT,  and  replacing  A  by  its  value, 
or,  what  comes  to  the  same, 

r(^»i+3)r(jn+g')  A  («^s^+j«+M=)i"+3+9- *■" 

where  j^u''  +  if  +  r\ 
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The  only  practicable  case  Is  that  of  ([  =  —  ^,  for  which 

r(ii,+5)ra»-g)J.  (.w+js+t.-)»- ^'- 

Consider  the  more  general  expression 


-< 


^M^^S  +  M- 


is 


by  writing  %u\ls  —  \/{s'  +  4m,v)  ±  ^s', 

the  upper  sign  from  8—<x>   to  s  =  - ,  and  the  lower  one  from  s  —  ■-  to  s  —  0,  it  is  easy  to 
derive 

e.w../;i^*-w;];;wy^...)-v.i-..,,,.,,.,^ ,,„, 

Now,  by  a  formula  which  will  presently  be  demonstrated, 

-YJi~q)^~"[ '~^~'^'-^  *""'>'-'' ''''^'  ^^^^^ 

whence 

-rfr^r'"'"'<"+*"'"'"'(-ar^»'* <•'>■ 

Thus,  by  merely  changing  the  function, 

and  hence  in  the  particular  case  in  question 

by  means  of  the  formula 

But  as  there  may  be   some   doubt   about   this   formula,  which   is   not   exactly   equivalent 
either  to  Liouville's   or   Peacock's   expression   for   the   general   differential  coefficient   of  a 
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power,  it  is  worth  while  to  remark  that,  by  first  transforming  the  ^h"'  power  into  an 
exponential,  and  then  reducing  as  above  (thus  avoiding  the  general  differentiation),  we 
should  have  obtained 


—-.   j  de  j   ds  0*"-«-'  6-«  tt-+J+2".)  s-i-')  (s  +  'iu-a)-i-i  e- 


which  reduces  itself  to  the  equation  (14)  by  simply  performing  the  integration  with 
respect  to  6;  thus  establishing  the  formula  beyond  doubts  The  integral  may  evidently 
be  effected  in  finite  terms  when  either  ^  or  g  —  ^  is  integral.  Thus  for  instance  in  the 
simplest  case  of  all,  or  when  5  =  —  i-, 

j~ _      TT^ '"~^'  1  —  1'    "  daxlij ... 

"  '  »TTf«  + 1)  ( j  +"2'Sjf^f  -  J  - .  (^'  +  y...+tf)t  •«'[(<»-»)"  + -"I""-"  ' 

a  formula  of  which  several  demonstrations  have  already  been  given  in  the  Joumat. 

The  following  is  a   demonstration,  though   an   indirect   one,   of  the   formula  (11):   in 
the  first  place 

r  W(s  +  i'uv)  +  Vs}-°g  +  y(s  +  iuv)  -  Vg]-'i  _g^ 
J  0  Vs  V(S  +  ■iw") 


(where  as  usual  i  —  'J  —  'y):   to  prove  this,  we  have 


(tav 


■),->.-i..j^-^jyjy„->-.e-. 


r(i-?)J/"      " 

or,  putting  Wv  \jt  —  >/(s  +  4-nv)  ±  -Js  (which    is  a  transformation    alrca^iy  employed    in    the 
present  paper),  the  formula  required  follows  immediately. 

Now,    by    a    formula    due    to    M.    Catalan,    but    first    rigorously    demonstrated    by    M. 
Sm-et, 

f'  cos  cia:d^         iv      f"      ,  ,„„  ,         i.,  ,    „  ,  , 

J.  (i+w'm-1. '     (-+»)•"'"-'''■ 

{JAoiiville,  t.  VIII.   [184J-J]  p.   1),  and  by  a  slight  modification  in  the  form  of  this  equation 
which,  compared  with  (Iti),  gives  the  required  equation. 


1  A  paper   by  M.   SclilomOoh   ■■Note  sur   la  variation  des    eonstaiites   arbitiaireB    d'uiie    Iiitegcale   definie," 
CrcUc,  t.  sxsiii,  [1846],  pp.  268—380,  will  be  found  to  contain  tornuilff  aualogoue  to  some  of  tlie  preeodiiig  ones. 
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Note.— One   of  the   intermediate   formiiiai   of  Mr  Boole   [in  the  Memoir  referred  to] 
may  be  written  as  follows: 


S  =  -  I   da  i    dvv^cos[(a-/T)v  +  ^q7r]4 


or  what  comes  to  the   same   thing,  putting   i  =  V  — 1,  and  rejecting   the   impossible   part 
of  the  integral, 


S=  I  14>a da,     /  =  -  ei^"  j     dv v'i e'" '-'■ 


Now  (a  ~  ff)  being  positive, 

/=  1  ei'i-'i  r(q  +  l)  gSimi-ri  (a  _  o-)-^ 

/^igimwr  (5 +  !)(«- (.)-.-., 
,  retaining  the  real  part  only, 

J  = smqTrr(q+l)(a-a-y9->  ; 

1 

r 

But  (a-o-)  being  negative, 

/  =  _  ei-p-'  r  (9  + 1)  e-iis+i)Ti  (^  _  g-j-a-i . 

i  e.  /  =  -  e-i^'  r  (^  + 1)  {<7  -  a)-^-', 

or,  retaining  the  real  part  only,  /  =  0. 
Hence 

or  ptitting  a  =  a-  +  t(l-a-),  or  a- o-  =  ((1  -  o"), 

^  -  T7^-^'  /'  ^'-'  0  [^  +  *  (1  -  '^)]  <^i ; 

the  expression  in  the  text,     Mr  Boole's  final  value  is 

which,  though  simpler,  appears  to  me  to  bo  in  some  reBpccts  less  convenient. 
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45. 

ON    THE    THEORY    OF    ELLIPTIC    FUNCTIONS. 

[From   the   Cambridge   and  Buhlin  Mathematical  Joivmal,  vol.  ii.  (1847),  pp.   2.5C— 266.] 

ADOPTiNa  the  notation  of  tho  Fund.  Nova,  escept  that  for  shortness  sn  u,  en  w, 
dn  u  are  written  instead  of  sinam  u,  coaam  u,  V  am  u,  let  the  functions  0  (w),  H  iu) 
'he  defined  by  the  equations 


e„=^(^«\'-(-f)-w.w— . 


Ku=-ie~'   "'"'eiu  +  ilC)   (2), 

it   is   required   ii-ora   these   equations   to   express   sn  u   in   terms   of    the    functions    H  (u), 
0(m).     To  accomplish  tliis  we  iiave 

,. „,.-^-flsn»Y 

sn  u  du^  SQ^  M  \du         / 

=  -{1  +k')  +  2li?sn'u-  \  -\  -  -  (1  + 1)  +  k'sn'vi 


j-j  log  SQ  M  =s  ^'  sn^  u  —  k^  en'^  (u  +  iK'). 
If  for  a  moment 


i|r,  M  =  I  du  sn^  u,         ^,/  If  =  I  du  \  du  sn'  u, 
log  sn  it  =  k^-if/-,,  u-k^  ■\jf,_  {u  +  iK')  +  Au  +  B; 
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or  writing  —  u  for  ^t  and  subtracting,  i|^^,w  being  an  even  function, 

2^11  =  m  -  li-'^„  (iK'  -  «)  +  i"f  „  iiK'  +  «), 
or  putting  u  —  K. 

2AK  =  m-  kf„  (iK'  -  E)  +  t'f,,  (iK'  +  K). 

Now  sn-  (11  +  K)-  m<  (»-«)-  0, 

and  tticrefore  i^,  {ii  H-  if)  -  ^,  (  ii    -  AT)  =  2      ^^,K , 

+„(»  +  /f)-+„(u   -K)  =  1.u    ^^K; 

or  f  „  (iK'  +  JT)  - 1„  ('i^'  -  Jf )  =  2i/("+,iir. 

Also  B  (ii)  .  II  -  (!'-)-,», 

or  E-K-tf^^,      i.e.     +,?  =  ^fl-yj. 


log  an  II  -  t'f  „«  -  J*if-„  (11  +  iJi")  +  uiZ'  (l  -  y)  + 


or,  clianging  tile  constant, 

sn„.C.S^±H2. 

Now,  to  determine  C,  write  m  —  s'if '  for  u ;   this  gives 

fcsnw  0(M-iif')' 

and  again  changing  k  into  — «, 

-  sn  i(  =  Ce    ^^  —^^r i : 

whence,  miiltiplying  these  last  two  equations, 

k 
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s^^ii^-'  &(u  +  iK') 


_H(„) 


«■  ^'""""gw  (''■ 

and  tlie  equations  (1),  (2)  aad  (3)  may  be  considered  as  comprehending  the  theory  of 
the  functions  H  (w),  0  (m).  The  preceding  process  is,  in  fact,  the  converse  of  that  made 
use  of  in  the  Fund.  Nova;  Jacoti  having  obtained  for  sn«  an  expression  in  the  form 
of  a  fraction,  takes  the  numerator  of  it  for  H  (u)  and  the  denominator  for  0  (u),  and 
thence  deduces  the  equations  (1),  (2),  the  intermediate  steps  of  the  demonstration 
being  conducted  by  means  of  infinite  series;  the  necessity  of  which  is  avoided  by  the 
preceding  investigation. 

I   proceed    to    investigate    certain    results    relating   to   these  functions,   and    to   the 

theory   of    elKptie  functions   which    have    been    given   by   Jacobi  in   two   papers,   "  Suite 

des  notices  sur  les  fonctions  elliptiques,"  Orelle,  t.  iii.  [1828]  p.  306,  and  t.  iv.  [1829] 
p.  185,  but  without  demonstration. 

In  the  first  place,  the  equation 

£-..(..-Dg.....f.o « 

is  satisfied  by  2  =  0 («)  or  S  =  H (u).  It  will  be  sufficient  to  prove  this  for  %~@ (u), 
since  a  similar  demonstration  may  easily  be  found  for  the  other  value.  The  following 
preliminary  forraulse  will  be  required: 

dk      k '  dk 

which  are  ail  of  them  known. 

Now,  writing  0  {u)  under  the  slightly  more  convenient  form 


'(^KM\    r„d«/„rfi.dt,'!^«s 


we  have 


d^%u 


dk 


U^  du  dn'  ti~jyujQu  =  \u  (k'^  ~  ^)  +  ''^  U  ^^  ^^^  A  ®"' 

—  =    dn=  u  —  j^  +  iu  (k'"  —  -^J  +  ^'^  /o  (^w  cn^ «[     ©"■, 
1     dKk-     ,      d  E      .  ,    .,     d,„    1„ 
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The  success  of  the  process  depends  upon  a  transformation  of  the  double  integral 
/(,  du  fa  du  -jT  dn'  u  ; 
to  effect  thia  we  have 

-,i-dn-M  =  —  2^sn'tt  |snM  +  /(t  -,-v  sii  m)  : 

dk  \  dk        )  ' 

but,  by  a  known  formula, 

¥^  ,- j-  s,x\u~—k  en  u  dn  u  /„  cn^  w  du  +  k  en?  usau; 


snM  +  ^T7.  sn2(  =  y77jSnttdn^;t  —  A.''cnMdiiM/n<iMcn^i(, 
-^^  dn=  ^^  =  -  ^  («n=  M  dn^  It  -  k-"  an  tt  en  «  dn  u  f,  du  en'  u) 


But 

-,~  sn= «  =  2  (cn^  it  dn^  u  -  sn' ;( dn''  u  —  P  sn=  m  on=  u)  =  2  (A.-'^  -  2  sn^  m  dn^  u  +  kf  en''  !i) ; 

01',  integrating, 

sn^  u  =  fc"'  v?  —  2/„  (?«/,  (7m  (2  an'^  m  dn^  m  —  li'  cn^  »i) : 
whence  at  length 

/o  (7m  /„  rfw  ^  dn=  w  =  -  ^kv^  +  ^  F'  ^"' "  +  2yt"'"^  *-'^'  *'  '^^^^  "■''* 


Also 


dk  kk'    •   dkK~kk''[      \K        J     K^\' 


d%w^    1 
dk    ''_2kk' 


^,  ||  -  dn= «  -  i.=  (i-''  -  2'  -  ^  (/^"  en'  u)  j  ©«. 
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Substituting  these  values  of  ^-  &u,    ,  ^  0w  and  -w  ®u  in  the  equation  (4)  in  the  place 

of  the   corresponding  differential  coefficients  of  S,  all  the   terms  vanish,  or  the  equation 
is  satisfied  by  S  =  0  (ii).  and  similarly  it  would  be  satisfied  by  S  =  H  (m). 


Assume  now 

< 

TT'     " 

^2K'' 

then  observing  the 

equation 

d  K' 
dlcK^ 

1 

i  {EK'  -  KE' 

-K'E). 

■~ 

wc  have 

dX 
du 

■w  it 
iKdv 

d?% 
•     du' 

,'  d'X 
«>  dv-  • 

dS 
dk 

"W' 

,{,. 

,     E\dt 
-Rldi 

^2WP 

a 

whence,  substituting  in  the  equation  (4),  this  becomes 


winch  is  of  course  satisfied  as  before  by  !£  =  @('ii),  or  £  =  H(i(),  an  equation  dem 
strated  in  a  different  manner  (by  means  of  expansions)  by  Jacobi  in  the  Mem 
referred  to. 

Consider  next  the  equation 

-i—  -Inu  U   -  -ir    J-  +  2«,M2-f=-  -0 (6), 

du^  \         K)  du  dk 

(ft  being  any  positive  integer  number).     Then,  by  assuming 


we    should  be   led    as    before    to   the    equation   (5).      Hence, 

functions  of  u  and  w ,  the   equation  (6)  is   satisfied   by  assuming   for  2  a  corresponding 

nK' 
function  of  nu  and  -^ .     Let  X  be  the  modulus  corresponding  to  a  transformation  of  the 

;i"'   order;    then   A,   A'   being    the    complete    functions    corresponding    to    this    modulus, 

-T-  =  Ji  ^ ,   so    that    the    equation    (6)    will    be    satisfied    by    assuming    2  ==  "B^  (im)    or 

2  =  H^(m(),  where  0^,  H^  correspond  to  the  new  modulus  \. 
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Assume  now  in  the  equation  (6), 

s.g)"""(rar!»-.ia»,..^. 

Hence,  substituting, 

|-,  (9-»  .  ,)  ~  2»,.  (f  -§)^  (e»» . ,)  +  2«tt'. (Klf)l '-•>  ^  [(Kk')-'-'-'  »''■' .  .]  -  0 ; 

b„.  («-).-.|.[(«r—>e«..-]=3l(9".-)^yf#e".-, 

or  effecting  the  differentiation,  and  eliminating  -j^    by  means   of  the   equation   obtaii 
from  (4)  by  writing  2  =  0if, 


Substituting  in  (6)  and  reducing. 


au  dk 


,, fr  1  /rf^MV    1  d^@u\   /,   s\i 


K)\  du  "^ 


d  log  @M  _ 

dw 


j  —!(ffad'iien''u. 


;'^;^—   =  1  —  ^,  —  ^^  snH 


J,  +  2n^'=(/„dz(cn^i()  J  +  2Hfcfe'=  J+J!.(«-l)^'sn^w.j  =  0 (7); 

which  ia  therefore  satisfied  by 
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and  ea«h  of  these  values  is  an  algebraical  function  of  sn  u,  (viz.  either  a  rational 
function  or  a  rational  function  multiplied  by  en  u  dii  u).  Also,  iu  the  transformation  of 
the    m"'    order, 

so  that  it  is  clear  that  the  above  values  of  s  may  be  taken  for  the  denominator  and 
numerator  respectively  of  ^Xsn, m;  i.e.  these  quantities  each  of  them  satisfy  the  equa- 
tion  (7). 


By  assuming 


,.(,.- l)^,  +  (»-l){«-2^)g  +  (l-<rf  +  «^)g-2«(a'-l)  J.  0   (8)1 

which  is  therefore  satisfied  by  assuming  for  z  either  the  numerator  or  the  denominator 
of  ^XsR^u  (the  transformation  of  the  «.'"  order),  which  is  the  form  in  which  the 
property   is  given   by  Jacobi. 

In  the  case  where  n  is  odd,  the  denominator  is  of  the  form 


and  then  the  numerator  i 


-S„ 


and  all  the  remaining  coefUcients  may  be  determined  from  these,  the  modular  equation 
being  supposed  known.  But  the  principal  use  of  the  formula  is  for  the  multiplication 
of  elliptic  functions,  which  it  is  well  known  corresponds  to  the  case  where  w  is  a 
square  number.     Writing  n=v^,  when  v  is  odd,  the  denominator  is 

1  +  BX  ...  +  5i,^_„  x^"-"  +  vaf^-' , 

(the  i  sign  according  as  v=(ip+l)  or  (4p-l));  and  the  numerator  m  obtained  from 
this  by  multiplying  by  x  and  reversing  the  order  of  the  coefGeicnts,  When  v  is  even 
the  denominator  Is 


(+  or  — ,   according   as   i/  =  4^  or  v  =  4^  +  2),   so   that    there   are   only    halt   as    many   co- 
efficients  to   be   determined ;    but   then   the    numerator   must   be   separately   investigated. 


Hosted  by 


Google 


45]  ON"   THE   THEORY   OE    ELLIPTIC    FaNCTIONS.  297 

In  general,  by  leaving  n  indeterminate,  and  integrating  in  the  form  of  a  series 
arranged  according  to  ascending  powers  of  of ;  then,  whenever  n  is  a  square  number, 
the  series  terminates  and  gives  the  denominator  of  the  corresponding  formula  of  multi- 
plication ;  but  the  general  form  of  the  coefficients  has  not  hitherto  been  discovered. 


By  writing  -r-  instead  of  x,  and   then   making  n  infinite,  the  equation  (8)  takes  the 


'  V« 


and  it  is  worth  while,  before  attempting  the  solution  of  the  genera!   case,  to  discuss   this 
more  simple  one^ 

Assume 

then  it  is  easy  to  obtain 

0,„  =  -  (2r  +  1)  (2r  +  2)  C,  -  (2r  +  2)  aC',,+,  +  2  (a'  - 


,,dO,±. 


The  general  form  may  be  seen  to  be 

and  then 

a+jp  -pG/  =  -  r  (2r -  1) 0,_/-  + 16  (r  +  2  -  2p)  C,p~'  . 

The  complete  value  of  O^p  (assuming  C^"  —  0)  is  given  by  an  equation  of  the  form 

Grf'^'CrP  +  'C,p^'  +  ^G,pr  ...  ^P-^Cr^f, 

where  "Or^,  ^C^^, are   algebraical   functions  of  r   of   the    degrees   2p  — 2,   2^  —  4,   &c. 

respectively;  but  as  I  am  not  able  completely  to  effect  the  integration,  and  my  only 
object  being  to  give  an  idea  of  the  law  of  the  successive  terms,  it  will  be  sufficient  to 
consider  the  first  or  algebraical  term  "Cy^,  which  is  determined  by  the  same  equation 
as  Gy^,  and  is  moreover  completely  determined  by  this  equation  and  the  single  additional 

I  Writing  U5  +  a)  for  B,  and  putting  a^e^.v^p,  this  becomes 
and  if  p  =  2Zj?», 
fiom  which  the  sucoessive  valuiia  of  Z^,  Z„  &a.  might  be  calculated. 
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rolation   (7r'  =  l,   since   the   arbitrary   constants   of   the   integration   affect   only   the   terms 
multipUed  by  2'',  S',  &c. 


Assume '  C^^ 
1 


-  LP  [r  -  2]^-'  +  ^P-'  MP  [r  -  3]^-^  +  , . .  2-^+'  X^  [r  -  2pJ] 


and  substituting  this  vahie, 

(l~p)LP  ={l-p){LP-'  I, 

(1  -p)MP~  2p  (2  ~2p)  LP  '=(_!-  p)  [MP-'  -  lli>-^  | , 

(1  -  p)  NP  -  2p  (3  -  2p)  Af»  =  (1  -  p)  Si\*-i  _    7iv/P-i  +  12LP-'  ] , 
(1  -p)  Op  -  2j?  (4  -  2^)  NP  =  (1  ~p)  {Op-'  -    SN^-'  +  HOMp-'I  , 

the   law   of  which   is   obvious,  the   coefficients   on   the   second  side  in  the  yth  line  being 
1,  4^  — 19,  and  (2^  —  3)  (2^ -- 2)  respectively.     By  successive  integrations  and  substitutions 

Lp  -i>-i  =0,  Lp  ^l, 

MP  -  MP-'  =  ip-  11,  MP^(p-  1)  (2p  -  7), 

JVP  _  ^rp-,  ^  _  8^3  ^  26p^  +  49p-lU;  [ 

(the   constants   determined   by   if'  -  0,  JV'  =  0,  0^  =  0,  P'  =  0,  . . .  so   as   to   make   G^^   con- 
tain positive   powers   only   of  r). 

The  following  are  a  few  of  the  complete  values  of  C^p,  the  constants  determined 
so  as  to  satisfy  (?p+/  =  0  (except  G^'  =  1),  and  the  factorials  being  partially  developed 
in   powers   of  r,   viz, 

C,'  -  1, 

a/  =  f(r-4)(r-5)(4r'-24r+51), 

C,''  =  ^{(r-5)(r-6)(r-7)(Si^-60r3  +  286r  +  63)  +  384(9r^-93r  +  242-2.4'-=)], 


(it   is   curious   that   C^^,  C^*,    C/,   all   three   of  them   vanish).     It   seems  hopeless   to   con- 
tinue  this   investigation   any    further, 

Betuming  to  the  equation  (8),  and  assuming  for  e  an  expression  of  the  same 
form  as  before,  we  have,  corresponding  to  the  equations  before  found  for  the  co- 
efficients   Gr, 
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The  case   corresponding   to   the   denominator  in   the   mnltipSication   of   elliptic   func- 
tions is  that  of  f?o  =  l,  Ci  =  0.     It  is  easy  to  form  the  table — 


C,=     0, 

C,  =  -2„(„-l), 

C,=     8«(«-l)(«-4)a, 

C.  =  -4»(«-l)(«-4)[»  +  75] 

-  32«  (m  - 1)  («  -  4)  (n  -  9)  a', 

C,.     96>i(«-l)(ii-4)(n-9)     [n  +  U]a 

+  128»(ii-l)  («-*)(»- 9)  (i>- 16)0". 
C,.-24»(»-l)(ii-l)(n-9)[17»"  +  «3»  +  9000] 

-960«(»-l)(i>-l)(»-9)(ii-16)       [n+«]a' 

-ol2ii(n-l)(ii-l)(»-9)(»-16)(ti-  25)        a', 
C,.  +  96»(n-l)(i.-*)(«-9)(a-16)[ran'+28207i  +  36180]a 

+  7 168  «  (»  - 1)  (»  - 1)  (»  -  9)  («  -  16)  (»  -  25)         [»  +  42]  a' 

+  2048ii(ii-l)()i-4)(a-9)(i>-16)(»-25)(»-36)         a", 
C, -- 48 m («- 1)  (n - 4)  (n- 9)  [283ii' -  2697811'+ 27782711"- 549193211  + 1 27764000] 

-3840)i(>i-l)(«-4)(»-9)(»-16)(ii-25)  [23ii- + 1 969n  +  234S6]  a' 

~  15360  li  (it  - 1)  («  -  4)  («  -  9)  (11  - 16)  (»  -  26)  (ii  -  36)  [3i.  + 133]  a' 

-  8192»(ii-l)  (11-4)  (11-9)  (11-16)  (ii-25)(» -36)  (11-49)  a', 
&c. 

in  which  of  course  the  coefficient  of  the  highest  power  of  ii,  in  the  snccessive  co- 
efficients Or,  is  the  value  of  G^  obtained  from  the  equation  (8).  With  regard  to  the 
law  of  these  coefficients  I  have  found  that 

C- (-)'+■  2»-«(«-P)  ...  lii-(r-l)-|  tV«'- 
+  2'"»(ii-l')  ...  {ii-(r-2)'l  C/a'-' 
+  2""«(ii-  1")  ...■lii-(r-  3)')  C,"a'— 
+  fc 

(where  however  the  next  term  does  not  contain,  as  wonld  at  first  sight  he  supposed, 
the  factor  ii  (ii  -  1=)  . . .  fii  -  (r  -  4)'!).     And  then 

C,'  - 1, 

0/ . (r - 3)  [« (21-- 7)  +  (,■- 1) (81- - 7)], 

C',s  =  |(r-4)(r-5)[     ii"  (4i-"  -  24r  +  61) 

+ 11  (32r'  -  220r'  +  41 2r  -  255) 

+  2(r-l)(i--2)(32i»-88i-  +  61)]. 
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In    conclusion    may   be    given    the    following    results,   in    which,    recapitulating    the 
notation 


V'fc  sn  3m  ■ 


^'^'  ^"  *"* "  1  -  aOa;*  +  32aa^  -  (26  +  16a0  a^  +  32q(c'"  -  20ai^  +  a^^ ' 

^|k  sn  5m  =  a^  {5  -  20flw^  +  (62  +  16tf)ic*  -  SOofl^  - 105^^  +  360aa^"  -  (300  +  240a')  a?= 

+  (368a  +  640")  a^"  -  (125  + 1 60a')  x'^  +  I4Qaa^"  -  bOx^"  +  a^") 

(i  -  5035*  +  140aa^  -  (125  +  160a=)  a;^  +  (368a  +  64a')  ic"  -  (300  +  240a=)  x^'- 

+  360aa!"  -  lOoat^*- 80aiK'=  +  (62 +  16a=)a^-20«^==  +  5a;^i 
&c. 

Thns,  writing  —  x^  for  a'*,  A  =  1,  and  therefore  a=2, 


tan  3m  = 


+  8a^  +  6a^  -  a;')     a^  (3  -  a^)  (1  +  a^y'  _  a;  (3  -  a^) 
-  6ic*  -  8a:^  -  3a^      (1  -  3a;')  (1  +  x^'Y        l~%ai'  ' 


where    a;=tanu,     (And    in    general    in    reducing    tanm*    the    extraneous    factor    in    the 
numerator   and   denominator  is   (1 4-ic')*"'"~^'.) 
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46. 

NOTE   ON    A   SYSTEM   OF   IMAGINARIES. 

[From  the  Philosophical  Magazim,  vol.  xxx.  (1847),  pp.  257--2o8,] 

The  octuple  system  of  imaginary  quantities  ^,,  i^,  %,  i„  i^,  i^,  i^,  which  I  mentioned 
in  a  former  paper  [21],  (and  the  conditions  for  the  combination  of  which  are  contained 
in   the   symbols 

123,     246,     374,     145,     275,     365,     167, 

i.e.    in   the    formulse 


with  corresponding  formulje  for  the  other  triplets  ^*a,  &c.,)  possesses  the  following 
property;  namely,  if  i^,  %,  j^  be  any  three  of  the  seven  quantities  which  do  not  form 
a  triplet,  then 

{ij.^)     .iy^-i^.      [iffiy). 


Thus,  for  instance. 

(.A).i.. 

but 

>■.(«.)  = 

and  similarly  for  any  other  such  combination.  When  i„,  i^,  i^  form  a  triplet,  the  two 
products  are  equal,  and  reduce  themselves  eatih  to  —  1,  or  each  to  + 1,  according  to 
the  order  of  the  three  quantities  forming  the  triplet.  Hence  in  the  octuple  system  in 
question  neither  the  commutative  nor  the  distributive  law  holds,  which  is  a  still 
wider  departure  from  the  laws  of  ordinary  algebra  than  that  which  is  presented  by 
Sir  W.  Hamilton's  quaternions. 

I  may  mention,  that  a  system  of  coefficients,  which  I  have  obtained  for  the 
rectangular  transformation  of  coordinates  in  n  dimensions  (Crelle,  t.  xxsii.  [1846]  "  Sur 
quelques  proprietia  des  Determinans  gauches"  [52]),  does  not  appear  to  be  at  all  con- 
nected with  any  system  of  imaginary  quantities,  though  coinciding  in  the  case  of  n  =  3 
with  those  mentioned  in  my  paper  "  On  Certain  Results  relating  to  Quaternions," 
Phil.  Mag.  Feb.  1845,  [20]. 
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47. 

sun   LA   SURFACE   DES   ONDES. 


[From    the   Journal   de   MatMmatiques   Pures   et   AppUqu4es  (Liouville),   torn,   xi.   (1846), 
pp.  291—296.] 

La  surface  des  oudes  est  un  cas  particulier  d'une  autre  surface  a  laquelle  on  peut 
doiiner  le  nom  de  UtraMro'ide,  et  dont  voici  la  propri^t^  fondamentale : 

"Le  t^traedroide  eat  une  surface  du  quatrieme  ordre,  qui  est  couple  par  les  plans 
d'uu  certain  t^trafedre  suivant  des  paires  de  eoniques  par  rapport  auxquelles  lea  trois 
sommets  du  t^trafedre  dans  ce  plan  sont  des  points  conjugu^s.  De  plus :  les  seize 
points  d'inter section  des  quatre  paires  de  eoniques  sont  des  points  singuliers  do  la 
surfiice,  e'est-i-dire  des  points  oil,  an  lieu  d'un  plan  tangent,  il  y  a  un  c6ne  tangent  du 
second  ordre," 

On  verra  plus  loin  que  la  surface  cfit  <5te  suffiBammeiit  definie  en  disant  qu'un 
seul  de  cos  points  (Stait  un  point  singulier ;  I'existence  des  quinze  autres  points 
singuliers  est  done  une  propri^t^  assez  remarquable.  Mais,  avant  d'allor  plus  loin,  il 
convient  de  rappeler  la  signification  des  points  eonjugu^s  par  rapport  k  une  conique  : 
cela  veut  dire  que  la  polaire  de  chacun  des  trois  points  passe  par  lea  deux  autres. 
Pai'mi  les  proprietes  d'un  tel  aysteme,  on  peut  citer  celle-ci  r 

"Les  points  d'intersection  de  deux  eoniques,  par  rapport  auxquelles  les  mSmea 
trois  points  sont  des  points  conjugu^s,  sont  situ^s  deux  h  deux  sur  six  droites,  lesquelles 
passent  deux  h  deux  par  ces  trois  points." 

De  la ;  "  Les  quatre  points  singuliers  compris  dans  chaque  face  du  tetrafedre  sont 
situ^s  deux  k  deux  sur  trois  paires  de  droites,  lesquelles  parent  par  les  trois  sommets 
dans  eetto  face." 

Autrement  dit,  les  seize  points  singuliers  sont  situ^s  deux  ^  deux  sur  vingt-quatre 
droites,  lesquelles  passent  six  h.  six  par  les  sommets  et  sont  situ^es  six  a  six  dans  les 
plans    du    tetraedre.     Done,    en    eonsid^rant    les    six    droites    qui    passent    par    le    m^me 
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sommet,  par  ees  droites  corabia^es  deux  k  deus,  il  paase  quinze  plans,  y  compris  trois 
plans  du  t^tra^dro ;  en  excluant  ceux-ci,  il  y  a  pour  chaque  sommet  douze  plans, 
chacun  deaquels  passe  paj-  quatrc  points  singuliers;  done  la  eourbe  d'intersection  d'un 
de  ces  plans  avec  la  surface  a  quatre  points  doubles,  co  qui  ne  peut  pas  arriver  pour 
une  eourbe  du  quatrieme  ordre,  a  moins  qu'elle  ne  se  r^uiao  a  deux  eoniques. 

Done :  "II  y  a,  outre  les  plans  du  t^traedre,  quarante-huit  plana,  douze  par 
chaque   sommet,   lesquels   rencontrent   la   surface   suivant   des  paires   do   eoniques." 

On  pourrait  de  m§me  chercher  combien  il  y  a  de  plans  qui  rencontrent  la  surface 
suivant  des  courbes  avec  trois  points  doubles,  &c.  Passons  aux  cOnes  circouscrits ;  on 
d^montre  fiwilement  par  I'aoalyse  cette  proprii^t^ : 

"Les  c&nes  circonscrits  k  la  surface  ayant  pour  somraets  les  sommets  du  t^traedre, 
se  r^duisent  k  des  paires  de  c6ues  du  second  ordre,  lesquelles  la  touchent  suivant  les 
deux  eoniques  de  la  face  oppos^e." 

De  plus ;  "  Les  seize  plans  qui  touchent  quatre  k  quatre  ces  paires  de  c^nes  sont 
des  plans  tangents  singuliers,  dont  chacun  touche  la  surface  suivant  une  conique." 

II  y  a  de  plus,  entre  ees  plans,  des  relations  analogues  k  celles  qui  existent  entre 
les  points  singuliers,  de  manifere  que  Ton  d^imt  de  mSme  le  th^orfeme : 

"II  y  a  quaraiite-huit  points,  douzo  k  douze  dans  les  quatre  plans  du  tt?traMre, 
pour  chacun  desquels  les  c6nes  circonscrits  se  r^duisent  k  des  paires  de  cQnes  du  second 
ordre," 

Ajoutons  que  ces  quarante-huit  points  correspondent  d'une  maniere  particuliere  aux 
quarante-huit  plans,  et  que  les  cfines  circonscrits  touchent  la  surface  suivant  les  eoniques 
situ^es  dans  les  plana  correspondants. 

La  r^ciproque  d'une  surface  du  quatrieme  ordre  est,  en  g^n4ra,\,  de  I'ordre  trente- 
six;  mais  ici,  k  cause  des  seize  points  singuliers,  cet  ordre  se  r(5duit  de  trente-deux, 
savoir,  a  quatre.  Et  les  propri^t^s  qui  vionnent  d'etre  enonci^es  par  rapport  aux  cfines 
circonscrits  montrent  que  la  rdciproque  i^tant  de  cet  ordre  est  n^eessairement  une 
surface  de  la  m^me  esp^ce ;    c'est-^dire  r 

"La  reciproque  d'un  t^tra^iroide  est  aussi  un  t^tra^droide." 

Done  le  t^tra^droide  est  surface  de  la  quatrifeme  classe.  Puisque  cette  surface  n'a 
pas  de  lignes  doubles  ou  de  lignes  de  rebroussement,  il  n'y  a  pas  de  reduction  dans 
le  nombre  qui  exprime  le  rang  de  la  surface,  lequel  est  ainsi  egal  a  douze,  c'est-k-dire 
le  c6ne  circonscrit  est  ordinairement  de  I'ordre  douze.  Mais  nous  venous  de  voir  que 
ce  c6iie  est  seulement  de  la  quatrifeme  classe  (on  effot,  la  classe  du  c6ne  est  la  m^me 
chose  que  celle  de  la  surface) ;  done  i!  y  a  reduction  de  cent  vingt-huit  dans  la  classe 
du  c6ne,  Les  seize  points  singuliers  de  la  surface  donnent  lieu  a  autant  de  iignes 
doubles  dans  le  c6ne,  ce  qui  effectue  une  r^uction  de  trentc-deus ;  il  y  a  encore  une 
r^uction  a  effectuer  de  quatre-vingt-seize,  qui  doit  avoir  lieu  k  cause  des  lignes  doubles 
ou  des  lignes  de  rebroussement  du  c6ne.  En  supposant  qu'il  y  a  ,?/  de  celles-ci  et  a:  de 
celles-l&,  (outre  !es  seize  lignes  doubles  dont  on  a  fait  mention),  li  faut  que  Von  ait 
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Oil  !e  +  y  ne  doit  paa  §tre  plug  grand  que  trente-neuf ;  mais  eela  ne  suffit  pas  pour 
deterinmer  ces  deux  nombres. 

Nous  pouTona  encore  ajouter  que  les  seize  cdnes  qui  touchent  la  surface  aux  points 
singuliers  sont  circonscrits,  quatre  k  quatre,  k  quatre  surfaces  du  second  ordre,  et  que 
les  seize  courbes  de  contact  des  plans  singuliers  sont  situ^es  quatre  k  quatre  sur  quatre 
surfaces  du  second  ordre. 

Je  vais  donner  mainteuant  une  idf?e  de  la  theorie  analytique.     En  representant  par 

x^O,      y  =  0,      ?  =  0,      !W  =  0 

les  Equations  des  quatre  faces  du  t(5traedre,  et  par 

I'dquation  de  la  surface,  U  sera  une  fonction  homogcoc  du  quatricme  dcgr^  de 
ic,  y,  z,  w,  laquelle,  en  faisant  ^vanouir  une  quelconque  des  variables,  doit  se  divisor 
en  deux  faeteurs  du  second  degr^,  fonctions  paires  des  trois  autres  variables ;  de  plus, 
k  cause  de  la  condition  pat  rapport  aux  points  singuliers,  U  ne  peut  pas  contenir  de 
terme  xysw.     On  doit  done  avoir 

oil  il  faut  que  les  coefficients  A,  B,  C,  P,  F,  Q,  H,  L,  M,  iV"  aient  un  systeme  inverse ' 
de  la  forme  0,  0,  0,  0,  /,  g,  h,  I,  m,  n.  Done,  on  formant  I'invorse  de  ce  systeme,  on 
obtient,  toute  reduction  accomplie, 

^7=  mnf/s'  +  nlgy*  +  VrnJiz*  +fghiv* 
+  (    lf-m.g-nh){  ly^^  +  fo?vf) 
+  (-lf+mg  -  nh)  (m^a^  +  gfv/') 
+  (~lf-mg  +  nh)  (  na?f  +  h^vf)  =  0. 
En  effet,  en  ^crivant 

X  =  If—  tng  —  nh,  fj.  —  —  lf+  mg  —  nh, 
v=^^lf—mg  +  nh,  w=  If+mg  +  nh, 
V  =Pf'  +  my  4-  n%^  -  ^mngh  -  2nlhf-  2lmfg, 

I'equation  de  la  courbe  pourra  a'^crire  sous  les  quatre  formes 

(2mnfi?  +     nvf  +    mfj,^  +    fKti/f  =  V  {ri'y*  +  m^s'  -^-fHif  ~  2mfz^u^  -  2/nio=  f  -  Inmf  z'), 

(     nvw"^  +  'inlgy''  +      IXs^  +     giivflf  =  V  (P  s*  +  g''iif+  nW  -  2^kw=a=  -  2ni  :o^^-2lg  z^w-), 

{    m/i^  +     IXf  +  2lmhz^  +     hwff  =  V (h?vJ'  +  mV  +  i=  3/*  - ^vnlc^y-  -  %h yHv  ~  thmw' k') 

{    A^''  +    9l*f  +      ^v^  +  %fghvfif  =  V  (/W  +  g^y*  +  h^z*--2gk  yH^  -  2hf  z-'a^-  2fg  a^y") 

'  En  gSaecal  quand  Jtax  "(jstfiuea  de  quantitfe  sont  expmnes  Imeaucmenl  les  uhb  an  moyeii  des  ■iuties, 
en  dit  qut  loB  deux  sjBtemeB  de  eoeflicients  soat  dea  '.jst^mes  inveraee  on  passe  fecilement  da  lit  *!,  I'ld^B 
liu  s>atfimi  invcrsp  den  coefficiento  dune  fcrtetion  dn  Eecond  cidte  et  de  teli  a^BtJmet 
sou^ent   que  Ion  doit  aioic  un  tcrmi.  pour  espiimei  sans  iirtonlooulion  cetta  relihon 
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ce   qui   met  en   Evidence   les   Equations   des   sections   de   la  surface   par   les   qiiatre   plans 
clu  t^trafedre,  et  aussi  celles  des  points  singuliers,  lesquelles  sont,  en  effet, 

ny  ±'mz  ±fw  =  0,     Iz  tgw  ±nx  =  0  , 
hw  +  mx  ±ly  ^0,    fa  ±gy  ±hs  =  0\ 

et  ces  plans  toiichunt  la  surface  suivant  les  courbes  d' intersection  avec  les  surfaces 

^mr)fa?  +  nvy'^  +  mii.:^+f\-uf  =  Q,     &c.,    &c., 

cc    qui   demontre   le   theorem e    ^noncd    par    rapport    aux    seize    courbes    de    contact    des 

plans   singuliers,   et   de   \k    celui    pour    les    seize    cdnes    tangents    aux    points    singuliers. 

Pour  ddduire  de  la  la  forme  ordinaire  de  I'equation  de  la  surface  des  ondes,  ^crivons 

I  =  ct^j (by - c&),    TO  =  a/37 (ca  -"7).     n  =  a0j(a^ —ba), 
f=  kaa  (by  —  c0),     g  =  kb^  (ca  —  or/),    h  =  hey  (a^  -  ba), 
equations  (jui  suffisont  pour  determiner  les  rapports 

a  :  b  :  G  :  a.  :  ^  :  y  :  k 
au  inoyon  do  I,  m,  «.,  f,  g,  h,     De  cette   maniere,   I'equation   de   la  surface  se  r^duit   a 
a^y  (aaf  +  by''  +  cz^)  (aa?  +  ^y^  +  y^) 

-  kaa  (by  +  c^)  xW  -  kbff  (ca.  +  ^7)  y^vf  —  key  (a/3  +  b-j.)  z^-uf  +  k^ahcvf  =  0, 
iaqiielle  se  re'duit  a  la  surface  des  ondes  en  ^crivant 


wNl^^'     wVk^"'     wwr^' 


?.  V'  K  etant  des  coordonn^es  rectangulaires,  c'est-a-dire  en  faisant  la  transformation 
homographique  du  tdtraedroide,  de  manifere  que  I'un  des  plans  du  t^tra^dre  passe  k 
I'infini,  et  que  les  trois  autres  deviennent  rectangulairea  De  plus,  en  particularisant 
la  transformation  de  maniere  que  trois  des  coniquos  d'intersection  se  r^duisent  a  des 
cereles,  cette  surfaue  rentre  dans  la  surface  des  ondes.  II  va  sans  dire  que,  dans  le 
cas  general,  plusieurs  des  points  ou  des  plans  dont  nous  avons  parl^  sont  neeessaire- 
ment  imaginaires ;  I'enumeration  de  tous  les  cas  differents  aurait  ^te  d'une  longueur 
effrayante.  II  y  aurait  beaucoup  Jt  dire  sur  les  cas  particuliers  ou  quelques-unes  des 
coniques  se  r^duisent  k  des  paires  de  droites  (r^elles  ou  imaginaires).  Je  me  contente 
d'^noncer  cette  propriety,  trfes-facile  k  d^montrer,  de  la  surface  ordinaire  des  ondes:  au 
cas  oil  c  =  0,  cette  surface  peut  ^tre  engendr^e  par  un  eercle  (ayant  le  centre  de  la 
surface  pour  centre,  et  dans  un  plan  passant  par  I'axe  des  z),  lequel  se  meut  de 
manifere  a  passer  par  la  couique 

a?a?  +  eY  =  a'6=. 

On  trouve,  dans  ie  Cambridge  and  Dublin  Mathematical  Journal,  t.  i.  [1840],  p.  208, 
[38]  la  demonstration  d'une  autre  propriety  de  la  surface  des  ondes  par  rapport  aux 
lignes  de  courbure  des  surfaces  du  second  ordre. 

C.  39 
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NOTE   SUR   LES   FONCTIONS   DE  M.    STURM. 

[From   the   Jounml   de   Math^matiques   Pwres   et  Appliqu4u   (Liouvilli!),    torn,    xi.   (1846), 
pp.  297—299.] 


On  sait  que  la  suite  des  fonctions 

/,^  =  2(^-6)(^-c)(^-d).,.. 
f^.  =  %{a-by(x-o)ix-d)..., 
/aic  =  2  (a  -  S)=  (6  -  c)Mc  -  a)^  (a;  -  d) . . .  , 

est  de  la  plus  graode  utilitu  dans  la  thdoric  de  la  r&olution  numeriqne  des  eqiiatious. 
En  effet,  on  obtient  tout  de  suite  h.  leur  moyen  le  nombre  de  racines  r^elles  comprises 
entre  deux  limites  quelconquea.  II  ^tait  done  int^ressant  de  chercher  la  maiii^re 
d'exprimer  ees  fonctions  par  les  coefEcients  de  fa:. 

Soit,  pour  eela,  m  un  nombre  quelconquc,  pas  plus  grand  que  le  degr^  n  de  cette 
fonction.  En  prenant  k  pour  m''"'*  racine  de  la  suite  a,  b,  c,  ... ,  et  mettant,  pour 
ubr^ger, 

P  ^(-)im.,-,)  i^a-b)(a-  c)  ...{a-  k){h^  c)  ...  (h-k)  ...  (j-k), 


I  donno 


y;.«:>=S 


(=:-a){„-b)...{^^k)' 


ilans  laquello  expression 
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et,  de  plus, 


=  (-)' 


■«..-.i  rc'-')- 


(b-k)...(j-k} 


(.-»)(a:-i). ..{«,-*) 

dans  laquelle  le  coefficient  de  x""'  est  ^gal  a 

(_)?">(™-.)  [„r-.  (J  _  c) . . .  (6  -  /,) . . ,  (j  -  fc)  +  . .  -]. 

c'efit-§,-dirc  a 

1,     a,  . . . ,     ft''^^     a''~^  I  , 

1,     I,  ....     6"^,     6'-'  [ 

1,     k,  ...  ,     A™-=,     i*^'  I 
Done  enfin  le  coefficient  dc  x~''  dans  /,„ai  :  fx  est  egal  a 


1,     k,  . 


k'"^ 


I  1,     &,,..,     k'^',     ^-^ 


ou,  au  moyen  d'uiio  propri^te  connue  des  determinants,  en  repr^sentant  coin  me  a 
i'ordinaire  par  S,j  la  somme  des  q''"'"  puissances  de  toutes  les  racines,  ee  coefficient 
devient  egal  k 

S,,         S,,...,     S,^, ,     S,_,       j. 

s,,      s, ,...,   s„^, ,   s. 


Dc  !^,  en  mettant 


/..  :A. 


s, s„,    j; 

s, s„.    r, 


en  multipliant  par  /j',  et  mettant 

a. ,  ,■  -  s..+,-i  -  »«,.+,- . .  +  (-rpA 

on  Ton  suppose 


/E  =  a;"-pia^"-i..,  +(-)"^„, 


on  obtient 


/.^-S.^—' 


e,.,, 


s„,   s,.,...,   s™-.,    <2..»- 


Hosted  by 


Google 


308  NOTE    SUE    LES    FONCTIONS    DB    M.    STURM.  [48 

ou  r  peut  lie  s'dtendre  que  depuis  0  jusqu'a  n-m,  puisque  fj^x  est  fonction  entifere. 
An  moyen  des  relations  connucs  qui  existent  entre  les  quantit^s  S^,  on  a 

e.«,,  -  (-)'».+. «.+.-. . ■ .  +  (-)"-'  V.  «,+«+.-«  . . ^     [r  +  «  +  «>»]  , 
«-,-. , ,  -  (-)'»+■ «-+«  . .  ■  +  (-)'+-+"!.,«+.-  S, 

+  (-)■■+"")>-+«.-.('■  +  '»+•- I) [r  +  m  +  s^n], 

et  de  Ik,  en  posant 

0'™+.,  r  =  (-X+"'-Fr+™  S^l  . . .  +  H-'-^iJ.  Sr+,«+.-^.  -  [»■  +  m  +  S  >  «]  , 

+  (-r■^'"*'-'Pr^,..+.^^(3~  +  r>l  +  8~n~\)  ...  \r  +  m+s^ii\^, 

on  peut,  par  les  propri^t^s  des  determinants,  reduire  Qn-^-s.r  a  Q'm+s.r  dans  I'expression 
de  f^x.  Nous  avons  done  exprim^  cette  fonction  au  moyen  des  coefficients  p,,  p^,  ... 
et  des  sommes  Si,  jSj,  ...,  Ssm-a,  lesquellea  s'expiiment  faeilement  par  cea  memes 
coefficients  (et  pour  calculer  fjX,  fix , ... ,  fnX,  on  aurait  seulement  beeoin  de  calculer  ces 
sommes  une  fois  pour  toutes  jusqu'4  S^n-i) ',  il  serait  done  facile  de  former  des  tables 
de  ces  fonctions,  pour  los  Equations  d'un  dcgr^  queleonque,  ce  qui  pourrait  a  peine 
s'effectuer  d'aiicune  autre  manifere. 
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SUE   QUELQUES   FOEMULES   DU   CALCUL  INTEGRAL. 

[From   the   Journal   de   Math&matiques   Pures   et   Appliquees    (Liouville),  torn.  xii.  (1847), 
pp.  231—240.] 

SoiT  (B  +  yV-l  on  x  +  iy  une  quantite  imaginaire  quelconque ;   faisons 

p  =  ^x^-\-if,       fl  =  arc  tan^  (1), 

p   ^tant  une   quantite  positive,   et   6   un   arc  compris  cntre  ies  limites  J  77,   —\iv.     Cula 


..(2). 


(a;  +  V^)™  =  p-^  6*™'  {x  positif)  , ) 

(f,+iyr-r *'•'•'•'  ('  iiiigatif);/ 

(dans  !a  seconde  de  ces  formules,  il  faut  prendre  le  signo  sup^rieur  ou  infdrieur,  selon 
que  y  est  positif  ou  n^gatif.)  Au  caa  de  cc  positif,  la  valeur  du  second  niembre  sera 
ce  que  M.  Cauchy  a  appel6  valeur  prindpale  do  (as  +  iy)™.  Au  cas  de  x  n^gatif,  on 
peut  aussi,  k  ce  qu'il  me  semble,  nommer  cotte  valeur  ■valeur  principale.  Cela  paratt 
contraire  il  la  tli^orie  de  M.  Cauchy  {Exerdoes  de  MatMmatiques,  t.  i.  [1826]  p.  2); 
mais  la  demonstration  que  Ton  y  trouve  de  Timpossibilitt^  d'une  valeur  principale  pour 
X  fi^gatif  ne  s'applique  qu'au  cas  ou  I'on  suppose  que  le  signs  +  est  toujours  le  mSme 
sans  avoir  ^gard  au  signe  de  y.  Seuleraent,  selon  nos  definitions,  il  imporfce  de 
remarquer  qu'il  n'y  a  pas  de  valeur  principale  pour  x  n^gatif,  au  cas  particulier  oii 
y  =  0;  ou  plut6t  dans  ce  cas,  et  dans  cc  cas  seulemcnt,  la  valeur  principale  devient 
ind^terminde. 

Soit,  en  particulier,  x  =  Q;    Ies  deux  formules  conduisent  au  ni^me  r^sultat,  savoir 

(iyr  =  {±yre*^'^ (3). 
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le   signe    oomme   auparavant.     Car   en   conaid^vant  x   comme   infiniment   petit   positif,   on 
obtient 

est,  en  considerant  x  comme  infiniment  petit  n^gatif, 

lit  de  ia 

e  +  nr^  ±liT. 
Ainsi  cette  formule  est  toujours  vraie,  sans   qn'il  soit   n<5ccsaairt!  dc  coiiaidercr  iij  comme 
limite  de  x  +  iy,  x  positif  ou  x  negatif. 

Remarquons   encore   que   cette  fonction   {iy)™  reste  continue  quand  y  passe  par  z6ro, 
ce  qui  a  lieu  aussi  pour  {x  +  iy)™,  x  positif,  raais  non  pas  pour  [x+iy)™,  a>   negatif. 

Lcs   mSmes  remarques  a'appliquent  aux  valeurs  principales  des  logarithmes,  Icsquclles 
doivent  se  d^finir  d'une  manifere  analogue  par  les  Equations 

log  («  +  !?/)  =  log  p  +  i^  (,x  positif), 

log  {x  +  iy)  =  log  ^  +  i  (8  ±  7t)     (x  ne'gati 
le   signe   ambigu,  comme   auparavant. 

On    demontre    sans    difficult e    que    ces    valeiirs    principales    satisfont    en    tout    cas    aux 
equations 

(x  +  iy)'^  (a/  +  iy')^  =        [(w+iy)  (a/  -t-  i'j')f\  | 
log  (x  +  iy)  log  (x'  +  iy")  =  log  [(x  +  iy)  {a/  +  iy')']     j 

seulement    ces    Equations    deviennent    ind^terminees     au    cas    ou,    I'une    dos    quantites 
X,  x',  xaZ  —  yy"  ^tant  negative,  la  quantity  correspondante  y,  y',  xy'  +  x'y  s'evanouit. 

Au  moyen  de  ectte  definition  do  la  valeur  priricipale  d'un  logarithme,  on  obtient 

dx         ,      /A  + 1 


^^   '■""■"'■      (4), 

(x  ne'gatif),  J 


f'_dx__        (A  +  Bd\ 
]^A+Bx~^^\A+B^)" 


ou    a,   0   sont    r^els,   ct   A,   B   sont  assujettis  h   la  seule    condition    qn'an    cas    ou   a,   0 

seraient   de   signes   contraires,  la  partie   iuiaginaire   de    -jy   ne  s'^^vanouisse  pas.     En  effot, 

dans  ce  cas,  I'int^grale  et  la  valeur  principale  du  logarithme  deviennent  toutes  les  deux 
ind^termin^es.      Sans    doute    il    y    a    une    valeur    que    Ton    pent    appeler    •principale    de 

I'inttSgrale,   mais   cette   valeur  n'est    ^gale   a   aucun   des    logarithmes   do     .       p^,    et   les 

notions  des  valeurs  principales  d'une  int^grale  et  d'un  logarithme  n'ont  pas  de  rapport 
ensemble.  Ce  r^ultat  s'accorde  avec  celui  que  j'ai  trouv^  dans  mon  M^moire  "  Sur  les 
fonctions  doublement  piriodiques,"  [25]. 
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Je  passe  k  quelques  autres  applications  de  ces  principes,  qui  ont  rapport  a  la 
throne  des  fonctions  F.  Soit  d'abord  r  un  nombre  positif  plus  petit  que  I'lmit^,  et 
^crivona 

on  obtient 

[7=1"    {ixf-^  e'^dir.  +  I     (-  ixy-'  e-'^  dx, 

ou  eniin,  puisquc  tc  est  positif  dans  ces  deux  iat^grales, 

[/"  =  eH'-i)'r*  I    af-ie^dx  +  e-ic-""'/    af-' e''"  dx ; 
au  moyen  de  la  formiile  eonnue, 

un  en  eonclut 

U=2cos(r~^)7r.  Tr  -  2 sin  j-tt  .  Tr, 
savoir 

dn  rvr  .  IV  =  i-  [         (ixy-^  e''^  dw . 

On  obtiendrait  de  m^me 

0  =  ^1      {—  iwY"'  e""  dx . 

Au  premier  coup  d'coil,  ces  eijuations  pouiraient  parattre  en  contradiction  I'une 
avee  I'autre :  mais  cela  n'est  pas  ainsi,  parce  qu'il  n'est  pas  vrai  que  (—  t^y-^  soit  ^gal  a 
(— l)*^' (i«)''~',  (—1)'^'  ^tant  facteur  invariable;  mais  au  contraire  (~ixy~^  =  e*^^~'^*'^(ixy~'', 
selon  que  a:  est  positif  ou  n^gatif. 

Dans  la  premifere  de  ces  Equations,  on  pent  remplacer  ix  par  c  +  iiv,  ct  dans  la 
seeonde,  —im  par  o  —  ix,  c  ^tant  positif;  mais  cela  n'est  pas  permis  pour  c  negatii',  k 
cause  de  la  discontinuity  de  valeur  de  (c  +  jjc)'—'  ou  (c  —  ixy~^  dans  ce  cas,  quand  x 
pasae  par  z^ro.  En  multipliant  la  premifere  ^nation  par  e^',  et  diff^rentiant  un  nombre 
queleonque  de  fois,  en  admettant,  pour  les  valeurs  negatives  de  r,  Teqiiation 

r(7-  +  l)  =  7-rr, 

la  formule  ne  change  pas  de  forme,   et  I'on  obtient 

sin  rwVr .  e~"  =  ^  I      (c  +  ixy~^  e'^dx (7) ; 

et   de   mSme,  au   moyen  de   la  seeonde  Equation, 

0  =  ^f     (c-ixy-'e^da: (8). 
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[49 

dans  Icsquellea  formules  c  est  poaitif,  et  r  est  un  norabre  quelconque  entre  1,  —  <» , 
sans  exclure  la  liraite  aup^rieure ;  seuleraent,  pour  r  —  0,  !e  fecteur  sin  rirFr  se  r^duit 
a   TT.     Au   cas   oil  r  est   plus  grand   que   z6ro,  on  peut,   si   Ton   veut,  ecrire   aussi  c  —  0. 


Dans   tous  !es  cas,  on  peut  remplacer  sin  rTrPr  par  ^ 


II  importe  de  remarquer 


r(i-r)- 

int^grales   sont   absolument  inexprimables   au   cas   oil   c   est   iiegatif:   en 
cffet,  en  ^crivant  -  c  au  lieu  do  c  (c  positif),  on  obtiendrait 

I      (-  c  +  ixy-^  e^ dx  =  ei^i)"*  /     (c  - ixf-'^  e^"  dx  +  e""^^*"*  I      (c -  ix)'-^  e^"  dx. 
Main,  par  la  secondc  dcs  equations  dont  il  s'agit, 

0  =      (c  -  w)"-'  e'"  dx+  j      {c  -  ixy-'  e"  d^ ; 
done 

i      (—  c  +  jic)"^'  e'^dx  —  —  2i  sin  rrr  j    (c  —  jic)''"'  e^  da:. 

Or   I'int^grale   au  second  membre  ne  peut  pas  s'exprimer  par  les  transcendantes  connues, 
a  inoins  que  r  ne  soit  entier.     Ecrivons  encore,  c  e'tant  toujours  positif, 

/  ^j'^(c+ia:y-'e"dx, 
I,^r  {c-ix)'-'e*'dx, 
I.^j  (c  +  ix)'-'  e-^  dx, 
I^^j    ic  -  ixy-^  e-^"  dx. 


Toutes  les  fo notions 


/'^ 


entre  les  limites  0,  xi ,  ou  -  oo ,  0,  ou  -  co ,  oc ,  s'expriment  facilement  au  moyen  de 
-^,  I\,  ^i,  !»■  Mais  ces  quatre  fonctions  ne  sont  pas  connuea ;  seulement,  au  moyen  des 
equations  qui  viennent  d'etre  trouv^es,  on  obtient 

2sin..rr..-^  =  /+i„| 

On  d^duit  encore  de  ces  m&nios   formules : 

sin  nr  Vr .  e~'  'j 

=  1      (c  +  ixy-'^  cos  X  da:  ^      ij      (c  +  ix)'-^  sinxdx,[  ,.., 

=  1      (c - ixf-' cos xdx ^-i  j      (c  - ixy-'  sin  xdx. 
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En  supposant  que  r  -  I  est  eiitier  n^gatif,  I'intdgrale 
I    {c^  +  x^y~^  cos  wdx 
se  ddoompose  fadlement  dans  une  suite  d'intdgrales  de  la  forme 

I       (c  ±  iwf-'  cos  xdx  ; 
L.i,  1311  prenant  la  somme  de  celles-ci,  on  obtient  la  tbrniule 

f  (c= + xT'  cos  Wa.  =  '^rnfTS-  [  ^"^  (e  +  2cre-'>de (12), 

laquelle  est  duo  it  M.  Catalan,  Cependant,  ni  cette  demonstration  ni  celle  de 
M.  Catalan  ne  s'appliquent  au  cas  oil  r  n'est  pas  entier ;  la  formule  subsiste  encore 
dans  ce  cas,  comme  M.  Serret  I'a  d^montre  rigoureuscment,  En  essayant  de  la 
verifier,  je  siiis  tombe  sur  cette  autre  formule: 

I    (c'  4-  3fy~'  cos  xdx  ] 

^  V^e-° (2c)^-'  r  (V^+2^  +  V^)^-"'  +  ('Jf+¥c - ^/0y~"-   „^,  ,.  I  

2r(l-r)   j„  ^B'JF+Tc  '  '  J 

ce  qui  suppose,  comme  auparavant,  que  r— 1  soit  n^gatif;  on  comparant  les  deux 
valeurs,  on  est  conduit  au  resnltat  singulier  (en  ^crivant  a  an  lieu  de  2c,  et  |  (1  —p) 
pour  r) : 

'  (Vg  +  a  +  •JS)'  +  (V8  + a 

i (1*). 

9 +  «)"•■-•«-•  iJO 


J,  v^eVf)4 


ri(p  +  i)i. 


lequei  pent  so  demontrer  sans  diffieulte',  quand  p  est  entier  positif  impair,  en  devoloppant 
les  deux  membres  euivant  !es  puissances  de  a ;  cela  se  fait  au  moyen  de 

(Vn^+i).  +  (Vi-:r^--i),     „  r       g--r(y-r)    1 

-JiTi  "^'L  r(F-2>-)r(r  +  i)J *''>'• 

Oil  r  s'etend  depuis  0  jusqua  ^Cp  — 1)-  J'ai  deduit  de  cette  formulo  (14)  des  fbrmulos 
assez  remarquabies  qui  se  rapporteut  aus  attractions,  lesquelles  paj:altront  dans  un  num^ro 
prochain  du  Cambridge  and  Dublin  Mathematical  Journal,  [41].  On  peut  encore  demon- 
trer  cette  formule  singulicre : 

T(r+a-l}=-^ f      (i3:Y'^-^ix)'^U^'^da! (16); 

c.  40 
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en  effet,  pour  la  verifier,  il  sufHt  de  reduire  I'integrale,  d'abord  k 

puis  k 

doiit  les  deux  parties  s'oTjtiemieiit  au  moyen  d'une  formule  donn^e  ci-dessus.  Si,  an 
lieu  de  (—  ixy~^,  I'on  avait  {ix)"^'^,  I'integrale  se  r^uirait  h.  z&co  \  maia  cela  rentre  dans 
une  formule  plus  simple. 

J'ajouterai  encore  ces  deux  formules-ci, 

J_„   C  +  19! 


("), 

dont  je  supprime  la  demonstration.  En  ccrivant  dans  la  derni^re  —  a;  au  lieu  de  x, 
puis  ajoutant,  on  a 

^^ig-c^  f      (zJfjlgix^ (18). 

d'oii  Von  ddduit  tout  de  suite  cette  formule  de  M.  Cauchy  ■ 

Jm-'e-=/'j^,  cos  (!«»-»,)■«:. (19). 

La  formule  (7)  pcut  otre  eonsiddr^e  comme  une  de'iinition  de  la  fonction  Tr  au 
oas  de  r  n^gatif;  et,  k  ce  point  de  tub,  elle  a,  ce  me  semble,  quelques  avantages  sur 
eelle  que  M.  Cauchy  a  donn^e  au  moyen  des  int^grales  extraordinaires.  Je  passe  k  la 
definition,  au  moyen  d'une  int^grale  d^finie,  de  la  seconde  int^grale  eul^rienne, 

n- .-         X        Tm  Tn  ,„„, 

S(m,  ^)-r(m  +  w)  ^^^^' 

quand  m  ou  n,  ou  tons  les  deux,  sont  n(?gatifs.  Soit  d'abord  m  at  n  tous  les  deux 
positife,  mais  n  plus  petit  que  I'unitc? ;  on  obtient  au  moyen  de  la  formule  (7)  ot  de  la 
defiiiition  ordinaire  des  fonctions  F, 

Tm  Tn  =  ^r—. I    dx  i      dy  x™~'  (I'w)""'  e~^*'^, 

et  de  !a,  en  mettant 

y  =  ax,     dy  =  xd^, 
et  integrant  par  rapport  k  x, 


5(m    ,.)=        1         r    ('')"'* 


(!-«)»"■ 
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oil  en  ^crivatit  k  +  ai  au  lieu  dc  ai,  k  ^taiit  positif, 


'(•"•"'-ssL^LII 


(k  +  fnf-^  da 


-  i  —  ai)™' 


■  (21), 


formulo  qui  est  vraie,  meme  pour  les  valeurs  negatives  de  n.  En  effet,  si  cette  formule 
est  vraie  pour  uiie  valeur  quelconque  particuli&re  de  n,  elle  sera  ausai  vraie  povir  la 
valeur  n+p,  p  gtant  entler  positif  quelconque;  ce  qui  se  demontre  au  moyen  des 
formules  de  reduction:  done  il  ne  s'agit  que  de  la  d^montrer  au  eas  oti  n  est  positif 
et  plus  petit  que  I'uiiit^  et  dans  ce  cas,  puisque  la  fonction  k  int^grer  est  toujoura 
finie,  on  peut  ecrire  sans  crainte  k+ai  au  lieu  de  ai,  ce  qui  la  r^duit  k  la  formule 
qui  vient  d'etre  d^montr^e ;  done  eette  formule  (21)  est  la  definition  cherch^e,  au  cas 
oil  n  est  n^gatif,  ou  positif  et  plus  petit  que  I'unit^. 

Si,   de   plus,  m   est   n^gatif,  on   positif  et   plus   petit   que   I'unite,   I  —  m  sera  positif, 
et  Ton  ddduira 

^.         ,  _    VinVn    _  r (1  - m  -  n)  Tn  sin {m  +n)-n- 
is  {m,  n)  -~Y(m+  n)  "         f  "(1  -  m)  sin  mir       ' 


sin  mw 
ou  enfin,  par  I'equation  (21), 

^  ^'"'  ""^  "  gsinmTTsin^i^J  .J^  """  '"^       0--^-  ^')'"  '  <^'''- 

laquelle  suppose  seulement  que  m  +  n  soit  n^gatif,  ou  positif  et  plus  petit  que  I'unit^. 
Elle  pr^sente  une  analogie  assez  frappante  avec  I'equation  ordinaire 

qui  correspond  aux  valeurs  positives  dc  m,  n  ;  de  meme  quo  I'dquation  (21)  est  analogue 
a  eette  autre  fonne 

qui  correspond  aussi  aux  valeurs  positives  de  m  ct  n. 

On  peut  se  proposer  de  verifier  I'dquation  (m  ct  n  positifs  ct  plus  petits  que  I'unite) 

rm  Tn  =  -i— —■ I       da:  I      dy  (ia>)«-'-  (iy)"-'  e'  <^+^' , 

en  transformant  Ic  second  membre  au  moyen  de  x  —  ay.  Poiir  cela,  on  distinguera 
quatre  cas,  selon  que  x  et  y  sont  tous  les  deux  positifs  ou  ndgatiis,  ou  I'un  positif 
et  I'autre  n^gatif.     En  mettant   dans  les  deux  premiers 

a)=ay,     dx  =  yda. 
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lit   en    integrant   par   rapport   k   y,   on    trouvera    que    les   deux    portions    correspondantes 
de  I'integrale  double  se  r^uniront  en 

-r(».+„).2c»(»+„)./;^-j'":;;i?^„ 


-  2  cos  {m  +  n)  x  Vm  Vn. 
Pour  les  deux  aiitres  portions  de  I'integrale  double,  en  ecrivant 

on  verra  qu'il  faut  encore  distinguor  les  deux  cas   a<\    et   a>l,     Les  quatre  integrales 
ainsi  obtenues  ae  rduniront  cependant  dans  lea  doux 

savoir,  apres  quolqucs  reductions  facilcs,  dans  celles-cJ, 


sin  (m  +  w)  TT  '  sin  (m  +  n) 

Icsqucllcs  se  r^uniront  en 

co»(m-,)xrmr». 

On  obtient  done  enfin  I'^quation  identique 

4  sin  TJiTT  sin  JJTT  =  2cos(m  — n)  ir  —  2  cos  (m  +  n) tt  ; 
ce  qui  soffit  pour  la  verification  dont  il  s'agit. 
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50. 

SUR   QIJELQUES  THEOREMES  DE  LA  GEOMETRIE  DE  POSITION. 


[From  the  Journal  fur  die  reine  und  angewandte  Maihematik  (CroUo),  tome  xxxi.  (1846), 
pp,  213—227.] 


En  prenant  pour  donne  un  systferae  quelconque  de  points  et  de  droites,  on  peut 
mener  par  deux  points  donn^  des  nouvelles  droites,  ou  trouver  des  points  nouTeaux, 
aavoir  les  points  d'intcrsection  de  deux  dea  droites  donnfes;  et  ainai  de  suite.  On 
obtient  de  cette  mani^re  un  nouveau  ayst^me  de  pointa  et  de  droites,  qui  peut  avoir  la 
propri^te  que  plusieurs  des  points  sont  situ^  dans  une  m^me  droite,  ou  que  plusieura 
des  droites  passent  par  le  mSme  point ;  ee  qui  donne  lieu  k  autant  de  theoremes  de 
g&m^trie  de  position.  On  a  d^jk  ^tudi^  la  th^orie  de  plusieurs  de  cea  ayetfemes;  par 
exemple  de  celui  de  quatre  points ;  de  six  points,  situes  deux  S,  deux  sur  trois  droites 
qui  se  rencontrent  dans  un  mSme  point;  de  six  points  trois  a  trois  sur  doux  droites,  ou 
plus  g^n^ralement,  de  six  points  sur  une  conique  (ce  dernier  cas,  celui  de  I'hexagramme 
mystique  de  Pascal,  n'est  pas  encore  ^puia^ ;  nous  y  reviendrons  dans  la  suite),  et  m^me 
de  quelquos  eystemes  dans  I'eapace.  Oependant  il  existe  des  systfemes  plus  gen^raux 
que  ceux  qui  ont  ^t^  examines,  eb  dont  les  propri^t^s  peuvent  4tre  aper^ues  d'une 
manifere  presque  intuitive,  et  qui,  k  ce  que  je  crois,  sont  nouveaux.  Commen9ona  par 
le  cas  le  plua  simple.  Imaginons  un  nombre  n  de  points  sittt&  d'une  manifere  quel- 
conque dans  I'espace,  et  que  nous  d^signerons  par  1,  2,  3,  ...  n.  Qu'on  fasse  passer  par 
toutes  les  combinaisons  de  deux  points  des  droites,  et  par  toutes  les  combinaisons  de 
trois  points  des  plans;  puis  coupons  ces  droites  et  ces  plans  par  un  plan  quelconque, 
les  droites  selon  des  points,  et  les  plans  selon  des  droites.  Soit  a0  le  point  qui  cor- 
respond k  la  droite  men^e  par  les  deux  points  a,  /3;  soit  de  mfime  ^-y  ie  point  qui 
correspond  &  celle  men^e  par  les  points  ^,  7,  et  ainsi  de  suite.  Soit  de  plus  o/Sy  la 
droite  qui  correspond  au  plan  passant  par  les  trois  points  a,  ^,  7,  etc,  II  est  clair  que 
les  trois  points  a^,  07,  ^7  serout  situes  dans  la  droite   a^y.     Done    en    representant    par 
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JVj,  JVj,  ...  les  nonibres  des  combinaisons  do  n  lettres  prises  deux  a  deux,  trois  a  trois  etc. 
a  la  fois,  on  a  le  th^orfeme  suivant : 

Tn^OBfeME  I.  On  pent  former  un  systeme  de  N^  points  sitvAs  trois  d  trois  sur  N^ 
droites :  savoir  en  reprdsentant  les  points  par  12,  13,  23,  etc.  et  les  droites  par  123,  etc., 
les  points  12,  13,  23  seront  situ4s  sur  la  droite  123,  et  ainsi  de  suite. 

Pour  K  =  3,  on  n  —  i,  cela  est  tout  simple ;  on  aura  trois  points  sur  une  droite,  ou 
six  points  trois  k  trois  sur  quatre  droites ;  il  n'en  r^sulte  aucune  propri^t^  g^om^trique. 
Pour  M  =  5  on  a  dix  points,  trois  k  fcrois  sur  autant  de  droites,  savoir  les  points 

12,     13,     14,     15,     23,     24,     25,     34,     35,     45 
et  les  droites 

123,     124,     125,     134,     135,     145,     234,     235,     245,     345. 

Les  points  12,  13,  14,  23,  24,  34  sont  les  angles  d'un  quadrilatfere  quelconque',  le 
point  15  est  tout  k  fait  arbitraire,  le  point  25  est  situ^  sur  la  droite  passant  par  les 
points  12  et  15,  raais  sa  position  sur  cette  droite  est  arbitraira  On  d^terminera  depuis 
les  points  35,  45;  35  comme  point  d'lQtersection  des  droites  passant  par  13  et  15  et 
par  23  et  25,  c'est-it-dire  des  droites  135  et  235,  et  de  m&me  45  comme  point  d'inter- 
section  des  Hgnes  145  et  245.  Les  points  35  et  45  auront  la  propri^te  geom^trique 
d'etre  en  ligne  droite  avec  34,  ou  bien  tous  les  trois  seront  dans  une  m^me  droite  345. 

Etudions  de  plus  pr^s  la  figure  que  nous  venona  de  former.  En  prenant  le  cinq 
num^ros  dans  un  ordre  d^termin^,  par  exemple  dans  I'ordre  naturel  1,  2,  3,  4,  5,  lesi 
cinq  points  12,  23,  34,  45,  51  pourront  &tre  consider^s  comme  formant  un  pentagone  que 
nous  representerons  par  la  notation  (12345).  Les  c6t^s  de  ce  pentagone  sont  ^videm- 
ment  123,  234,  345,  451,  512.  De  m^me  les  points  13,  35,  52,  24,  41  peuvent  Stre 
consid^r^s  comme  formant  le  pentagone  (13524)  dont  les  c6t^s  sont  135,  352,  624, 
241,  413.  Ce  pentagone  est  circonscrit  au  premier,  car  ses  cfit^s  passent  ^videmment 
par  les  angles  15,  23,  45,  12,  34  du  premier;  mais  il  est  de  m^rae  inscrit  k  celui-ci, 
car  ses  angles  sont  situ^s  respectivement  dans  les  c6t&  123,  345,  512,  234,  451  do 
ce   meme  pentagone.     Done   les   pentagones 

(12345),  (13524) 

sont  k  la  fois  circonscrits  et  inscrits  I'un  k  I'autre,  done; 

TH^ORfcME  IL  La  figure  composee  de  dia:  points,  trois  d  trois  dans  dix  droites,  pent 
&/re  considir^e  (rnSme  de  six  manieres  differentes)  sous  la  forme  de  deux  pentagones,  inscrits 
et  idrconsarits  I'un  d  I'autre. 


Tni^ORfeME  III.  Etant  donnd  un  pentagone  quelconque,  on  pent  tovjours  trouver  un 
autre  pentagone  qui  y  est  d  la  fois  circonscrit  et  inscrit.  Ce  second  pentagone  pent  satis- 
faire  d  une  seide  condition  doTvnie  quelconque. 

'  11  faut  avoir  ^gaid  toujonra  4  la  diftSrenoe  entre  ipiadrilatere  et  quadrangle;  chaciiie  quadtilatfece  a  quatre 
c6t63  et  sis  angles.  eliac[ue  t[Uftclrangla  a  quatce  angles  et  sis  cOtfis. 
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Si  par  exemple  le  second  pentagone  doit  avoir  un  do  ses  angles  sur  un  point 
doim^  d'un  c6t^  du  premier,  la  construction  se  d^duit  tout  de  suite  de  ce  qui  precede. 

Cea  pairea  correspondantes  de  pentagones  forment  une  figure  connue.  On  en  trouve 
la  construction  dans  une  note  de  M.  [J.  T.]  Graves  dans  le  Philosophical  Magazine  [vol. 
XV,  1839],  mais  la  mfeme  figure  est  encore  miens  connue  sous  un  autre  point  de  vue.  En 
effet,  eonsid^rons  le  point  12,  et  les  droites  123,  124,  125  qui  passent  par  ce  point;  puis 
les  triangles  dont  les  angles  sont  13,  14,  15  et  23,  24,  25.  Les  c3t&  de  ees  m^mes 
triangles  sont  134,  135,  145  et  234,  235,  245,  et  les  c6t^s  correspondante  se  rencontrent 
dans  tes  points  34,  35,  45  qui  sont  en  li^nc  di  'ite  Done  Ic  th^oremo  sur  log  penta- 
gones est  le  suivant: 

"jS*  les  angles  de  deux  triangles  sont  bitu^s  deux  d,  deiii;  dans  trois  droites  qui  se 
rencmitreni  dans  un  point,  leurs ,  c6t4$  homologues  se  cotipent  dans  trois  points  en  ligiie 
droite." 

Remarquons  aussi  que  ce  th^areme  particuKer  (en  n'empmntant  rien  des  troia 
dimensions  de  I'espace)  reproduit  le  theorfeme  g^n^ral  relatif  au  nombre  n.  II  n'y  a 
pour  cela  qu'il  consid^rer  n  droites  passant  par  le  m^me  point,  et  qui  peuvent  ^tre 
d^sign^es  par  1,  2,  3,  ...  m.  En  choisissant  d'abord  les  points  12,  13,  tout  triangle  dont 
les  trois  angles  sont  situ^s  dans  les  droites  1,  2,  3,  pendant  que  deux  de  ses  cdtes 
passent  par  12,  13,  a  la  propri^t^  que  le  troisiferae  c6t^  passe  par  un  point  determine 
23  situ^  dans  la  droite  passant  par  12,  13.  En  prenant  arbitrairement  le  point  14, 
on  obtient  avec  les  droites  1,  3,  4  ou  1,  2,  4  les  nouveaux  points  34,  24  qui  sont  en 
ligne  droite  avec  23,  et  ainsi  de  suite. 


1  au  cas  n=6.  II  existe  ici  quinze  points  situes  trois  a  trois  sur  vingt 
droites,  ou  bien  vingt  droites  qui  se  coupent  quatre  a  quatre  en  quinze  points.  11  n'y 
a  point  ici  des  systfemes  d'hesagones,  mais  il  existe  un  systeme  de  neuf  points  qui  est 
assez  remarquable.  Divisona  d'une  mani^re  quelconque  les  num^ros  1,  2,  3,  4,  5,  6  en 
deux  suites  par  trois,  par  exemple  en  1,  3,  5  et  2,  4,  6,  et  considerons  les  neuf  points 

12,     14,     16, 

32,     34,     36, 

52,     54,     56. 

Les  droites  qui  passent  par  12  et  32,  14  et  34,  16  et  36,  savoir  1.32,  134,  136,  se 
rencontrent  dans  le  mSme  point  13.  De  meme  les  droites  qui  passent  par  32  et  52,  34 
et  54,  86  et  56  se  rencontrent  dans  35,  et  les  droites  qui  passent  par  12  et  52,  14  et  54, 
16  et  66  se  rencontrent  dans  15.  Les  points  13,  15  et  35  sont  sur  la  meme  droite  135. 
En  considi^rant  les  points  12,  14,  16  comme  formant  un  triangle,  et  de  m^me  les  points 
32,  34,  36  et  52,  64,  56,  cela  revient  k  dire  que  les  droites  menses  par  les  angles  homo- 
logues des  triangles  prises  deux  a  deux,  se  rencontrent  trois  k  trois  dans  trois  points 
situ^s  dans  la  m§me  droite.  ■  Ou  bien,  ce  que  I'on  savait  d^j^  par  le  th^or^me  3 :  les 
cStes  bomologues  des  triangles  se  rencontrent  trois  k  trois  dans  trois  points  situ^s  en 
ligne  droite.  En  effet,  les  cStes  des  triangles  sont  124,  126,  146  pour  la  premifere, 
et  324,  326,  346  et   524,   526,   546   pour   les   deux   autres.     Les   trois   premiers   c6tes   se 
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rcncontrent  dans  24,  les  autres  dans  26  et  46,  et  ces  troia  points  sont  dans  la  droite 
246,  Maintensuit  tout  ceU  arrive  egalenieiit  en  combinant  les  colormes  verticales,  ou 
en  coiisid<5rant  les  ncuf  points  comme  formant  les  trois  autres  triangles  dont  les  angles 
sont  12,  32,  52;   14,  34,  54;   16,  36,  56.     Cela  donne  lieu  au  th^orfeme  auivant: 

Tn^ORiiME  IV.  Le  systk^me  de  quinze  points,  situes  trois  d  trois  sur  mngt  droites, 
contimt  (et  cela  mime  de  dix  manih-es  diffSrentes)  un  aysthme  de  neuf  points  qui  out  la 
prapriit4  de  former  de  deuw  manihrea  diffirentes  trois  tria/ngles,  tels,  que  les  droites 
qui  passent  par  leurs  angles  homologues,  prises  deux  cb  devo),  se  rencontrmt  dans  trois 
points  qui  sont  en  ligne  droite,  tandis  que  les  cStes  homologues  des  triangles  se  coupeni 
trois  d  trois  en  trois  autres  points  qui  sont  aussi  en  ligne  droite,  Dans  la  seconde 
manihre  de  former  les  triangles,  ces  deux  systemes  de  trois  points  en  ligne  droite  sont 
se '-dement  echanges. 

II  ne  reste  qua  savoir  combien  il  y  en  a  d'arbitraires  dans  le  systeme  de  quinze 
points  situes  trois  k  trois  sur  vingt  droites.  En  supposant  le  systfeme  form^  pour  le 
nombre  cinq,  on  peut  prendre  arbitrairement  16  ct  26  sur  la  droite  126  qui  est 
d^termin^e  par  les  points  12  et  16.  Done  12,  13,  14,  15  et  16  sont  arbitraires  et  23, 
24,  25,  26  sont  arbitrairement  situes  sur  des  droites  donn^es.  L'existence  des  droites  345, 
346,  356,  456  constitue  autant  de  th^orfemes  geom^triques ;  c'e8t-&,-dire,  chacune  de 
ces  droites  est   d^termin^e  par   trois  points. 

En  essayant  d'approfondir  la  throne  de  six  points  sur  la  m&nie  coniquo,  on  ren- 
contrera  un  systfeme  de  neuf  points,  tel  que  eoux  que  nous  venons  d'examiner ;  mais 
il  est  moins  gi^n^ral.  II  existe  des  relations  entre  les  points  qui  n'ont  pas  lieu  dans 
le  systfeme  general,  Je  renvoie  cette  discussion  k  une  section  s^par^e  de  co  m^moire, 
et  je  passe  au  cas  de  n  =  1. 

Pour  ce  cas  on  a  tout  de  suite  le  theoreme  suivant: 

Th^or&me  V.  Le  syst&me  de  vingt  et  un  points  situes  trois  d  trois  sur  trente-dnq 
droites,  peut  Stre  considere  {mime  de  cent  vingt  manieres  differentes)  comme  composd  de  trois 
keptagones,  le  premier  drconscrit  au  second,  le  second  au  troisieme  et  le  troisUme  au 
premier.     Les  keptagones  par  exemple  peuvent  Stre  (1234567),  (1357246),  (1526374). 

Dans  ce  systfeme  12,  13,  14,  15,  16,  17  sont  arbitraires,  et  23,  24,  25,  26,  27  le  sont 
sur  des  droites  donn^es ;  les  droites  345,  346,  347,  356,  357,  367,  456,  457,  467,  .567  sont 
d^termin^es  chacune  par  trois  points.  Dans  le  cas  gt^n^ral  12,  13  ...  In  sont  aj-bitraires, 
et  23  ...  2ji  le  sont  sur  des  droites  donn^es.  II  existe  ^{n  —  2){n  —  3){n  —  i)  droites 
dont  chacune  est  d^termin^e  par  trois  points.  Un  theoreme  analogue  a  celui-ci  a  lieu 
quand  n  est  un  nombre  premier :    savoir  le  suivant : 

Th^orSme  VI.     Le  systeme  de  N^  points,  situes  trois  a  trois  sur  Ns  droites,  peut  itre 

consider^  (mime  de  — — ^^3--, manieres)  comme  composi  de  l{n  —  l)  n-gones,  le  premier 

drconscrit  au  second,  le  second  au  troisieme,  etc.,  et  le  dernier  au  premier. 
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Jo  ne  connais  pas  d'autres  cas  oit  I'id^o  <Jgs  nombres  premiers  se  presente  dans 
la  g^ome'trie.  II  sera  peut-etire  possible  de  trouvor  des  thiioremcs  analogues  a  III,  IV, 
V,   pour   trOutes   les   formes   du   nombre   n,   mais  je   n'ai   pas   encore   examin^   cela. 

Le  thi^orfeme  general  I,  peut  Itre  consid^r^  comme  I'expression  d'un  fait  analytique, 
qui  doit  ^galeraent  avoir  lieu  en  considerant  quatre  eoordomi^ea  au  lieu  de  trois. 
Ici  une  interpretation  g^om^trique  a  lieu,  qui  s'applique  aux  points  darts  I'espace.  On 
peut  en  effet,  sans  recourir.A  aucune  notion,  m4ta/physique  &  Vigard  de  la  possibility 
de  I'espace  &  quatre  dimensions,  raisonner  comme  suit  (tout  cela  pourra  aussi  Stre 
traduit  facilement  en  langue  purement  analytique) :  En  supposant  quatre  dimensions  de 
I'espace,  il  faudra  consid&er  des  Ugnes  d^tennin^es  par  deux  points,  des  demi-pkms 
d^terminfe  par  trois  poiats,  et  des  plans  d^termin^s  par  quatre  points;  (deux  plans 
se  coupent  alora  suivanfc  un  demi-plan,  etc.).  L'espace  ordinaire  doit  etre  consid^re 
comme  plan,  et  il  coupera  un  plan  selon  un  plan  ordinaire,  un  demi-plan  selon  une 
ligne  ordinaire,  et  une  ligne  selon  un  point  ordinaire.  Tout  cela  pose:  en  considerant 
un  nombre  n  de  points,  et  les  combinant  deux  k  deux,  trois  &.  trois,  et  quatre  k  quatre 
par  des  lignes,  dea  domi-plans  et  des  plans,  puis  coupant  le  systeme  par  I'espace  con- 
sid^r^   comme   plan,   on   obtient   le   th^oreme  suivant   de   g^ometrie   k   trois   dimensions: 

Th^oeJime  VII.  On  peut  former  un  systh-tne  de  N^  points,  sitiUs  trois  d  trois 
dans  Nt  droites  qui  elles-mimes  sont  situies  quatre  a  quatre  dans  N^  plans.  En 
r«pr4smtant  les  points  par  12,  13,  etc.,  les  points  situAs  dans  la  m£me  drmte  sont 
12,  13,  23 ;  et  les  droites  4tant  representees  par  123  etc.  comme  auparavant,  les  droites 
123,   124,   1.34,   234   sont  situies   dans   le   m^me  plan   1234. 

En  coupant  cette  figure  par  ini  plan,  on  obtient  le  tbeorcme  suivant  de  gdomefcri« 
plane : 

TheoeEme  VIII.  On  peut  former  un  systhme  de  iV^  points  situ4s  quatre  d,  quatre 
dans  Ni  droites.  Les  points  doivent  Mre  representees  par  la  notation  123,  etc.  et  les  droites 
par  1234,  etc.     Alors  123,  124,  134,  234  soni  dans  la  m4me  droite  designee  par  1234. 

Dc  m6me,  en  eonsid^rant  un  espace  k  p  +  2  dimensions,  on  obtient  la  proposition 
suivante,  encore  plus  gi^nerale : 

THEORfeME  IX.  On  peut  former  dans  I'espace  wn  systime  de  N^  points,  qui  passent 
p+l  a  p  +  1  par  iVp+j  droites,  situees  p  +  2  a  p  +  2  dans  JVp+a  plans,  ou  bien  pour  la 
geomitrie  plane,  un  systhme  de  Np  points,  situ4E  p  +  l  d  p  +  l  dans  Np+i  droites. 

Des  thooremes  analogues  a  IV  et  V  seraient  probablemcnt  tres  nombreux  et  tr^s 
compliqu^s. 

Les  r^ciproques  polaires  auront  ^videmment  lieu  pour  tous  ces  theoremea ;  on  pour- 
rait  aussi  les  d^montrer  directement  d'une  maniere  analogue. 
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§  n. 

SUR    LE    THEOR^ME    DE    PASCAL. 

En  coiisiderant  six  points  sur  la  meme  coniquc,  et  Ics  prenant  dans  un  ordre 
d^termind,  pour  en  former  iin  hexagone,  on  sait  que  les  cdt^s  opposes  se  rencontrent 
dana  trois  points  situ^s  en  ligne  droite.  En  prenant  les  points  dans  un  ordre  quel- 
conque,  on  en  pent  former  soixante  hexagones,  k  chacun  desqueis  correspond  nne 
droite;  il  s'agit  maintenant  de  trouver  les  relations  entre  ces  droites, 

M.  Steiner  a  prouv^  dans  son  ouvrage  Systematische  Entwiokelmtgen  u.  s.  w.  [1S32], 
que  ces  soixante  droites  passent  trois  k  trois  par  vingt  points,  et  il  ajoute  que  ees 
vingt  points  sont  situ^a  quatre  k  quatre  sur  quinze  droites.  La  premiere  partie  de  ce 
th^orfeme  peut  fetre  di^montr^e  assez  facilement,  comme  nous  le  verrons:  mais  pour  la 
seconds  partie,  je  n'ai  pas  r^ussi  k  trouver  les  combinaisons  de  quatre  points  qui 
doivent  ^tre  situ^s  en  ligne  droite,  et  il  me  parait  meme  qu'il  est  impossible  de  !es 
trouver'. 

Ciierchons  les  combinaisons  dcs  droites  qui  doivent  passer  trois  a  trois  jiar  le 
memo   point. 

Spient  1,  2,  3,  4,  5,  6  les  sis  points  situcs  sur  la  meme  conique.  Considerons 
d'abord  i'hexagone  123456  que  Ton  obtient  en  prenant  les  points  dans  un  onlre  d^ter- 
min6.     Suivant  le  theoreme  de  Pascal  les  trois  points 

12.45,         23.56,         34.61 
(oh    12.45    d^signc    le    point    d'interseetion   des    lignes    passant    par    les   points   1,    2   et 
4,  o)  sont  situes  en  ligne  droite.     Considerons  les  six  bexagones 

12  3  4  5  6 
14  3  6  5  2 
16  3  2  5  4 


1  4  3  2  5  G 
12  3  6  5  4 
16  3  4  5  2 


qu'on  tire  du  premier  en  permutant  les  nombres  2,  4,  6  correspondants  aux  somuiets 
altem^s  de  I'hexagone.  Pour  les  trois  premiers  on  fait  les  permutations  cycliques  de  ces 
nomtees   (savoir  246,  462,  624),  pour  les  trois  autres  on   fait   d'abord   une   inversion  4^6 

'  Je  ne  aaia  paa  a'il  existe  u  e  d  mou  traton  de  ia  Beooudn  parte  d    ti  ^orfme    je  na  [i    ft  u        nu 

pait.    An  cas  que  oette  partie  d     thfio    me      4  a  t  pas     orre  te   il  part  tt  q.  e  1  on  de  ra  i  e  t-g  re  u  siib      u 

la  propoaition  euivante :    "  Le       ngt  po  nt    d4    rm  n  n    d    i  u  deux  dis     g  ^s  lu   pa      nt  o  P      <1 

points."    On  verra  dans  ce  q  e  in  n  faud  nW  e  5  [\o  a    ] 
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puis   les   permutations  cycliques  (4i26,  264,  642).     En  ^crivant  Igs  combinai^ons  des  points 
qui  doivent  6tre  situ^s  en  ligne  droite,  on  a 


12.45 

23.56 

3461 

86.12 

56.14 

52.34 

45,36 

1423 

16.52 

1425 

43.56 

32.61 

36.14 

66.12 

5442 

25.36 

12.34 

61.54 

Suivant  cette  table  les  points  sur  la  meme  horizontale  sent  en  ligne  droite. 

On  reniarquera  d'abord  que  lea  trois  premieres  droites  passent  par  les  angles  des 
triangles  dont  les  c&tes  aont  36,  45,  12  et  14,  23,  56.  Les  c6t^s  homologvies  de  ces 
triangles  se  rencontrent  en  36.14,  45,23,  12.56  qui  sont  en  ligne  droite,  c'est-^-dire, 
par  Tin  th^oreme  d^j^  cit^ :  les  troia  lignes  passent  par  nn  meme  point.  On  aiirait  4t4 
conduit  au  m^me  r^sultat  en  observant  que  les  trois  premiferes  droites  passent  par  les 
triangles  dont  les  cSt^s  sont  14,  23,  66  et  52,  16,  34  ou  enfin  52,  16,  34  et  36,  46,  12. 
De  mSme  les  trois  demiferes  droites  passent  par  le  m^me  point.  Done  il  a  ^t^  d^montre 
ce  qui  suit : 

TH^ORiiME  X.  En  consid6rant  les  trois  hexagones  qu'on  ohbient  en  permutant  cyclique- 
ment  les  angles  altern4s  du  -premier,  les  trois  droites  qui  y  correspondent  se  rencontrent 
dans  un  meme  point.    Les  soixamte  lignes  passent  done  trois  d,  trois  par  vingt  points. 

Ajoutons  qu'aux  trois  hexagones  de  ce  th^orfeme  correspondent  d'une  maniere 
particuliere  trois  autres  hexagones,  ou  que  les  vingt  points  doivent  se  combiner  deux 
h  deux  d'une  maniere  particuliere. 

Mais  on  se  formera  une  idee  plus  claire  du  gysteme  en  remarquant  que  les  neuf 
droites 

36,     45,     12 

14,     23,     56 
25,     61,     34 

ont  entre  elles  une  relation  qui  est  polaire  r^ciproque  de  celle  entre  les  neuf  points  du 
theoreme  IV.  Pour  faciliter  cette  eoraparaison,  je  prendrai  d'abord  le  th^orfeme  analogue 
pour  les  tangentes  d'une  eonique. 

Th^orIume  XL     Soient  1,  3,  5  et  2,  4,  6  dcs  tangentes  k  une  mSme  eonique  et  12, 
etc.  les  points  d'intersection  de  ces  droites :   les  neuf  points 
36,     45,     12 
14,     23,     56 
25,     61,     34 

41—2 
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peuvent  ^tre  d^teniiiii4s  au  moyen  de  six  poiats  de  I'espace  A,  B,  C,  a,  ff,  7,  de  maniere 
que  Aa,  etc,  represente  le  point  d'interaection  de  la  droite  passant  par  A,  a  avec  le  plan 
de  la  figure.     Les  points  sont  correspondants  cntre  eux  de  eette  manifere : 

Aa,  A^,  Ar/ 
Bfx,  B^,  By 
Ca,     C^,     Oj 

seulemerit  les  points  36,  23,  34  etc.  sont  en  ligne  droite,  cc  qui  n'aurait  pas  lieu  pour 
les  points  Aa,  BjS,  Cy,  si  la  position  de  A,  B,  C,  a,  /3,  y  ^tait  arbitraire.  On  est  done 
conduit  a  ce  problemei 

Trouver  sis  points  A,  B,  C,  a,  Q,  7  dans  I'espace,  tels,  qu'en  reprt^aentant  par 
Aa,  etx!.  I'interseetion  de  la  droite  men^e  par  Aa.  avec  un  plan  donn^,  les  combinaisong 
des  points 

(A  a,  B^,     Gj) 

{A0,  By.     Oct) 

(Ay,  Ba,     G^) 

{Aa,  By,     C^) 

(A^,  Ba,     Gy) 

(Ay,  B^,     Ca) 
soient  en  ligne  droite. 

Pour  le  theorfeme  de  Pascal,  cela  donnc : 

Theor^me  XII.     Soient  1,  3,  0  et  2,  4,  6  des  points  d'une  conique,  les  neuf  lignes 

36,     45,     12 

14,     23,     56 

25,     61,     34 

peuvent  Stre  considdrees  comme  les  projections  des  lignes 

Aa.    A0,    Ay 

Ba,    B^,     By 

Ca,     C^,     Cy 

8ur  le  plan  de  la  figure,  ou  A,  B,  C,  a,  jS,  7  sont  sve  plaiis,  dont  la  relation  reste  encoi^e  « 
d^erminer. 

En  effectuant  la  solution  du  probleme  que  j'ai  indiqu^e  on  aurait,  a  ce  qu'il  me 
semble,  nn  point  de  vue  tout  a,  fait  nouveau  d'envisager  les  coniques. 
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Je  vais  ajouter  encore  quelques  reflexions  sur  la  maniere  de  ehereher  les  relations 
qui  existent  entre  les  vingt  points.  En  i5erivant  seulement  les  angles  altem^s  ties 
hexagones,  on  a  cette  table  i 

1.2.3 

1.2.4 


A  chaque  symbole  correspondent  six  licxagones,  qui,  k  ce  que  nous  avons  vu,  se  parta- 
gent  en  deux  paii'es  de  trois  licxagones,  et  k  chaque  combinaison  de  trois,  il  correspond 
un  point.  II  y  a  done  deux  points  qui  correspondent  an  symbole  1,3.5,  deux  qui 
correspondent  au  symbole  1.3,6,  deus  an  symbole  1.5.6  etc.  En  repr^sentant  done 
par  35,  36,  56,  lea  droites  passant  par  ces  paires  de  points,  il  me  parait  probable  que 
ces  droites  aient  ensemble  les  relations  du  tli^or^me  I,  (savoir  que  33,  36,  56  se  ren- 
contrent  dans  un  point  etc.),  ce  qui  donuerait  lieu  au  tb^oreme  hypotb^tique  que  j'ai 
^nonc^  dans  une  note.  Voila,  a  ce  que  je  puis  apercevoir,  la  seule  maniere  symdtrique 
de  combiner  les  droites.  Mais  au  nioina  les  symboles 
1,3.5 


ont  entre   eux   des  rapports   singuliers. 
du  th^orfemo  XII,  on  a  ce  tableau : 


1,3,6 
1,5,6 

En  effet,   ^crivons  pouj 

3,     45,     12 


cliacon    les    neuf  poiniK 


14,     23,     56 


36, 

64, 

12 

14, 

23, 

56 

26, 

15, 

34 

35,     46,     12 
14,     25,     36 
26,     13,     54 
qui  ne  contient  que  quatorze  points.     Cela  merite  des  recherches  ult^rieuves. 
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Demonstration  analytique  du  tMoreme  de  Pascal,  et  de  la  premiere  partie  de  celui  de 
M.  Stmier.    Formules  relatives  au  rihSme  svjet. 

Soient   P  =  0,    Q  =  0,   iJ  =  0   les    Equations   dcs    lignea    12,   34,   56.     On    demontrera 
Assez  facilement  que  les  equa,tions  des  lignes  45,  61,  23  peuvent  ^tre  representees  ptir 

P+vQ  +  I^R  =  0, 

f>.P  +  XQ+    R^O. 
En  effet  les  six  points  1,  2,  3,  4,  5,  6  seront  situ6s  dans  la  coniqne 
P'+Q^  +  E^  +  X  +  '^QR  +  ^  +  lpR  +  v+'^FQ^a; 
car  en  faisant  dans  cette  eqnation  P  —  0,  I'^quatioii  se  r^dnit  k 
^(Q  +  \R)  (XQ  +  R)  =  0; 

c' eat -a, -dire,  la  eonique  contient  les  points  determines  par 

(  P  =  0,         vP  +  Q  +  \R  =  0), 
(P-0,         fiP  +  \Q  +  R^O), 

on  bien  les  points  1,  2 ;  et  de  m^me  elle  contient  les  autres  points  3,  4,  6,  6.  Les 
fonctions  P,  Q,  R  sont  cens^es  contenir  chacune  deux  constantes  arbitraires ;  done  on 
a  neuf  conatantes  arbitraires  dans  ce  systfeme,  qui  par  consequent  est  tont-a-fait 
general.     On  peut  former  le  systeme  suivant  d'equations : 


12. 


13. 

X/iP+       (3+    XB  =  0 

14. 

XP+    ^Q  +  \,,B  =  0 

15, 

P  +     i-Q+v\lt  =  0 

le. 

»P+       Q+    \R  =  0 

2.S. 

liP+    \Q+      E  =  0 

24. 

P  +  ^\Q+    f.ll-0 

23. 

XP+AQ+     «ii.O 

26. 

vXP  +    XQ+      P  =  0 

34. 

g           -0 

m. 

nP  +  fi»Q  +      P  =  0 

36. 

fi»P+    iiQ+    fJt-0 

45. 

P+    «Q+   fiR  =  0 

16. 

rP+      e  +  .,iP  =  0 

66. 

P-0 
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EcrivoQS 
donii^s.     On 


les   (Equations  des  lignea  compriacs   dans   la  table   de   neiif  points   ci-dessiis 
i  d'abord 


XP+   liQ  +  Xi^n^O,  /j.P  +  \Q+    R  =  0.  S-0, 

\P  +  i'XQ+    vB^Q,  vP+   Q  +  \R  =  0,  Q  =  0. 

En   corabinant   la  seconde   et   la  troiai^me   eolonne   verticale   du   tableau,  on   obtieiit 
pour  Ics  trois  points  d'intcrsection  des  c6tds   opposes  do  I'bexagone  12345(;,  les  equations 

(  P  =  0,         i^Q  +  vE^O), 
(R  =  0,        \P  +  fiQ^O), 
(  Q  -  0,         \P  +  vR  =  0), 
qui  appartiennent  h  trois  points  situes  sur  la  droite 

XP  +  fLQ+vR  =  0, 
ce  qui  suffit  pour  demontror  le  th^oreme  de  Pascal. 

Ou   obtient   de   m^rae,   en   combinant   les   autres  paires   do   colonnes   vcrticales,  deux 


systemes  de  trois  points,  respectivement  f 


9. 


IJi^?! 


-    Xnv  +  '\P  +  /j. 


i  droites 
^=0     ct 


lesquellcs,  avoe  la  droite  qu'on  vient  de  trouver, 

se  rencontrent  dvidemment  dans  un  raeme    point,  de'termiiie  par 
\P  +  jj,Q  +  vR  =  0     et 


Voila  une  demonstration  do  la  premifere  partie  du  theorcme  dc  M.  Steiner.  Les 
que  nous  venons  de  trouver  appartiennent  au  point  d' intersection  des  trois 
droites  qui  correspondent  au  premier  des  trois  hexagones  du  symbole  1,3.5.  Pour 
trouver  I'autre  point  eorrespoudant  de  la  m^me  maniere  a  ce  symbols,  il  faut  combiner 
les  colonnes  horizontales,  ce  qui  donne  pour  les  coordonn^es  de  cc  point ; 

(A.  -  //-(')  P  =  (/*  -  i-X)  Q  -  (y  - X/J.)  R. 

En  cherchant  de  menie  les  expressions  des  points  qui  correspondent  aux  symboles 
1.3.6  et  1.5.6,  OQ  obtient  des  r^snltats  moins  ^Mgants,  mais  qui  valent  peut-6tre 
la  peine  d'etre  i^nonc^s  ici. 

Je  forme  cette  table  complete : 
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Sj'Stemes  de  trois  lignes,  qui  se  reneontrcnt  dans  \m  point. 
Pour  1.3.5 

^(X-  ii.v)P  =  (v  -  Xfi)  R  , 
11.  \(v-  V)E  =  (;.-  vX)q, 

[ilL-  vX)Q=(X-  /Mv)P; 
Pour  l.iJ.fi 

f   /iP+   XQ  +  XjivR  =  0, 
!■  <  vXP  +  i<.vQ+        R^O, 

[  (fiP  +   XQ  +  X/^vR)  +  (vXP  +  fivQ  +  E)  =  0: 

'■(/t-yX)    P  +  (l-f,.vX)R^O, 
il-  \{l-vXfi)R  +  (X-vij:)    Q  =  0, 

[(X-/.V)    Q'(iM-vX)   P  =  0; 
Pour  1,5.6 

'  (jj.v  -  X/j,'v"  -\  +  VO  P+  (ft     -      i'X)Q+  i/i-i'  -  V')  R  =  0, 

I-         -I  (/ir  -  X/tV  -  \  +  Xi-^)  P  +  (/tiP  -  X/i^y)  Q  +  (y     -    v)-K  =  o, 

;  (V'  -  '^''')  P  +  (a^  -  fX  -  /if^  +  V^i')  Q  +  iix-v  -  XIJ.V-  -  y  +  X/4)  is  =  0  ; 

UX     -    Xv'+iiv-Xfi')P  +  if).    -Xfi^v)Q+  (v     -  X/if-)  ii  =  0, 

II.        J  (Xi'^ -X^=i.^-/is'  +  X/i')P+  {vX-    i^v-)Q+  {Xfj.-    t^^i/)R^O, 

\  (X  —  Xj/'p-)  i"*  +  (cX  —  ji-v'  +  /A  —  X/i'v)  Q  +  (X/i  —  /i^7'  4-  !<  —  Xfi]!-)  P  —  0. 

Note  aur  le  th^orfeme  de  M.  Brianchon. 
On    peut    donuer    unc    demonstration    semblable    de    ce    tht^oreme,    on    pronant    ponr 
le^  equations  des  six  tangentes  cellea-ci : 
1..     P=0, 

3.  Q  =  0, 

5.  P  ==  0, 

4.  «  P  +  ^  Q  +  7  P  =  0, 

6.  a'P  +  fi'Q  +  y'  R^O, 
2.     a'T  +  ff'Q+y"R  =  0. 

ct   on   oherchant   la   relation   entre   les   coefficients   qui   est   n^cessaire    pour    que    ces   .six 
equations  appartiennent  aux  tangentes  d'une  m^me  conique.     On  obtient  facilcment 

(07'  -  a'y)  (/3V'  -  ^V)  (-/'/S  -  7/3")  =  (c^y"  -  a"y')  (0"a  -  /3a")  (y^'  -  y'ff), 
ce  qui   exprime   aussi   la   condition  pour   que  les  trois  diagonales  se  reneontrcnt  dans  on 
raSme  point. 
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'■eine   und   angewandte   Mathematlk   (Crelle),   torn.    xxxi. 
(1846),  pp.  227—230.] 


Trouver  expliait&inent   les   coord(mn4es   des   centres   de  swiiUtude   de  deux   surfaces    du 
second  ordre,  dont  chacune  est  circonscrite  &  une  mime  surface  de  cet  ordre. 


2Fyz  +  tQzx  +  'iHxy  +  'iL^w  +  2Myw  +  2Nzw  +  Fw^ {1), 

fonotion    homogene    (lu    second    ordre    a    quatru     variables,    et 


Lemme. 

Soit 

l7=^a?  +  %'+C."  +  2 

t'expression   g^nerale    d'une 
considerons  les  d^riv4os 

KU  = 

A.   H,    a, 

H,     B  ,     F, 

0,    F,     C, 

I,     M,     S, 

F^,U^ 


1%     N 


(2), 


oil  dans  Fp„  U  ies  iettres  o,  p  ecrites  en  ba 
et  1^,  jj,  p,  o)  qui  doivent  entrer  dans  1' 
Fpj,!!  est  ce  que  devient  FpoV,  en  ^crivant  f,  tj,  p,  m 

Cela  pos^,  soit 

JJ  =  A(i?^Bf^  Cz=  +  2Fyz  4  2ffs^  +  ZHwy  +  2Lw, 

F=    aai  +  By  +  yz-\-hw, 


servent  k  indiqaer  les  variables  a,  Q,  7,  h 
de  cette  fonetion;  par  exemple 
.  lien  de  a,  fi,  7,  ^. 


■  +  2%m;  +  2jV2w  +  2Pw^ 


,(4), 
42 
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on  aura  cette  Equation  identique : 

F^^{U+V^)KU-F^^(U)K(U+V'')  =  (F^Ur (5), 

qui  siibsiste  mgme  pour  un  nombre  quelconque  de  variables. 

L' expression   analytique   du   th^orfeme   consiste    en    efFet    en    ce    que    les    re'ciproqwes 
de   deux   surfaces   du  second   ordre,   circonscrites   Tune   a,   I'autre,   sont    deux    surfaces   du 

second   ordre  qui  ont  cette  m^me  relation.     Car  en  prenant  — ,  —  ,  —  pour  les  ooortlnn- 

w     w     w  '^ 

n^es  d'un  point,  les  Equations  de  deux  surfaces  circonscrites  I'une  k  I'autre  sont 

"'"■         } (8). 

Les  Equations  ile  leurs  reciproques  polaires  (par  rapport  a  x^  +y^  +  Z''  +  w''  =  0)  sont 

Fj,pU^O,     F^^(U+r')^0, 
c'est-^-dire,  et  vertu  du  tlidoreme  qui  vient  d'etre  pose: 

Fp^u^o,      K{U+r')F^u+(F^uy'='0 (r), 

ou  K(U+V^)  ost  constant;  c'oat-^-dire  les  premieres  parties  des  Equations  ne  different 
entre  elles  que  par  le  carr^  de  la  fonction  lin^aire  (FgpU);  ce  qui  prouve  le  the'oreme 
en   question. 

Solution. 

Soient  U+V/^O   et    IT+V^'^O (8), 

les   Equations   des   deux- surfaces,  dont  ehacunc  est  circonscrite  k    f/  =  0.     Les  expressions 

de   Vi  et  V^  sont 

V.  =  n..v  -1-  fl_^r  a-  n-.5f  4-  ;;.,,T  "^ 

(9), 


^a.x  +  ^^  +  ry.z  +  b.w,] 


et   les   lettreB   o,,   Oj  Sorites   en    bas   se  rapporteront   k   a,,  /3,,  71,  S^   et   k   a^,  /S,,  7-,  < 
respectivement.     Mettons  de  plus,  pour  abr^ger, 

^<^+''-')  =  ^"l (10). 


'      "'i- (II). 

f-oj 


Les  polaires  des  deux  surfaces  ont  pour  (Equations 

K,F„{V)  +  (F„Uf  = 

et    ces  aurfeces    polail^s  se   rencontrent    evidemmeiit   selen   les   courbes   situees   dans   les 
plans  exprimes  par  les  Equations 

•JK,F,^,U±-/KIF„U-0 (12); 

equations  qu'on  peut  ecrire  sous  cette   forme  tr&s  simple ; 

*'.>(CO-0 (13), 
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en  iricttarit 


et   supposant    que   o'    sc    rapporte 
notation  eomplfete  des  determinants, 


PROBLEMS    DE    GEOMETEIE   ANALVTIQUE. 
fl',    7'     S'.     On    a    enfin,    ■ 


.  (14), 


servant    de    la 


..(15), 


M,    N,    P 


Equation   qui   est  double,  a  cause  des  doubles  valeurs  de  a',  ^',  7',  S.     Les  poles  do  ces 
plans  sont  les  centres  de  similitude  dea  deux  surfaces  donn^es.     Soit  done  identiquement 


f, 


■af+as^+ctp+i 


..(16), 


pour    les    cdordonnees     — ,      • ,    —     des    doux    centres 
^  www 

donn^es  par  I'^qnation  (16),  savoir  par 


^',     R,     B, 


e. 

L 

F. 

M 

0. 

N 

similitude. 

,     H, 

G. 

',     B, 

F, 

,     f. 

a. 

,     M, 

N. 

("). 

er,  39  sout 


&c.    (IS), 


y,  8' 


sont    doniids   par   (14),   et   Kj 

A,    H, 
H,     B, 

a,    F, 


K.t  repi'feentent   ce   que    devieiit    le   d^ter- 
(19), 


en  ecrivant  A  + 
iV  +  7iSi,  ou  A  4 


,  B  +  A",  C  +  r,",  P  +  S,',  F  +  ffa,.  (J+7A,  i?+«,/3„  i4 
",  &0.  au  lieu  de  A,  B,  C,  P,  F,  G,  H.  L,  M,  N. 


2—2 
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52. 

SUB   QIJELQUES   PROPEIETES   DES   DETERMINANTS   GAUCHES. 


[From  the   Journal  fur   die   reine  und   angewandte  Mathematik  (Crelle),   torn,    xxxii. 
(1846),  pp.  119—123.] 

I. 

Je  domic  lo  nom  de  determinant  gauche,  a  un  dt^tenninant  forme  par  un  systeiiiu 
de  quantities  X,  ,;  qui  satisfont  aux  conditions 

K.,--K.,b-+,] (n 

J'appelle  aussi  un  tel  systfeme,  syst^me  gauche.  On  obtiendra  des  formules  plus  simples 
{quoique  cette  supposition  ne  soit  pas  essentielle),  en  consid^rant  seulement  les  systfemes 
pour  leaqiiola  on  a  aussi 

X,,,  =  l-., (2). 

Je  suppose  dana  tout  ce  qui  va  suivre,  que  le  determinant  est  de  I'ordre  n,  et 
que  par  consequent  les  suffixes  variables  r,  s,  &c.,  s'^tendcnt  toujours  depuis  I'unite 
jusqu'^  n. 

En  poaant    les  equations 

S.V,^r-P.,     2A..«a^s  =  a. G^X 

j'exprime  les  systemes  inverses  qui  determinent  les  P,  Q  par  les  «,  de  la  maniere 
suivante ; 

Koir-^'Z.Ar.sPs,    et    Kx,=  l^A,..,Qr (4), 

ou  K  d^signe  Ic  determinant  formd  avec  lea  quantite's  \.„  et  A^.g  le  coefficient 
differcnticl    dc    K    par    rapport    k    X^.s ;    bien    entendu,    que     la    differentiation    doit    etre 
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effeetufe    avant    d'avoir    particularism    ces  quantites  par   les    Equations   (1),   (2).     On   sail; 
que  ces  fonctions  A  satisfont  aux  conditiona 


(5). 


Je  tire  des  Equations  (4),  en  echangeant  r  et  s  dans  la  demifere  de  ces  Equations : 

S,A.,.,P,  =  SA.rQ,  (6), 

et   de  1^  en  multipliant  reapectivemeat  lea  diffi^rentes  Equations  de  ce  systeme  par  X,j  ,, 
et  prenant  la  sorame  de  ces  produits : 

S,(2,V,rA..,)P«  =  S,(2,.X^,,,A,,,)Q, (7), 

On  a  d'abord  par  les   equations  (5) 

2a2,.V,rA,.,)Q.  =  i:& (8); 

puis  par  ies  liquations  (1)   et  (2) 

S,V..A,,,  =  2A^.,-2rX,yA..,, (9), 

c'est-&-dire  par  les  equations  (5) : 

SA..A,..^2V.;/  +  .| 

et  %,X,._,.\,.j  =  'l\^_,.-K     ) 

ce  qui  donnc 

2,(2.V.rA,.,)P,  =  2(2,A,..sP,)--^Ps' (11). 

Substituant  les  equations  (S)  et  (11)  dans  la  formiilo  (7),  on  obtiendra,  en  e'crivant  r 
au  lieu  de  s' : 

KQ,^2(t,A,^,P,)-KP, (12), 

et  egalemcnt 

KP,^^(%rAr.,Qr)-KQ.  (13). 

Posant  main  tenant 

'^•  =  "'-^'*n   (U): 

et  ira,.,,  =  2A,..,-Z      J 

les  forraules  (12),  (13)  se  changeront  en 

Qr  =  tfir.sP.  ct  P,  =  S,o,.,g, (15): 
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equations  qui  sont  iKJcessairemeiit  equivalentes.     On  a  done  identic[ueincnt 

(1) 


(2) 


rS,ii,..i.,....0;  s  +  s'.-j 


,.(16), 


c'est-a-dire,  on  a  trouve  un  systeme  de  n^  quantit^s  a^j,  fonctiona  explicites  et 
rationiielles  d'un  norabre  ^n  (n  —  1)  de  variables  inddpendantes,  qui  satisfont  ideiiti- 
quement  aux  formules  (16,  I)  et  (16,  2).  On  sait  qu'en  g^om^trie  cela  veut  dire  que 
pour  n  =  2  ou  n=B  de  tels  systfemes  donnent  les  coefficients  propres  k  efFectuer  la 
transformation  de  deux  systfemes  de  coordonn^es  rectangulaires ;  nous  dirons  par  analogic, 
que  des  systfemes  qui  satisfont  aux  equations  (16)  pour  une  valeur  quelconque  de  n, 
aont  propres  a  effectuer  la  transformation  entre  deux  systemes  de  coordonnees  rectangu- 
laires.    On  a  done  le  th<?oreme  suivant : 

Les  coefficients  propres  k  la  transformation  de  coordonnees  rectangulaires,  peuvent 
6tre  exprim^s  rationnellement  au  moyen  de  quantit^s  arbitraires  X^  s,  soumises  aux 
conditions 

^,  ,  =  -X,^  [r  +  s];     \,..,.=  1. 

Pour  devclopper  les  formules,  il  faut  d'abord  former  le  de'termiaant  K  de  ce  systfeme, 
puis  le  systfeme  inverse  A,.,s,.,.  et  ^crire 

if«^.s=  2A,.,  [r  4=  s]  ;     Ka,._,  =  2A,.,  -  A'; 
ce  qui  donne  le  systeme  chcrclu^. 

Soit  par  exemplc  ra— 3.     Ecrivons  pour  le  systfeme  dcs  quantit^s  X,.,.: 
1,         .     -.] 

/*,     -\         ij 
ce  qui  donne  A'  =  1  +  V  +  /t'  +  l'^  et  pour  le  systeme  des  fonctions  A^,, 
1  +  X^,     X/1.  +  V  ,     vX  —  /j,,'\ 

X/i-v,         l+/i^     /J.v  +  X,'f    (18). 

vX  +  IJ.,      fty  —  X  ,        I  +v\  ) 
Dc  lii,  on  obtient  pour  le  systfeme  de  coefficients  a,  0,  y;   a',  /3',  j  ;    a",  0",  y" : 
Ka^l+\'-f^'-~v\    Ka!  =  2(Xfi  +  p)  ,    Ka"  =  2(vX-/M)  ,'\ 

K0=2{Xt^-„)        ,     K0'  =  {l+fj?-i,^~X''),     K0"^2(f^v  +  X)  ,L.(19), 

Kj  =  2{vX  +  ij:)         ,    Ky'  =  2(fip-X)  ,    K^y"  ^il  +  v'-X^'-iM");] 

ce  qui  se  rapporte  k  la  transformation 

«  =  a  a;, +  /S  ^1+7  2i,     a:,  =  a«  +  a'y  +  a".?  ,  1 

y^^x,  +  0'y^  +  r^'s„     y,  =  ^x+fi'y-\.^'z\    (20), 
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de  deux  syateraea  de  coordonnees  rectangulaires.  En  effet,  les  coefficients  \,  /j.,  v  out 
une  signification  g^m^trique :  Les  axes  Axi,  Aj/^,  Azi  vont  coincider  avec  lea  axes 
Ax,  Ay,  As,  par  la  rotation  6  autour  d'un  certain  axe  AR  (qu'on  peut  nommer 
"  Axe  resultant ").  En  prenanb  f,  g,  h  po\ir  lea  inclinaisona  de  cet  axe  k  Ax,  Ay,  Az, 
on  a  \  =  tang^Pcos/  /:*  =  tang  J^coa^,  j- =  tang  ^^  cos  A.  Cette  expression  de  I'axe  AR 
est  due  k  Euler;  les  quantity  X,  ft,  v  ont  ^te  introduites  pour  la  premiere  fois,  par 
M.  Olinde  Rodrigues,  dans  un  ra^moire  "Sur  les  lois  g^oni^triques  qui  r^giaaent  les 
d^placements  d'lm  aystfeme  aolide"  (Liouville,  torn.  v.  [1840]),  oil  il  donne  [des  espres- 
aiona  semblablea  ^  eelles]  qu'on  vient  de  trouver  ici,  pour  les  coefficients  de  la  trans- 
formation, en  termes  de  \,  ju.,  v.  Oes  m^mea  quantit^s  \,  fh,  v  (il  y  a  ^  remarquer 
cela  en  paaaanb)  aont  li^es  de  la  raanifere  la  plus  ^troite  avec  eelles  de  la  belle  theorie 
do  Sir  W,  Hamilton  sur  les  Quaternions,  Jc  lea  ai  appliqu^es  a  la  theorie  de  la 
rotation  d'un  corps  solide,  Avant  de  donner  une  id^e  des  r^sultats  auxquels  je  suis 
parvenu,  je  passe  aux  formules  de  transformation  qui  se  rapportent  au  cas  de  ?i  =  4. 
Je   prends   ici   pour  le   systeme   dea   quantit^s   X: 


1, 


-6,         h,        1,     -/ 
-0,     ~g,       /         IJ 
ce  qui  donne,  en  mettant  pour  abreger,  tt/4-  hg  +  ch=  0, 

K  ^1  +  a^  +  b-'  +  c''  +p  +  f  +  h'  +  $' 
et  puis  pour  les  quantitds  A^  „  le  systeme 

l+f  +  9'  +  h\        /e+a  +  bh-cg,        gO  +  b+of-  ah, 
~fd  -a  +  bh-cg ,  1  +p  4-  6=  +  c%      -od-h  +fg  ~  ab, 

-gO-b+cf-ah,       c8+h+fg-ab,  l+g^  +  c" +a'' ,     - 

-^hd-o+ag-bf  ,     -b$-g  +hf- 


■  (21), 


de  manifere  que  pour 


Ka,     Ka', 
Kfi,    Kfi; 
Ki,    Ki, 
KS,    Ki', 
on  obtient  le  syatomc  suivant : 
1  +/'+9"+4" -o"-6'- c",    2{fe+a+bh-eg} 
i(-fe-a+bk-cci)  ,    l+f+f+^ -g'-h'-a; 

H-gS-i  +  cf-ak)         ,   2(ce +h+/g- at) 
i(-M-c  +  ag-bf)       ,    2(-be -g +  hf~ca)     , 
ot  ainsi  de  suite  pour  des  valeurs  queleonques  do 


a^+f+gh-bc  , 

Kii":\ 


M  +  c  +  oj-4/," 
be+g+hf- 
aO  ~  f  i-  gh  - 

l+k'  +  ii:'  + 


/fa", 
KP', 
K-l", 
KS", 


Kfl". 
K-l\  I    ■ 


2((i9  +  6  +  c/-o/i)  ,   2(49  +  0 +iij-i/) 

2(-c9-4+/j-o6)     ,   %{be  +  g  +  hf-m) 
l+g^+d'+a^  -f-h^-h',  2  (^  aO  -f+gh-bc) 
^(ae+f+gh~bc)  ,    l+h^+a^+b^-f'-g-'- 
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II. 

Maintciiaiit  jo  vais  citer  lea  formules  que  j'ai  presentees  dans  le  Journal  de 
Cambridge,  t.  in.  (1843)  p.  225,  [6],  pour  la  rotation  d'un  corps  solide  autour  d'un  point  fixe. 
Mefctant,  comme  k  I'ordinaire,  les  vitesses  angulaires  autour  des  axes  prineipaux  p,  q,  r, 
les  tnoments  du  corps  pour  ces  mSmea  axes  —A,  B,  G,  et  la  fonction  des  forces  =  F: 
les  Equations  cities  pourront  Stre  ^erites  sous  la  forme 


j._dp_dq_dr^d\_^dn 


-  (26), 


■   (27). 


'  d\  ~ 

M^^{(ijX  +  v)p  +  (1  +/j.^)q  +  {fiv-X)^ 
N^^{(vX-fi)p-i-{vfj,  +  X)q  +  {l  +v^)y^ 

En  effefc,  pour  obtenir  ees  forinulcs,  il  n'y  a  qu'^  chercher  au  mojLii  de  \  ^  i 
et  de  leura  derive  es  par  rapport  aux  tomps  \',  /jf,  v',  I'expres^ion  dc  la  tunction 
T=\(Ap^-vB^-\-Gr^')  {qui  exprime  la  demi-aomme  des  forces  ^ives}  cela  tait  les 
formules  gen^rales  que  Lagrange  a  donn^es  pour  la  solution  des  problemes  de  dynamique 
conduisent  imm^iatement  aux  equations  en  question.  Dans  le  memoire  cit^  j  ai 
int^gr^  ees  Equations  pour  le  eas  oii  la  fonction  Y  est  z^ro,  et  en  pienant  comme 
dans  la  th^orie  ordinaire,  le  plan  invariable  pour  plan  des  deux  axes  Ce  nest  que 
demiferement  que  j'ai  trouv^  la  manifere  convenable  de  traiter  ce  aystfcme  d'^quations; 
je  le  fais  au  moyen  de  deux  nouvelles  variables  il,  v,  entre  leaquelles  je  trouve  une 
equation  diff^rentielle  dont  les  variables  sont  s^parees,  et  j'exprimo  en  terines  de 
celles-ci  les  autres  variables  du  problfeme,  y  conipris  le  temps;  et  cela  sans  aucune 
supposition  particulifere,  relative  k  la  position  des  axes  des  coordonn^es  par  rapport  au 
plan  invariable.  Le  d^veloppement  do  eotte  th^orie  parattra  dans  le  prochain  No.  du 
Cambridge  and  Dublin  Mathematical  Journal,  [37],  Je  m'occupe  aussi  de  la  recherche  des 
formules  pour  les  variations  des  constantes  arbitraires  relatives  aux  perfcurbatrices.  II 
serait  bien  int^ressant  (comme  probleme  d'analyse  pure)  d'^tendre  ces  recherches  au  cas 
d'une  valeur  quelconque  de  n;  il  faudrait  pour  cela,  chercher  les  valeurs  dea  quantity 
analogues  a  p,  q,  r,  former  une  fonction  T,  en  prenant  la  somme  des  carr&  de  chacune 
de   ces  quantitfe,  chaque   carr^  multipli^   par  un   coefficient   constant,  et  puis  former  les 

d    dT     dT 
equations    ji ■  jp  ~  7K"  =  C,   &c.,  analogues   aux    e'quations    de    Dynamique.     Mais   je    a'ai 

encore  rien  trouv^  sur  ce  sujet. 
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53. 


RECHERCHES    SUR    L'ELIMINATION,    ET    SUR    LA    THEORIE 
DES    COURBES. 


[From  the  Journal  fur  die  reirte  und  angewandte  Mathematik  (Crelle),  torae  xxxiv. 
(1847),  pp.  30—45.] 

En  ddsignant  par  U,  V,  W,  ...  des  fonctions  homogfenes  des  ordres  m,  n,  p,  &c.  et 
d'un  nombre  egal  de  variables  respectivement,  et  en  supposant  que  ces  fonctions  soient 
les  plus  g^neralea  possibles,  c'est-it^dire  que  le  coefEeient  de  ehaque  terme  soit  une 
lettre  indeterminfe :  on  salt  que  les  Equations  V  =  0,  F=0,  Tr  =  0,  ...  offrent  une  rela- 
tion @  =  0,  dans  laquelle  les  variables  n'entrent  plus,  et  oii  la  fonction  0,  que  I'on 
peut  nommer  Risulta/nt  complet  des  dquabiorw,  est  homogene  et  de  I'ordre  np  ...  par 
rapport  aux  coefficients  de  U,  de  I'ordre  mip  ...  par  rapport  k  ceux  de  V,  et  ainsi  de 
suite,  tandis  qu'elle  n'est  pas  decomposable  en  facteurs.  Oela  pos^,  aupposons  que  les 
coefficients  de  U,  V,  ... ,  au  lieu  d'etre  tous  ind^termin^,  soient  des  fonctions  quel- 
conques  d'un  certain  nombre  de  quantit^s  arbitraires.  Substituant  ces  valours  dans  la 
fonction  %,  cette  fonction  sera  toujours  le  Resultant  complet  des  ^nations.  Mais  0 
peut  quelquefois  Stre  d&omposable  en  facteurs,  dont  quelques-uns  doivent  ^tre  ^limin^s. 
En  effet  les  coefficients  de  U,  V,  ...  peuvent  contenir  des  quantit^s  ^,  ij,  ....  eens^es 
conmie  variables,  et  d'autres  quantity  a,  /9,  ...  qui  sont  constantes,  et  il  peut  s'agir 
de  la  relation  entre  |,  tj,  ...  qui  est  n^cessaire  pour  que  les  Equations  (7=0,  V=0,  &c. 
pui^ent  subsister  conjointement.  Dans  ee  c£^  tout  facteur  A  du  resultant  complet  O, 
qui  ne  contient  pas  les  coefficients  variables  f,  ij,  ...,  doit  ^tre  rejet^.  En  supprimant 
ces  facteurs,  et  exprimant  par  'I'  le  facteur  qui  reste,  cette  fonction  est  alors  ce  que 
nous  nomraerons  Resultant  rMuit.  Cependant  les  facteurs  A,  proprement  dits,  ne  sont 
jamais  des  facteurs  Strangers,  et  ce  n'est  qa'k  cause  du  point  de  vue  particulier, 
auquel  on  a  envisage  la  qu^tion,  qu'ils  ont  ^t^  rejet^s ;  d'un  autre  point  de  vue  ces 
facteurs  auraient  pu  devenir  le  R4sultartt  reduit.  Nous  les  nommerons  done,  a  I'exemple 
de  M.  Sylvester,  Factev/rs  spdciatix. 

C.  43 
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Pour  faire   voir   tout  cela   avcc    plus   dc    clart^,   prenons   pour   example   le   problfcme 
suivant   de   G^m^trie  analytique : 

"  Trouver  les   Equations  du  systemc  dos  lignes  tiroes  par  un  point  doniid  aux  points 
d 'intersection  de  deux  courbea  ( 


Soient  U  =  0,  V=  0  les  Equations  des  deux  eourbes,  U,  V  ^tant  des  fonetiona 
homogenes  des  variables  x,  y,  z,  des  ordres  m  eb  n  respectivement,  ce  qui  revient  ^ 
prendre  x  :  z  et  y  :  z  pour  coordonn^es  d'un  point.  De  ni^rae  il  faut  exprimer  par 
(a,  fi,  y)  le  point  dont  les  eoordonn^es  sent  a  :  7  et  ;S  ;  7;  et  ainsi  pour  tous  cas 
semblables.  11  s'entend,  qu'on  suppose  partoufc  que  les  coefficients  de  U,  V,  ou  de  IT, 
res  tent  absolumcnfc  ind^termin^s.  Eepr^sentons  par  (a,  y3,  -y)  lo  point  donn^,  et  par 
(1^.  V,  0  ^'■^  point  queleonquG  d'une  des  lignes  dont  il  s'agit.  En  ^liniinant  x,  y,  z 
entre   les   Equations 

t7=0,  7=0,  et    *(/?r-7'j)  +  ?/(7?-<)  +  ^(«'J-'9?)  =  0     {!>■ 

on  obtient  I'^quation  cherchee  @  =  0.  lei  ©  est  une  fonction  homogene  de  I'ordre  nin 
par  rapport  Ji  /3i^— 75),  7^— a?  et  017  — ^f;  de  I'ordre  n  par  rapport  aux  coefficients  de 
(7;  et  de  I'ordre  n  par  rapport  &,  ceux  de  Y\  de  pins  cette  fonction  est  decomposable 
en  wm.  facteurs  lin^aires  par  rapport  h.  ^,  17,  ^,  dont  lea  coefficients  sont  des  fonctions 
irrationnelles  de  a,  y3,  7  et  des  coefficients  de  C  et  "P"  (en  effet  toute  fonction  homo- 
gfene  de  /3f— 7^,  j^—^^,  <'-v~^^  ^^t  dou^e  de  cette  propri^t^,  qui  subsiste  encore  en 
^ehajigeant  entre  eux  ^,  17,  J^  et  a,  0,  7).  Ohaque  facteur  lin^aire,  (5gaie  k  z^ro,  appar- 
tient  h,  une  des  lignes  en  question.  Voilk  pourquoi  ©=0  est  consid^ree  comme 
Equation   du   system e   des   lignes. 

Soit   maintenant   propose   le   problfeme : 

"Trouver  I'^quation  du  ayst-feme  des  tangentes  tirees  d'un  point  fixe  a  une  courbe 
donnee." 

II  y  a  ici  k  dliminer  x,  y,  z  entre  lea  equations 

[■■=0,  1 


Le  resultant  complct  est  une  fonction  homogene  de  I'ordre  ?i(n— 1)  par  rapport  k 
/3f— 757,  7^  — af  et  aij  —  ^^  [n  repr^sente  ici  I'ordre  de  la  fonction  U\,  de  I'ordre  n 
par  rapport  k  a,  0,  7,  et  de  I'ordre  2ji  —  1  par  rapport  aux  coefficients  de  U.  Mais  il 
existe  dans  ce  cas  un  facteur  special  U^  qui  est  ce  que  devient  U  en  ^crivant  a,  ^,  7 
a  la  place  de  ce,  y,  z.  En  le  mettant  de  c&t^,  le  n^sultant  r^duit  $  est  fonction  de 
I'ordre  n{n  —  V)  par  rapport  k  0^—'^i],  7^  — af  et  a?j  — ,3^,  et  de  I'ordre  2(n  —  i)  par 
rapport  aux  coefficients  de   U,  et  I'equation  <I>  =  0  correspond  au  syateme  de  tangentes. 
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Kn  niettant  x,  y,  z  k  la  -place  de  j3i;— t^j,  y^-a^,  ai}  —  $^,  ^  dovicnt  une  fonction 
de  I'ordre  n{n  —  l)  par  rapport  h  m,  y,  z,  et  de  I'ordrc  2(«-l),  comme  ellc  I'^tait 
ci-dessus,  par  rapport  aus  coefficients  de  U.  Nous  d^signerons  cette  nouvelle  valeur  de 
^  par  ¥11;   c'est-a-dire  nous  repr^senterons  par  F^  le  resultant  r^uit  des  ^uationa 

dU    ^dU       dU    ^         \ 

^^^+^-rf,+^&=^'^*    ^^'' 

fU  ^tant  une  fonction  des  ordres  n(n—l)  et  2(n  —  l)  par  rapport  a  x,  y,  z,  ct  aux 
coefficients  de  V.  On  sait  que  I'^quation  Ff7=0  est  ceile  de  la  polaire  reciproquc  de 
la  courbe,  par  rapport  it  la  eonique  ausiUaire  a^  +  y^  +  z^  =  (l. 

Or  les  Equations  (2)  peuvent  etre  Sorites  auasi  sous  la  forme 

dU     ^dU        dU     ^ 
"d^  +  '^d^+^d^=^'  (4). 


^dS  +  ^^  +  ^d?^*'-         J 

Ici  le  resultant  coraplet  eat  de  I'ordre  n(n  —  l)  par  rapport  a  a,  0,  y,  ou  ^  ^,  v,  ^ 
(car  ee  resultant  complet  doit  ^tre  comme  ci-dessus  foncfcion  de  ee  mSme  ordre  de 
k^-yrj,  7?~af  et  av-^^)  et  de  I'ordre  (n-l)  (3n-l)  par  rapport  aus  coefficients 
de  U.  Le  facteur  special  dans  ce  cas  est  done  une  fonction  de  I'ordre  3  (ji  —  1)^  des 
coefficients  de  U,  et  il  est  facile  de  trouver  sa  forme ;  car  on  aatisferait  aux  Equations 
(4)    en    posant 

dU     ^        dU     ^        dU_ 
dz 


-0   (5); 


le  r^ultant  de  ces  Equations,  que  nous  d^signerons  toujours  par  KJJ,  doit  done 
se  presenter  comme  facteur  special  du  resultant  complet  du  systfeme.  Mais  KXI  ^tant 
une  fonction  des  coefficients  de  I'ordre  3  (n  - 1)^  elle  est  precisement  le  focteur  special 
dont  il  s'agifc.  (II  est  clair  que  I'^quation  KU=Q  serait  la  condition  n^cessake,  pour 
que  la  courbe  piit  avoir  un  point  multiple.) 

Reprenons  le  premier  systeme.     On  satisfait  a  la  derni&re  equation  en  ecrivaiit 

x  =  al  +  ^m,      y  =  0l  +  '^m,       s  =  yl  +  ^m   (6). 

Soient  [(/],  [V"\  ce  que  deviennent  U,  V  par  cette  substitution.  En  ^liminant  I,  m 
entre  les  deux  Equations 

[E7]-0.       m-0, 

on  obtiendra  le  meme  resultant  0  que  ci-dessus.  En  effet,  le  resultant  de  ces  deux 
equations  est  des  ordres  n  et  in  par  rapport  aux  coefficients  de  U  et  V,  et  de  I'ordre 
2mn  par  rapport  k  a,  0,  y,  f,  i),  ^•.  done  il  faut  qu'il  soit  e'gal  a  @,  ^  un  facteur 
num^rique  pres.     On  a  done  le  th&irfeme  suivant : 

43—2 
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Tn^ORiiME    I.     L' Equation    du    aystfeme    des    droitcB    monies    par    un  point    donn^ 

("i  ^.  7)  aux  points  d 'intersection  des  deux  courbea   C=0,  V  =  0,  se  troiive  en  ^liminaut 

les  nouvelles  variables  I,  m  entre  les  deux  (Equations  [P']  =  0  et  [y]  =  0,  011  [U],  [V] 
soiit  ce  que  deviermeut  C  et  F"  par  les  substitutions 

x^al  +  ^m,       y  =  ^l  +  nm,       e^jl+^m  (7), 

En  operant  (^gaioment  sue  le  second  syst^me  d'^quations,  on  obtient  directement 
le  resultant  r^duit,  sans  que  I'op^ration  soit  "embarrass^e  par  aucun  facteur  sp&ial.  En 
effet,  on  peut  remplacer  le  systfeme  par 

dx  dy         dz        ' 

^dU        dU     ^dU     ^  [   (8), 

^  d.a:       '   dy      ^  dz         '  I 

ct  en  faisant  les  substitutions  (6)  dans  la  dernifere  equation,  lea  deux  autres  equations 
se  changent  en 

a,l  dm 

ou   [U]   est   ce   que   devient    U  par   cette    substitution.      Le    r&ultant  de   ces   Equations 

est   de    I'ordre   2n  (n  - 1)   par    rapport   a  a,  0,  7,   ^,   t/,   ^   {c'est-^-dire  une    fonction    de 

&K~fn<  7?~<^f'  ^V  —  ^i>  '^6  I'ordre  n(n~l)],  et  de  I'ordre  2(ji  — 1)  par  rapport  aux 
coefficients  de  U;   done  il  n'y  a  plus  de  facteur  special     De  1^  suit: 

Tn^ORftME  II.  L'^quation  du  syst^me  de  tangentes  mene'es  du  point  doinie 
(a,  0,  7)    k    la    eourbc    U—Q,    se    trouve    en    eliminant    I,    m    entre    les    Equations 

dl    ""'         dl    ""■ 

[[T]  dtant  ce  que  devient  JJ  par  les  substitutions  x~al+^m,  y  —  ffl  +  Tjm  et  z  —  yl  +  ^m. 
En  reprdsentant  I'^quation  par  *i'=0,  ^  est  une  fonction  de  ,8^—71;,  j^—oi^,  «i?  — ^J, 
et  en  rempla^ant  ces  fonctions  par  x,  y,  z,  on  obtient  I'^quation  de  la  polaire  r^ciproque 
(par  rapport  a  a^  +  ^  +  3=  =  0)  de  la  courbe  donn^e. 

Ce  beau  th^oreme  est  dii  a  M.  Joachim sthaS,  qui  me  I'a  communique  I'^te  paaso 
pendant  mon  sejour  a  Berlin,  avec  une  c!(^monstration. 

On  d^uit  de  1^,  comme  cas  tr^a  particulier,  une  forme  du  resultant  des  deux 
Equations  aaf  +  2bxi/  +  c'y'  =  0  et  a'i^+2b'iin/  +  c'y^  =  0,  cit^e  dans  mon  m^moirc  sur  les 
hyperd^terminants  (t.  XXX.  de  ce  journal,  [16]).  En  effet,  soit  x'^  =  7.,  xy  =  —  y,  y'  =  x,  et 
V=xz  —  -f,   on  aura   evidemment    (7=0, 

dU     ,dU       d\ 
dx         dy  _       d 
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done  en  cherchant  le  resultant  de  ees  Equations  de  la  raanifere  indiqu^e  dans  le  th^oreme, 
on  obtient  la  fomiule  en  question  4-{ac~¥}  (a'c'  -  b'^)  -  {ad  +  a'e  —  2bby  =  0.  Cependant  la 
veritable  generalisation  de  cette  formule,  k  ce  que  je  crois,  reste  encore  k  trouver. 

II  suit  dea  principes  d^veloppes  dans  le  m^moire  cite,  que  le  resultant  des  deux 
equations  i  =  0,  M=0  (od  L,  M  sont  des  fonctions  homogenes  des  deux  variables  I,  m) 
pent  toujours  §tre  presente  sous  la  forme  %  —  VLL ...  MM ... ,  oil  V  est  une  composition 
d'expressions  symboliques,  tellea  que  (12)''(13)^  ... ,  dans  lesquelles  (12)  =9;,9,„^  — 3^8(., 
&c.     Par  exemple  pour  i  =  a?^  +  2Mm  +  cm^  M  =  a'P  +  Wkn.  +  c'ln?,  on  a 

e  =  {(12)^  (34)'  -  (ISy  (24)^)  LL  MM, 

jc'est-a-dire,  comme  ci-dessus,  @  =  4i(ac  —  b^)(a'c'  —  b'')  —  (ac'  +  a'c~'2bby\.  En  appliquant 
cette  theorie  k  reiimination  des  inconnues  entre  les  equations  [r7]  =  0,  [T^]  =  0,  on  obtient 

8;  =  oa^  + /39j,  +  79,,   et   d„^ld^  +  'r,dy+!;d,, 
et  en  faisant 

ct  9y,  9,^  ~  d^  '6y,  =  (12)',     8,,  d^  -  d^  3,,  =  (12)",     3^,  3^,  -  3;,,  3^,  =  (12)'", 

cela  donuc 

<12)=^x(12)'  +  y(12)"  +  z(12r': 

equation  qui  peut  ctre  presentee  sous  la  forme  abregee 

(12)_(P12). 

On  obtient  le  resultant  cherche  en  faisant  cette  substitution  dans  tous  les  symbol es 
que  contient  V,  et  en  introduisant  U,   F"  au  lieu  de  [(7j,  [F]. 

Les  monies   remarques   peuvent   Stre   appliquees   au   eas  d'une   elimination   entre   les 

deux  equations    -;    =  0,   -j-  =  0,   car  le   resultant   sera   exprime  ici  sous   la   mfeme   forme 

©  =  Vii  . , .  .     Cherchons  par   exemple   I'equation  de   la   polaire   reciproque  d'une  courbe 

du   second   ordre :    en   observant   que   le   rdsultant   des   equations   -jj  —  0,   -j-  =  0   (o&   L 

est  une  fonction  du  second  degre)  sera  exprime  sous  la  forme  ©  =  (12)'ii,  on  obtient 
immediatement  pour  la  reciproque  de  la  courbe  du  second  ordre   ^7  =  0,  I'equation 

FU  =  {Fl2yUU  =  0. 

laquelle  se  reduit  en  effet  a  la  forme  connue. 


caa  d'une    courbe    du    troisi&me    ordre.     Comme    poi 
deux   variables,   le   resultant  des 
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aura  la  forme 

@  -  (12)=  (34)'  (13)  (42)  LLLL, 
on  a  pour  la  polaire  de   JI  ~(i, 

-2Ffr=(P12)^(P34)HP13)(P42)  WUUU^O, 

et  il  serait  facile  de  calculer  par  1^  le  coeiEcient  d'une  puissance  ou  d'un  produit 
queleonque   des   variables.     Par   exeraple   lo   coefficient   de   z"  se   r^duit   a 

{(i2)"'i>  ((3*)"T  ((isrr  mr"}  fuun. 

ou,  toute  reduction  faite,  ct  en  supposant 

& :  2  {Qhdii  —  4i'c  —  4ii'5  +  3i\V  —  &°C).  L'^quation  complfetement  d^velopp^e,  que  j'ai  donn^e 
pour  cette  polaire  dana  le  Cambridge  and  BvhUn  Mathematical  Journal,  t.  I.  [1846],  p.  97 
[35],  et  que  j'ai  obtenue  par  une  Elimination  direeto,  pourra  ainsi  Stre  verifi^e. 

Nous  aJlons  passer  maintenant  a  la  throne  des  poi/nts  d'infiemon  et  des  tangmtes 
doubles  de  la  courbe  U  =  0.  Ces  singularitds  peuvent  etre  traifc^ea  par  une  analyse 
semblable,  en  remarquant  que  parmi  les  n  (n  —  1)  tangentes,  menees  a  la  courbe  d'un 
point  P  situE  sur  la  courbe,  la  tangente  en  ee  point  so  pre!sente  g&^ralement  deux 
fois,  et  trois  fois,  selon  que  le  point  P  est  nn  point  d'inflexion,  ou  un  point  de  contact 
d'une  tangente   double. 


ci-dessus  par  (U)  ce  que  devicnt  U  en  dcrivant  Ix  +  m^, 
ly  +  ms;,  h  -\-m^  k  la  place  de  x,  y  et  z.  En  mcttant  ^d,,  +  ijdy  +  ^^~d,  on  a 
Evidemment 

[U]  =  ;«  U+  P'-'m  ^^+Y-2  ^''-'"i'9'C^+  -■- ; 

et  en  ^liminant  I,  fa  eutre        ,,  -*  =  0,    — ^ — J  =  0,  on  obtient  un  resultant  0  =  0,  ou  0  est 
at  dm 

une   fonction  de    JJ,   9(7,   d^U,  ...  d"'U,   et    qui   a,   comme    le    remarque   M.   Joachimsthal, 

la    propri^td    dont    il    s'agit.     En   ^erivant    (7=0,   ©   contient    le    fecteur    (9(7)',    et    en 

mettant   de   cSti^   ce   facteur   et   ferivant   dV—O,   O   contient   le   facteur   {d^UY;    et  ainsi 

de   suite.     Nous    avons    suppose    que   le   point   P,   auquel   appartiennent   les   coordonn^es 

it',  y  et  2,   est   un  point   de   la   courbe;   de   maniere   que   Ton  a  actuellement   U=0.     En 

faisant  done   cette   supposition   et   en   ^liminant   le  facteur  (9(7)',   I'Equation  0=0  prend 

la   forme   XdU+Y{d'U}^=Q   Jpuisqu'en   mettant   9(7=0,   I'Equation   contiendra   k  gauche 

le   facteur   (d^Uy].     Dans  le   cas   oil  P  est  un  point  d'inflexion,  ou  un   point  de  contact 

d'une   tangente  double,   cette   ^nation   contiendra  9(7  corome   facteur:   done  il  faut   que 

¥(?^Uy    contienne    ce    facteur,    c'est-Jl-dire :    ou    9^(7,   on    Y,   contiendra    le    facteur   dU. 

Dans    le   premier    cas    il    s'agit   d'un   point    d'inflexion,    dans    !e    second   cas  d'un  point   de 

contact   d'une   tangente   double. 

Consid^rons   d'abord   les   points   d'inflexion.     Comme  d''U  contient  9(7  comme  facteur, 
il   fant   que   cette   fonction    devienne    z^ro   pour   toutes   les   valours   de    ^,   17,    S  qui   foot 
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t5vanouir  dU.  Di^signons  par  L,  M,  N  les  coefficients  diff^rentiels  du  premiei  ordie  df 
U,  de  nianiere  que  dU  =  L^  +  Mt] +N^.  Ootte  quantite  s'evanouit  identiqmmcnt  lii 
faisaiit  l^jSiV-yJif,  ij^yL  —  aN',  ^^oM  —  ^L:  done  il  feiit  que  cPU  s'^vanonia&e  paj- 
la  substitution  de  ces  valeurs,  quellea  que  Roieiit  les  quantity  a,  0,  y.  En  d^sigiiant 
par  D  ee  que  devient  le  symbole  D  par  cette  substitution,  c'est-&,-dire  en  faisant 

D  =  a  {Md^  -  Nd,j)  +  0  (iVS^  -  Ld,)  +  y  {Ld,j  -  Md^), 

la  condition  d'nn  point  d'infloxion  se  r^dnit  tout  aimplement  a 

equation  dans  laquelle  les  symboies  da,  Sy.  Si  ne  doivent  pas  contenir  L,  M,  N.  Nous 
reviendrons  sur  cette  ^uation  dans  une  note ;  pour  le  moment  il  suffit  de  remarquer, 
qu'on  vortu  de  relations  qui  existent  entre  L,  M,  N  et  les  d^riv^es  a,  b,  c,  f,  g,  h  du 
second  ordre,  on  a  identiquement 

[n -  \Y D'U=n [n-lj'^.U-  (ax  +  0y  +  yzf  (V f/), 

ou  '^  est  une  fonction  de  a,  0,  y  et  des  deriv^es  a,  h,  c,  /,  g,  h,  dont  la  forme  sera 
donn^e   dans   la   suite,   et 

V  P  =  aho  -  af"-  -  hg^  -  ch^  +  2fgh. 

Done  a  cause  de  U—O,  la  seule  condition  pour  determiner  les  points  d'inflexion  est 
r^quation 

V6'  =  0, 

([ui  est  de  I'ordre  S(n  —  2)  par  rapport  aux  variables,  et  de  I'ordre  3  par  rapport  aux 
coefficients  de  U.  Cela  est  d6}k  connn  par  les  recherches  de  M.  Hesse,  J'ai  donne 
ici  cette  Equation  pour  faire  voir  la  liaison  qui  exisfce  entre  cette  question  et  celle  de 
trouver  les  tangentes  doubles,  a  laquelle  je  vais  passer  maintenant. 

On  obtient  I'^quation  qui  determine  les  points  de  contact  de  ces  tangentes,  en 
faisant  les  m^mea  substitutions  ^  =  ^N'  —  yM,  &c.  dans  la  fonction  Y,  et  en  ^galant  k 
zdro  les  coefficients  des  difKrontes  puissances  ou  produits  de  «,  0,  y.  E-emarquons  que 
cette  fonction  Y  a'obtient  par  une  fonction  de  I'ordre  v?  —  n  par  rapport  a,  x  y  z 
ou  a  ^,  1],  5',  et  de  I'ordre  2  (ra  —  1)  par  rapport  aux  coefficients,  en  ^liminant  le« 
faeteurs  i^TJy  et  (d^U)\  qui  ensemble  montent  au  degr^  to  — 6  par  rapport  i.  j,,  t/  i. 
El  6  par  rapport  k  ^,  r},  f,  et  ^  4  par  rapport  aux  coefficients.  Done  Y  est  des  degree 
nJ'  —  n  —  Q,  n^  —  5n  —  6  et  2m  —  6  par  rapport  il  m,  y,  z,  a  ^,  i),  ^,  et  aux  coefficients  de  U 
respectivement.  En  substituant  done  ^,  ij,  ^,  cette  fonction  devient  de  I'ordre  n^  —  n  —  6 
par  rapport  k  a,  0,  y,  de  I'ordre  m'  —  2n^  —  lOn  + 12  par  rapport  k  ce,  y,  z  jsavoir 
(w'  — 5ji  +  6)  +  (n  — l)(ii'  — »i— 6)},  et  de  I'ordre  m^'  +  ji— 12  par  rappoi-t  aux  coefficients 
{savoir  (2)i  — 6)  +  (fi.''  — n  — 6)}.  Mais  on  sait  que  les  conditions  de  I'^vanouissement  de 
F  doivent  se  r^duire  k  une  seule  Equation;  et  cela  ne  pent  arriver  que  de  la  m^rae 
mani^   dont  la  reduction   analogue   a   eu   lieu   pour   les  points  d'inflexion.     En  ecrivant 


Hosted  by 


Google 


344  KECHEECHES  SUE  L'^LrMlNATION",  ET  SUE  LA  TH^OEIE  DES  COUEBES.  [53 

done  [Y]  a  la  place  de  ce  que  devient  Y  apres  la  substitution,  il  faut  que  I'od  ait 
idciitiquement : 

[F]  =  A  U  +  NiUU), 

li'  ^tant  fonction  de  a,  0,  7  du  degr^  n^  —  n  —  Q.  II  parait  de  plus  probable  que 
cette  fonction  aura  la  mSme  forme  que  celle  pour  les  points  d'inflexion,  savoir 
iV  =  («« + /3y  +  73)"^"""^.  (II  tr,  corame  ci-dessus  VZ7,  est  cense  exprimer  non  pas  un 
produit,  mais  une  d^riv^e  de  Ui  de  mSme  plus  has  PU  et  QU.)  Cela  ^tant,  'Q.JJ 
sera  du  degr^  (m  -  2)  (?i^  -  9)  par  rapport  ^  x,  y,  z  {c'est-a-dire  n'-2n=- 10n  + 12 
—  (n'  — m— 6)},  eb  du  degr^  n^  +  w  — 12  par  rapport  aux  coefficients.  On  a  done  le 
th^oreme   suivant : 

TH^OBfeME.  On  trouve  les  points  de  contact  de  tangentes  doubles,  en  combinant 
avec  r^quation  de  la  courbe  une  Equation  J1U=Q  de  I'ordre  (»i  —  2) (i*^  —  9)  par  rapport 
aux  variables,  et  de  I'ordre  m^  + 7^  —  12  par  rapport  aux  coefficients;  c'est-k-dire,  puisqu'il 
correspond  deux  points  de  contact  h,  une  tangente  double,  le  nombre  de  cea  tangentes 
est  ^gal  k  ln{n—  2) {n^  —  9) :   tb^orfeme  d^montr^  indirectement  par  M.  Pliicker, 

Cherchons  maintenant  les  equations  du  systeme  des  tangentes  aux  points  d'inflexion 
et  du  systeme  des  tangentes  doubles. 

Pour  trouver  la  premiere  Equation,  il  faut  eliminer  x,  y,  z  entrc  les  trois  Equations 


U^O,     V&'=0, 


dx     "^  dy         ds 


Le  r&ultant  complet  sera  du  degr^  3?i  {n  -  2)  par  rapport  ^  «,  ^  et  z,  et  de  I'ordre 
gn^'-lSn  +  e  {savoir  3(ji- 2)(n-l)  +  3n(ji-l)  +  8«(?i- 2))  par  rapport  aux  coefficients; 
mais  il  existe  ici  le  facteur  special  {KUy,  et  ce  factour  dtant  elimin^,  on  obtient  un 
resultant  reduit  Q'U  =  (i,  du  degrt?  3?i(n  — 2)  par  rapport  aux  variables,  et  du  merae 
degKi   3/1  (k  —  2)   par   rapport   aux   coeificients. 

De   ni^me   on   aura   I'^quation   du   systeme    des    tangentes    doubles,   en    eliminant   x, 
>l:   z,   entre   les   trois   ■ 


(/  =  0,     II (/  =  0,    et    x-^  +  y^-+a-^  =  0. 
dx      "^  dy        dz 

Le  rt^sultant  complet  est  ici  du  degre  n  (n  -  2)  (m^  —  9)  par  rapport  k  x,  y,  z,  et  du 
degr^  371^ - hii ~ 29n'  +  57n - 18  (savoir  (n -  1) (n  - 2) (n^ -Q)  +  n(n-2)(n^-Q)  +  n(n- 1) 
{n^  +  n  —  12)}  par  rapport  aux  coefficients.  Mais  il  existe  de  m^me  dans  ce  cas  un 
foeteur  spe'cial  (KU)-"^-'^  {du  degr^  S(n-  ly  (n^-n-Q)  =  3m'  -  Qn' - 9»i'  +  33m  - 18), 
et  en  I'^liminant,  le  resultant  reduit  sera  du  degr6  4<n(n~-2){n  —  S)  par  rapport  aux 
coefficients.  Mais  le  terme  de  cette  Equation  k  gauche  sera  4videmment  un  carri; 
on  aura  done  pour  I'^quation  du  systeme  des  tangentes  doubles,  la  relation  PU~0. 
ou  PU  est  une  fonction  du  degr^  \n{n  —  2.)('n?  —  %)  par  rapport  aux  variables,  et  du 
degre  2k  {n  -  2)  (k  -  3)  par  rapport  aux  coefficients.  Done  on  pourra  former  le  tableau 
suivant  des  degrcs  des  differentes  equations  obtenues : 
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aux  variables. 

1 

0 

3<»^1)> 

»(«-!) 

2  (■»  -  1) 

3m(«-2) 

3 

(,.-2)(i.-^9) 

( 

.  +  4)(«-3) 

3n(»-2) 

3»(«-2) 

«(»-2)(#-9) 

2« 

(«-2)(«-3) 
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Degt^fi  par  rapport 

Equation  de  la  eourbe  lf—0,    

Condition  d'uii  point  multiple  KU  =  0,    

Polaire  i^iproque  FU=0, 

Courbe  des  inflexions  V  [T  =  0, 

Courbea  des  contacts  des  tangentes  doubles  11  i7  =  0, 
Systfemes  des  tangentes  aux  points  d'inflexion  QU=0, 
Systeme  des  tangentes  doubles  P(7=0,  

La  polaire  de  la  polaire  r^iproque  FF  U  eera  ^videmment  du  degr^  (n^  —  n)  {n"  —  n  —  1) 
par  rapport  aux  variables,  et  du  degr^  4(n-l)(M.^  — «— 1)  par  rapport  aux  coefficients. 
Cette  polaire  de  la  polaire  contiendra,  comme  on  le  salt  par  la  tli^orie  g^om^trique 
d^velopp^  par  M.  Pliicker,  les  facteurs  U,  {PJJf  et  {QU)';  U  faut  y  ajouter  encore 
le  facteur  constant  KU,  et  I'on  aura  d«^finitivement  I'^quation 

¥¥U  =  {KU){PUy{QUy.  U, 

dans    laquellc    il    sera   facile    k    verifier    que    Ics    deux    cotcis    sont    des    mSmes    degriis    par 
rapport  aux  variables  et  aux  constantes.     En  effet  on  a 

4(«-l)(«,^-w-l)  =  3(«-l)^  +  4m(«.-2)(«.-3)  +  il«(r.-2)  +  l, 

et  «(«-l)(m'^-«-l)  =  «(w-2)(#-9)  +  9ji(n-2)  +  «, 

Mon  but  a  ^t^  ici  de  donner  une  id^e  praise  des  th^oremes  a  ddmontrer,  pour 
former  une  theorie  toute  analytique  des  polaires  reciproques;  je  n'ai  fait  qu'avancer  ces 
th^orfemes  (sans  chercber  a  les  d^montrer),  pour  faire  voir  leur  liaison  avec  la  theorie 
de  r^limination  et  avec  celle  des  hyperd^terminants ;  c'eat  h  cette  demifere  en  par- 
ticulier  qu'il  faut,  je  crois,  recourir  pour  d^montrer  la  formule  donate  ci-dessus 
[F]  =  A.  r/'  +  (aic  +  y3i/-(-73)"'~''^(ni7),  et  pour  trouver  d4finitivement  la  forme  de  la 
d^riv^e  nCT,  au  moyen  de  laquelle  on  d^terminera  !es  points  de  contact  des  tangentes 
doubles.  Je  serais  bien  aise  que  ces  vecherches  puissent  de  quelque  mani^re  faciliter 
la  solution  du  problfeme  des  r^ciproques  des  surfaces:  objet,  qui  est  rest^  encore  dans 
une  complete  obscurite. 

Note  sur  les  points  d'injlexion. 

Je  vais  d'abord  rassembler  plusieurs  forraules  qui  se  rapportent  au  systfeme  des 
coefficients  dans  le  d^veloppement  de  IfiU.     On  a 

!>  tr=  aa=  +  b^  +  C7'  +  2f/3y  +  2gya  +  2ha^, 
oil  a  =  M'c  -  ^MNf+  N'%  , 

h^N^a-2NLg  +L^c  , 
c^L'b  -2LMh  +  M'a, 
0.  44 
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f  =  -  MNa  +  NLh  +  LMg  -  Df , 
g  =  +  MNh  -  NU  +  LMf  -  M% 
h  =  +  MNg  +  NLf  -  LMc  -  N^h. 
Nous  ecrirons  de  plus,  pour  abr^ger, 

V  =  ahc-  a/^  -  hf  -  ck^  +  Ifgh,     , 


fa -/■=», 

gh-af- 

»-/-3B, 

hf'bg.' 

ab  —  h^  —  GT, 

fg-ok-- 

<i  =  n.L'  +  mil-  +  &N-'  +  2gMN  +  2ffiiVi  +  i'^MN. 

On  obtient  identiqiiemetit 

Za  +  -Mh  +  iYg  =  0 , 
Lk  +  Mh  +  m-a, 
-tg  + iff +  i\^c-0; 

(a)-X'«    ,       (J3)-if«I>,       ((!t)-if'<I>  , 

{ff}-MN<S>,         (ffi)-iVX4.         (|^)  =  iJf<I>; 

ft  -  MIfjf  =  (Jfh  -Lf)(Lf-Mg). 

gg  -  Nm  -  (If  -  Mg)  (Kg  ~Mh), 

ill  -  LMJ^  =  (Mg  -  Nl)  (Nh  -  If) ; 

ieUNJf  +  b  (Z"  6  +  * ■«)  +  c  (iV'o  +  i"  c)  -  be  -  2i'  aa  -  (i"  6  -  M'a)  (Jf'a  +  P  c) , 

tM'!fL(S  +  0  (if -0  +  ff*)  +  a  (P  6  +  ilf %)  -  c»  -  2»'Jb  =  (if %  -S'b)(L'b-  M'a) , 

iN'LM^  +  a,  (N'a  +  i'  «)  +  b  (Jf  ■«  +  i\r"6)  -  ab  -  2  J-  cc  -  (-if  %  - 1?  o)  (M'e  -  A"  i) ; 

ilfMNB  -  a'  +  2a  (Jf "o  +  Jf "6 )  =  -  (Jf %  -  N'hf , 
iM'NLm  -  b-  +  2b  {N'a  +  i-  «)  -  -  (iVct  -  i-  c)' . 
iJ'iJfa  -  c'  +  2c  {L'  I  +  M'a)  =  -  ( J?  6  -  -tf ■ii)' ; 

i-mra  +  ifg  (+  i/+  Jfj  -  M)  +  Jfh  (i/-  %  +  Sh)  -g]i--MN{Nh-Mg)', 
M'NOi  +  ih  (-  i,/+  Jfj  +  Nh)  +  m  {Lf+Mg  -  Nk)  -  hf  -  -  NL  (Lf  -  NKf . 
N'LM<&  +  Ml  (+  Lf-Mg  +  Nh)  +  Lg  {Lf+  Mg  +  Nh)  -  %  =  -  LM  (Mg  -Lff; 

2Vi=  =-a^  +  (a6-2A^)b  +  (ca-23=}c+2(a/-2^i)f-2a3  g-2«Ah, 
2VJf>  -  +  {ah-  24')  a  -  4"b  +  (fe  -  2/")  c-  2i/f  +  2  (ij  -  24/)  g  -  264 1 , 
IV N'  =  +  foa  -  23=)  a  +  (fa  -  2/=)  b  -  c'c  -  2c/f  -  2c^g     +  2  (cA  -  2/(7)  h ; 
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2VMN'  =  +  (af-  2gh)  a  -  6/b  -  cfa  -  26cf  -  2chg  -  'S.hcjh, 

2VNL  =-aga,  +  (bg  -  Ihf)  h-cgc~  2cM  -  2cag  -  2a/h, 

2Viif  =  -  aku  -  hhh  +  (ch  -  2/^)  e  -  2bgf  -  2afg  -  2ab  h. 

Dans  ces  Equations,  si  Lx  +  M^j  +  Nz  ^tait  facteur  de  ax''  +  by^  +  csfl  +  2fyz  +  2gzie +  2ka:y, 
on  aurait  ^videmment  a=0,  b  =  0,  c  =  0,  f=0,  g  =  0,  h  =  0,  et  de  Ik  V  =  0,  0  =  un  carr^, 
ee  qui  donnerait  des  formules  plua  simples,  et  auxquelles  on  pourrait  encore  donner 
plusieurs  autres  formes.  Par  exemple  on  tire  d'un  de  ces  systfemes,  —  1  -^  ^^:ff  =  {^9  —  M) 
-^0,  &e.,  ou  &=(Mg-Nh)(Nh-Lf){Lf-Mg).  et  de  1^  lea  expressions 

s^  <&  ^  n  ~ ' 

auxqucllos  on  pourrait  ajouter  encore  plusieurs  systomes  analogues,  ce  qui  se  ferait  sans 
la  moiudre  diiEculte. 

Jusqu'ici  i,  M,  M,  a,  h,  c,  f,  g,  h  ont  4l6  dcs  qnantit^s  quelconques.  En  supposant 
qu'elles   soient   les   derivi^es   du   premier   et   du   second   ordre   d'une   fonction    JJ,   on   a 

{n  —  V)L  —ax  +  hy  +  gz, 

{n-l)M^hx  +  hi/+fi, 

{n—l)N  =  gx  +fy  +  cs, 

n(n~l)  U=  ax^  +  bf  +  cs'  +  2fyz  +  igxz  +  2hxy, 

et  la  substitution  de  ces  valevirs  donne  la  formule  du  tcxtc : 

(n~iyD'U=n(n-l)^.  U- (ax  + ^y  +  y^fC^U), 
(Vf")  etaut  ici  =  V,  ct  "^  ^tant  donnfe  par  I'^quation 

^  =  ^a'  +  W  +  ©7'  +  ^jf&y  +  2ffi7«  +  2|^a^- 

Cela  peut  Stre  verifi^  facilement  par  la  subabitution  actuelle :  maia  noua  allons  le 
d^montrer  par  la  throne  des  hyperdi^tonninants.  En  effet,  soit  (123)  le  determinant 
aymbolique  form^  avec  d^,,  3j/,,  3^, ;  dx,,  dy^,  9j^ ;  d^,,  dy^,  d^,,  {A%Z)  le  determinant  sym- 
boHque  form^  avec  a,  0,  y;  dx^,  dy^,  Sj, ;  d^,,  dy^,  9^^,  et  ainsi  de  suite;  puis  soient  7,,  2*,, 
...les  fonctions  xdx,  +  y'^y,  +  2\,  (!^x^  +  ySy,+  z^z^,  &c.  et  p  =  ax  +  ^y  +  yz,  on  aura  identi- 
quement : 

p{l2-3)  =  -T,(A2:i)-T,{ASl)-T,(Al2), 
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et  en  ^levant  au  cajre  les  deux  membres  de  cette  Equation,  ajoutant  le  facteur 
UiUJJt,  et  r^duisant  les  variables  apres  avoir  differentia  suivant  x,  y,  z,  puis  en  tenant 
compte   dea  equations 

T^^  A  (23)^  U^U.U,  =  2n  [n  -  1)  E7 .  ^, 
T,T,A  (23)^  (31)  IJ,U,U,  =  -  (ra  -  IfD'U, 
on  obtiendra  le  resultat  dont  il  s'agit. 

II  sera  aussi  facile  de  d^duire  de  cette  formule  quelqucs  propri^tds  de  la  courbe 
Vi7=0,  dans  les  cas  d'un  point  double  ou  d'un  point  de  rebroussement  de  la  courbe 
f/'=0.  En  effet,  pour  un  point  double,  les  ddriv^es  L,  M,  JV"  de  11,  et  par  suite  ZPU, 
et  sea  d^riv^es  du  premier  ordre,  a'^vanouiasent.  De  plus,  pour  un  point  de  rebrousse- 
ment on  a  '^  =  0.  Done,  pour  un  point  double  on  a  Vtr=0,  od  la  courbe  exprimee 
par  cette  Equation  passe  par  chaque  point  double  (y  compris  ies  points  de  rebrousse- 
ment) de  la  courbe  U^O.  Prenons  la  d^riv^  de  I'^quation  en  question,  en  affectant 
du  symbole  3  ==  ^9ji  4- T)3y  +  i^O,  ses  deux  membra.  Supprimant  les  termes  qui  se  r^dui- 
sunt  a  zero  aux  points  doubles,  cela  donne 

0  =  {ax  +  I3i/  +  jzydVU ; 

c'est-a-dire  qu'il  y  aura  aussi  el  chaeun  de  ees  points  un  point  double  de  la  courbe 
VZ7=  0.     Passant  anx  deriv^es  du  second  ordre,  on  aura 

(n ~  Ij'd^D^U ^  n  {n-1)  ^d'JJ -  {ax  +  j3y  +  -yzy  3^V  U. 


d'DHJ -  a^  g^a,  -I-  (S^'d'h  ^'fd'>a  +  20yd-'{  +  2yad"-g  +  23^5'h, 
et  3^a,  &e.  se  ri^duisent  a 

2{cdM-'-2/dMdM+bdN'),  &c. 

savoir  (en  mettant  a^  +  hy  +  ff^,  k^+hv  +  fX,  ff^+fy  +  o^  a  la  place  de  dL,  dM,  dN,  et  on 
ayant  egard  ^  la  condition  Vf7  =  0)  k  'id'JJ .%  &c. ;  on  aura  done  9'Dm  =  23=  P .  N!'",  on  enfir. 

{n-\){n-2)?^U  .■^^-(ax  +  ^y-\-r^zyr!7U, 

c'est-a,-dire :  les  deux  courbes  U^d,  V[r=0,  se  toueheront  dans  les  points  doubles. 
Enfin  pour  un  point  de  rebroussement  d'VU  s'^vanouit,  c'est-a-dire,  il  exiate  un  point 
triple  dans  la  courbe  VU=Q.  Mais  il  pent  etre  d^montr^  que  deux  branches  de  la 
courbe  se  touchent  en  ce  point,  et  qu'elles  touchent  aussi  la  courbe  f/^O;  c'est-a-dire 
qu'il  y  aura  dans  la  courbe  VtT'^O  un  point  de  rebroussement.  et  une  autre  branche 
de  la  courbe  qui  passe  par  ce  point.  Pour  cela  il  faudra  passer  aux  d^rivees  du 
troisieme   ordre.     Cela   donne,   en   supprimant   les  termes   qui   s'evanouissent : 
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Ici  Oil  a 

d'&  =  6  {dcdM'  -  2d/dMdN  +  dbd]V-'j  +  6  {cdMdHf  -/{dMd'N+  dNd'M)  +  bdNd'N],  &c., 

et  les  deux  ligiies  de  cette  expression  se  r^duiaent  k  Qd'U.dM,  et  h  z^ro,  respective- 
ment.  En  effeb,  en  renipla9ant  dM,  dM  par  leura  valeurs,  le  coefficient  de  ^  dans  la 
premiere  ligne  devient  6{k^c-2ghd/+g^db)  =  Qa{bdc  +  cdb-2fdf)  (et  k  cause  de  33  =  0, 
GC  =  0,  j^  =  0)  =  Qad^ ;  et  egalement  pour  les  autres  termes.  De  meme,  Ic  coefficient, 
de  1=  dans  la  seconde  ligne  devient  6  [chdh  —/{gdh  +  hdg)  +  hgdg].  En  y  ajoutant 
^Qfdc-2ghdf+gWj,  savoir  ^ad^,  la  somme  se  r^uit  a  39{cft'-2/3ft.  +  6^)  =33(a0- V) 
=  3(i9^ ;  done  le  coefficient  en  question  s'^vanouit.  En  cherchant  de  la  meme  manifere 
les  autres  coefficients,  on  trouvera  ies  valeurs  dont  il  s'agit,  et  ainsi  3*a  =  6<5^f/.  3SI, 
&c.  et  de  1^  d^D'U-^-Qt^Ud^;  done  eniin 

ce  qui  soffit  pour  demontrer  le  thdoreme,  qui  peut  etre  ^nonc^  comrae  suit : 

TiifioRiiME.  "II  existe  un  point  double  do  la  courbe  VP'=0,  pour  chaque  point 
double  de  la  courbe  V  =  0,  et  les  deux  courbes  ont  des  tangontes  communes  dans 
ces  points.  De  plus,  il  existe  un  point  triple  de  la  courbe  V[/'=0,  pour  chaque  point 
de  rebroussement  de  la  courbe  U=0,  savoir  un  point  de  rebroussement  dont  les  deux 
branches  touchent  la  tangente  de  la  courbe  IT~0,  et  encore  une  troisifeme  branche, 
qui  passe  par  le  point  de  rebroussement." 

II  suit  de  la  que  dans  le  cas  d'un  point  double,  ce  point  doit  etre  consider ^ 
comme  la  reunion  de  six  points  d' intersection,  et  dans  celui  d'un  poiot  de  rebrousse- 
ment, de  huit  points  d'intersection.  C'est  de  cette  maniere  que  Ton  se  rend  compte 
du  th^rfeme  de  M.  Pliicker  qui  dit  quo  I'effet  de  ces  deux  singularit^s  est  de  faire 
disparaitre   respectivement   six   ou   huit   points   d'inflesion   de   la   courbe   donn^e. 

Examinons,  en  finissant,  la  th&rie  des  points  d' osculation.  II  est  faeile  de  voir  que 
la  condition  d'un  tel  point  (savoir  d'un  point  dans  lequel  la  tangente  coupe  la  courbe 
en  quatre  points  cons^cutifs)  consiste  en  ce  que  d'U  contient  dU  comme  facteur,  ou, 
autrement  dit,  que  I'^quation  I^U=0  est  identtquement  vraie.  On  obtient  ainsi  dix 
conditions,  qui  se  r^duisent  assez  facilement  k  six;  mais  pour  les  r^duire  k  une  seule 
condition,  il  faut  prendre  la  d^riv^e,  avec  le  symbole  D  de  la  valeur  donn^e  ci-dessus 
de  D^JJ.  On  doit  cependant  ne  pas  oublier  que  D .  LfiU,  outre  le  terme  D^U,  contient 
aussi  des  termes  que  Ton  obtient  en  feisant  op^rer  les  symboles  d^,  dy,  dg  sur  les 
quantit^s  i,  M,  N  qui  entrent  dans  I^U.  Car  il  est  convenu  que  les  symboles 
Si.  S^i  9z  dans  D^U,  ne  doivent  pas  affecter  les  lettres  L,  M,  JV.  Cependant  il  est 
remarquable  que  dans  le  cas  actuel,  ces  termes  se  detruisent  entierement.  En  effet, 
en   les  d&ignant   par   fl,   on   obtient 

n  =  2i>  [(My  -  N0)  (aa^  +  hd„  +  gd^)  +  (Na  - 1/3)  (kd^  +  bo,,  -i-/9^,) 

+  {L^  -  My)  (gd^  +/S.„  +  c3^)] .  D  U, 
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U, 


m   il   faut   d'abord   effectuer   lea   operations  S^,  d^,  df,  qui   se   rapportent  a  D,  et   ensuite 
rapporter  !es  d^,  dy,  d^  a  la  fonction   U.     Cela  donne 

+  B'  [L  (gd,  -cd^)-N(ad,-c,d^)] 
+  y'[M  {hd^  -ady)-L  (bd^  -  H)] 
+  /3y[-L  Qid^  +  gdy  -  2/3^)  +  if  (a3.  -  gd^)  +  N  (ad,j  -  kd^)] 

+  al3[-N{gdy  +fd^-2hd,)  +  L  (cd,,  ~fd,)  + Micd^  -?9^)], 

oil   9a,,   dy,   di   se   rapportent   seulcment   k    JJ.     Or   tous   les    termes    de    cette 
s'^vanotdssent.    Par  exemple  le  coefEeient  de  a*  devient 

(Ndy  -  Md,)  [iv  {fdy  -bd,)-M  (cdy  -fd,)]  u 

et  ainsi  pour  les  autres  termes ;   done  on  a  fl  =  0. 


Done,   en   transportant  S.   I'aiitre  i 
DW  ou  Vtr,  on  obtient  cette  formule  f 


4  de   r&|uation   les    termes   qui    eonticnnent    f7, 
i  simple : 


ou  la  acule  condition  d'un  point  d' osculation  (en  ayant  ^gard  k  I'^qiiation  VU^O)  se 
r^duit  k  DW  =  0.  Savoir  les  d^rivfes  d^W,  dyW,  d^U  doivent  gtre  proportionnelles 
k  dxU,  dyU,  dJJ  (ce  qui  ^quivaut  a  une  seule  condition,  en  vertu  de  U=0,  VU=0; 
corame  on  !e  voit  facile ment).     Cela  donne  le  theoreme  suivant. 

Th^oreme.  "Dans  le  cas  d'un  point  d'osoulation.  les  deux  courbes  P"  =  0,  V(/"=0 
se  touchent." 

II  n'y  a  presque  pas  de  doute  que  la  deriv^e  VVt/'  ne  se  rddiiise  toujours  a  ia 
forme  R.U+S.^U.  En  effet,  M.  Hesse  I'a  d^monfcr^  pour  les  fonctions  de  trois 
variables  et  du  troisieme  degr^,  et  moi,  je  I'ai  verifie  pour  les  fonctions  de  deux 
variables  d'un  degr^  quelconijue.  Cela  ^tant,  les  points  d'inflexion  de  la  courbe  Vr7=0 
sont  situes  aux  points  d'intersection  avec  17=  Oj  et  au  cas  ofi  les  deux  courbes  se 
touchent,  ce  point  do  contaet  doit  ^tre  considi^r^  cornme  la  reunion  de  trois  points 
d'intersection :   done. 


"Tout  point  d'osoulation  peut  etre  envisage  comme  point  de  reunion  de  trois  points 
d'infleadmi." 

Nous  d^montrerons  encore,  d'une  mani^re  conforme  a  cello  dont  nous  avons  trouv^ 
I'expression  de  B^U,  I'expression  qui  vient  d'etre  donn^e  pour  D'U  h  moycn  de  la 
formule 

p'  (123)^  =  [T,  (^23)  +  T,  (An)  +  T,  (A12)Y. 
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En  miiltipliant  les  deux  membres  par  (ill4)  + (j124)  +  (J.34),  le  terme  k  gauche  peut 
Stre  pr4senfc^  sous  la  forme  p" (AG4) {12Sy,  ou  d^^,  dyg,  B^g  se  rapportent  a  tons  les 
systfemes  de  variables.  En  j  appliquant  le  produit  UiUsUaU,  (les  variables  identiques 
aprfea  lea  differentiations),  on  obtiendra  6p^(AH)U'iVU=  —  Q  S^U .p\  Pour  la  droite 
de  I'^quation  on  a  d'abord  trois  terraes  comnie  Tj^(Ali)iA2Sy  UtUiUaU^,  lesquela  se 
detruisenfc  ^videmment,  k  cause  de  (AH)  UiUi  =  0;  puis  six  termes  de  la  forme 
(A14)  (A2S)  (ASl)  UiU^lTtU,,  qui  se  d^truisent  aussi,  puiaqu'en  fehangeant  1,3  et  2,4,  le 
terme  change  de  signe;  puis  troia  termes  comme  7*,^  {(J,24)  +  (434))  (j123)^  Pj^EJsPai/j, 
&c.  savoir  T,' U,  {(A2i)  +  (ASi)}  {A'iSy  U^U.U,  =  - '2m  (n  - 1)  U .  D-<^ ;  c'est-^dire  tons 
ces   termes  sont   Qn  (n -  1)  U D"^ ;    enfin   trois    termes   2T,T^{A2S)  (AM)  (ASi)  TJJJ.U^U, 

—  2{n  —  iyifiV,   ou,   toua   pris   ensemble,   (i  (n  —  lyD'U,     Done,   en   supprimant   le   termo 

—  6w{«  — 1)  CTD^,  h  cause  de  JJ—Q,  on  obtient  la  mSme  Equation  que  ei-dessiis, 
savoir : 

On  pourrait  croire  qu'i!  y  a  uno  equation  analogue  {n  —  VfD*U—  —  {a.x  +  ^y-\-'yzyD''VU 
pour  les  d^riv^es  du  quatrihne  degr^,  mais  cela  n'eat  pas.  En  offet,  il  est  facile  de  voir 
que  pour  un  point  d'osculation,  IfiW  se  r^uifc  k  VVf7,  k  un  facteur  pres,  c'est-a-dire 
Ton  aurait  IP^U=0,  puisque  WfT  s'^vanouit  aux  points  d'osculation:  done  on  aurait 
g^n^ralement  pour  uii  point  d'osculation  D^U=0;  mais  cela  eat  seulement  !e  caractfere 
des  points  d'osculation  d'un  plus  haut  degr^,  aavoir  de  ceux  oil  la  tangente  rencontre  la 
courbe  en  cinq  points  eonsdcutifs.  Pour  le  quatriome  degr^  lo  probl&mc  devient  trop 
complique  pour  Strc  traits  de  cette  i 
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NOTE    SUR    LES    HYPEKDETEUMINANTS. 


[From  the  Journal  filr  die  reine  und  angewandte  Math&iiiatik  (Creile),  tome  XXXIV. 
(1847),  pp.  148—152,] 

I.  SoiT  V  line  fonction  homogfene  de  x,  y  de  2^''™"  ordre.  En  ^galant  k  zero  les 
coefficients  diff^rentiels  du  p**""  ordre  de  cetbe  fonction,  pris  par  rapport  k  x,  y,  et  en 
elimiiianfc  ces  variables,  on  obtiendra  entro  les  coefficients  de  la  fonction  un  nombre  p 
d'ei^uations.     Or  parmi  cca  Equations  il  j  aura  toujours  ime  scule  du  second  ordre,  savoir 

(suivant   la   notation  dans  mon  m^moirc  sur  les  hyperd^terminants,  t.  xxx.  [(1840),    16]. 
Par  exemple,  en  ^crivant  (  au  lieu  de  a:  i  ^  on  a  identiquement 
c  (at  +  b) 
-b{U  +  c) 

(  et  ){ot'  +  2bt+c) 
~  {idt  +  2e)  (bf  +2ct  +  d) 
+  (3ci  +2c0{c*'  +2dt  +  e) 

=  (ae-4<bd  +  3c=)  f, 


(    9f 

)(af=  +  3if  +3ci  +<;) 

(  life  + 

■igi 

)(be+Scf  +  3dt  +  e) 

(UeP  + 

18/(  + 

■63)(cf  +3dP  +  3et  +/) 

(Wdf  +  1561  +  6/)  (de  +  3el"  +  3/i  +  y) 

^(o^~ebf+lBec~lOd'jt', 
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et  ainsi  de  suite:  il  ne  reste  qa'k  determiner  la  loi  dee  coefficients  mim^riques  des 
facteurs  h  gauche.  Pour  cela,  repr^sentons  par  A,  B,  C,  ...  lea  coefficients  do  (1+s)^,  et 
par  A',  B",  C,  ...  lea  coefficients  de  (1— s)~^.  On  aura  pour  ces  nombres  le  systemc 
fiiijvant ; 

+  A'A, 

-A'B.     -B'A, 

+  A'C,     +B'B,    +C'A, 


±1,        +ir,      ±L... 


Los  noiubrcs  /,  iT,  i  ...  dc  la  demlfere  ligne  seront  h,  d^termiaer  au  moyen  d'uiie  autre 
regie :  il  faut  feire  ^vanouir  les  sommes  dea  nombres  dans  la  m^me  ligne  verticale,  ces 
nombres  ^tant  pris  avec  leurs  signes  actueb.  Je  suis  parvenu  par  induction  k  ces 
ftirmules,  mais  il  ne  serait  pas,  je  crois,  trea  difficile  de  les  d«5montrer  directement. 

II  me  parait  possible  que  tons  lea  hyperdeterminants  qui  ae  rapportent  a  la  fonclion 
r,  puissent  ^tre  tronv^s  en  ^liminant  entre  1^  Equations  (en  nombre  de  p)  dont  il  s'agit, 
(.■t  cela  dans  le  cas  oil  IT  est  de  Tordre  2p  ou  2p  + 1 ;  au  moins  cette  rfegle  se  v^rifie 
pour  les  fonctions  de  deuxifeme,  troisifeme  et  quatrieme  ordrea,  et  cela  paraiasait  (k  priori) 
moins  probable  pour  les  d4nv4Bs  d'un  degre  plus  ^evd  que  pour  celles  du  second  degr^, 
pour  lesquelles,  comme  on  vient  de  le  voir,  il  est  effectiveraent  vrai. 

Cela  ^tant,  il  y  aura  seulement  un  nombre  p  de  d^rivees  iud^pcndantes  pour  lesi 
fonctions  du  2^'*""^  et  du  (2^  +  1)'*™*  ordre:   conclusion  que  je  ne  puis  pas  d^montror. 

11.  Soit  V  =  6a6cd  +  36V  ~  o'(P  —  idc^  —  Ib'fi,  et  repr^sentons  par  V,  le  determinant 
forme   avec   les   coefficients   differentiels   du   second   ordre   de   V   par  rapport  k  a,  b,  c,  d, 

(propriete  qui  a  un  rappoi-t  singulier  avec  celle  qu'a  d^montri^e  M.  Ejsenstein  par  rapport 
aux  coefficients  du  premier  ordre  de  la  mfime  fonction  V).  La  demonstration  que  je  puL« 
donner  de  ce  th^orfeme  est  k  la  v^rite  assez  compliqu^e,  mais  je  ne  vols  pas  d'autre. 
En  mettant 

p  =  I  (bd  -  c'),     ?  =  H^c  -  ad),    r  =  I  («c  -  fc'), 
on  obtient 

Vj  =  81  a''     ,         ah     ,     ac-  Sr,     ad  +  9q 

ba      ,     ¥  +  2r,     he  ~  q  ,     hd  -Sp 
a  —  Sr,    cb  —q  ,    c=  +  2p,  cd 

la-\-dq,    db-^},         dc     ,  d^       \ 

oil  le  determinant  ne  contient  que  les  termes  du  quatrieme  ou  troisifeme  degr^  en  p,  q,  r, 
et  en  developpant  on  a 

Vi  =  81  {9  {pr  -  q^y  -  HaY  -  2dV  -  I2q  (abp'  +  cdr^)  -  18^  (lPp  +  ifr) 

-Q(pr  +  f)  (acp  +  bdr) -  2adq{3pr  -  5*)  ~  ISboq  (pr  +  q^)], 
C.  45 
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d'ou,  on  reduiaaiit  au  moyen  des  expressions 

ap  =  -  (2bq  +  cr),     dr  =  —  {2cq  +  hp),     ad^bc-  Sq, 
on  tire  Vj  =  81  {9 (pr -  q^Y  +  i{b^p  +  2bcq  4-  (fr) (pr  +  q")  +  Qf  (%)•  -  q'fi, 

on  entin,  au  moyen  de  2  (b^p  +  2bcq  +  ifr)  =  -  3pr : 

V,  =  243  (pr  -  qj  =  3V^ ; 
voila  r^quation  qn'il  s'agisaait  k  d^montrer. 

III.  En  considerant  a :  d,  b :  d,  c  :  d  eomme  repr^sentanta  lea  trois  coordonn^es 
d'uii  point,  ou,  si  Ton  veut,  des  fonctions  lin&ires  de  ces  coordonn^es,  I'^quation  V  =  0  ' 
appartient  ^videmment  k  ime  surface  d^veloppable  (de  quatrieme  ordre).  Mais  la  condi- 
tion pour  que  I'^quation  (7=0  (V  ^tant  une  fonction  homogene  de  quatre  variables) 
appartienne  a  une  surface  developpable,  est,  que  le  determinant  form^  avec  les  coefficients 
diff^rentiels  du  second  ordre  de  la  fonction,  s'^vanouisse  (th^or&rae  de  M.  Hesse,  t.  xxviii. 
[(1844)  pp.  97 — 107,  "Ueber  die  Wendepunkte  der  Curven  dritter  Ordnung"]).  Done  il  faut 
que  Vi  s'^vanouisse  au  moyen  de  V  =  0,  c'est-^-dire,  il  faut  que  Vi  contienne  le  facteur  V ; 
ce  qui  s'accorde  parfaitement  avec  I'equation  qui  vieut  d'etre  pr^sent^e.  Mais  il  ne  peut 
&tre  prouv^  de  cette  maniere  que  I'autre  facteur  doit  aussi  se  r^daire  h  V,  et  mSme  cela 
nest  pas  vrai  si  Vi  vient  d'une  fonction  d'un  plus  haut   degre  que  le  quatrieme. 

II    suit   de   cela   qu'en   supposant   toujours   que   les   coefficients   soient   des   fonctions 

—  ~~r 

dx     "'   dp 
appartient  toujours  k  une  surface  developpable.     De  mSme  I'eiimination  de  x,  y  entre  les 

trois  Equations    -^-j  =  0,    ,  ■■->   =  0,  -^  —  0  conduit  aux  equations  de  I'arete  de  rebrousse- 

ment    de   la   surface,   et   de    plus,   en   eiiminant   entre    les    Equations   -r-g  —  ^,  'JZaZf  ~^' 

' — f-  =0,     ,-  =  0,  on  obtient  lea    points    de    rebroussement    de    I'arete    de    robrousscment. 
(te  dy^  ay* 

Cela  conduit  h  quelquea  resultats  remarquables. 

Par  exemple,  la  surface  developpable  dont  I'equation  est 
V  =  Qa})cd  +  2,b^(^  ~  iac'  -  iW  -  a'd\ 
a  pour  ar^te  de  rebroussemenfc  la  courbe  dont  les  equations  (dquivalentes  k  deux  equations 
seulement)  sont  bd ■~c''  =  0,  ad~hc  =  0,  ac  — 6^=0,  ce  qui  est  une  courbe  du  troisieme  ordre 
seulement  Car  en  considerant  deus  quelconques  de  ces  trois  equations,  par  exemple 
celles-ci :  6c^  —  c'  =  0,  oti  —  &c  =  0,  ces  equations  appartiennent  ^  deux  surfaces  du  second 
ordre  qui  ont  en  commun  la  droite  d  =  0,  c  =  0 :  cela  s'accorde  avec  un  resultat  que  j'ai 
donne  dans  mon  memoire  sur  les  surfaces  developpables  dans  le  journal  de  M.  Liouville 
[t.  X.  (1845),  30]. 

Egalement,    en    considerant    uno    Equation    ile    quatrieme    degre    en  t,  on    obtient    une 
surface  developpable. 

(ae  -  4M  +  Hc^f-  27  (ace  +  Ucd  -  ad'  -  &V  -  c'y  =  0, 
qui  a  pour  arSte  de  rebrousacment  la  courbe  du  sixicme  ordre  exprimee  par  les  equations 
ae  —  ibd  +  3c^  =  0,  ace  +  ibcd  —  ad?  —  h^e  -  c'  =  0.     Je  n'ai  pas  completement  rcussi  a  expliquer 
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pourquoi  cette  courbe  du  sixieme  ordre  a  ane  osculatriee  d^veloppable,  seulement  dn 
sisi^me  ordre,  majs  cette  reduction  s'opfere  en  partie  au  moyen  des  points  de  rebrousse- 
ment  de  la  courbe,  qui  se  trouvent  au  moyen  des  Equations  at  +  b  =  0,  bt  +  c  —  G,  ct+d  =  0, 
dt  +  e  =  0.  Pour  savoir  k  combien  de  points  ces  equations  correspondent,  il  faut  re- 
niarquer  que,  a,  b,  c,  d,  e  ^tant  des  fonctiona  lin^ires  des  coordotinecs,  on  aura  toujourti 
entre  cca  quantitcla  une  Equation  liD^aire  telle  que 

Aa  +  Bb  +  Gc  +  Dd  +  Ee^  0, 
oil    A,    B,    ...    sont    des    constantes.      Done,    en    eiiminant    a,    b,    c,    d,    e,    on    obtient 
A  — Bt+C^  —  Dl^  +  El^^Q,    Equation    du    quatri&me    ordre,   et   i    chaque    valeur  de   (  il 
correspond  un    des    points    dont   il  s'agit ;    done   la  courbe    du    sisieme    ordre   a   quatre 
points  de   rebroussement. 

tgalement  la  surface  d^veloppable  qui  correspond  k  une  Equation  du  rn^'^'"^  ordre,  est 
de  I'ordre  2(m  — 1);  Tar^te  de  rebroussement  est  de  I'ordre  3(m-2),  et  il  y  a  dans 
cette  courbe  un  nombre  4  (m  —  3)  de  points  de  rebroussement.  II  faut  toujours  se 
rappeler  que  ces  surfaces  d^veloppables  ne  sont  pas  les  surfaces  developpables  lea  plus 
g^n^rales  qui  existent  de  I'ordre  2(m  — 1),  except^  dans  le  cas  des  surfaces  developpables 
du  quatri^me  ordre. 

IV.  II  vaut  peut-^tre  la  peine  de  donner  en  passant  une  dc^monstration  de  cc 
th^oreme  de  M.  Chasles:  "Le  plan  qui  passe  par  trois  points  qui  se  meuvent  avee 
des  vitesses  uniformes  dans  trois  droites  quelconques,  enveloppe  une  surface  d^veloppable 
du  quatrifeme  degr^."  En  effet,  en  supposant  que  ct :  B,  ^  :  B,  y  :  B;  a.' :  B',  0' :  B',  f/  :  S' ; 
a"  :  B",  j3"  :  B",  y"  :  S",  soient  des  fonctions  lin^aires  du  temps  ((S,  B  B  }  p  nt  et 
constants,  ou,  si  Ton  veut,  des  fonctions  lin^aires  du  temps,  ce  qu  rr  j  d  ^  u 
cas   un  peu   plus  g^n^ral   que  celui  de  M.  Chasles),  ou   pent    prendr  al  urs   p 

coordonneea  des  tioi'^  pomt**  mobile''     Done  en  prenant  x  :  w,  y  :  vj,  z  z  u  ^  1 

d'un  pomt   queiconque  du   plan    on    obtient    I'^quation    de    ce   plan,     n       ala  %   \   zi 
le  deteiminant  forme  avec  les  vateurs  r    y    z    w;    a,  ff,  j,  B;  a',  0',  y'    S  /3      y      B 

ce    qui   d^nne   une   Equation   de  la  forme  a  +  3bt  +  3ct'  +  df  =  0,  a,  h,        Z  ^t     t   I      f 
tions  Imeaires  de  x    y   z   u     et  cela  sufiit  pour  d^montrer  le  th^oreme  d     t    1     ag  t 

V  En  fmi'^ant  ]  mdiquerai  un  pnncipe  de  classification  des  courbes  k  double 
courbure  jui  me  paiait  etze  de  quelque  importance;  savoir,  on  pourra  diatinguer  lea 
courbes  qui  ne  peuvent  pas  etie  1  intersection  complete  de  deux  surfaces,  de  celles  qui 
peuvent  1  etre  Par  e\emple  en  taisant  passer  par  une  courbe  donn^e  du  troisifeme  ordre 
deux  surfaces  du  second  ordie  la  courbe  nest  pas  I'intersection  complete  des  deux 
surfaces ,  celles  ci  se  coupent  dans  cette  courbe  et  dans  une  cerfcaine  droite.  Quel  est 
le  th^or&me  analogue  poui  les  couibes  du  n  ™"  ordre  ?  Peut-on,  par  exemple,  toujours 
combiner  avec  une  courbe  donn^e  d  un  ordre  queiconque,  une  autre  courbe  qui  est 
['intersection  complete  de  deux  surfaces,  de  inanifere  que  1 'ensemble  des  deux  courbes 
aoit  une  intersection  complete  de  deux  surfaces  ?  Et  si  non :  de  quelle  mani&re  trouvera- 
t-on  les  Equations  g^n^rales  d'une  courbe  de  «"'""  ordre?  Quel  eat  le  degr^  de  g^n^- 
ralit^  de  ces  equations  ?  II  y  a  une  foule  d'autrea  questions  qu'on  pourrait  ici  proposer. 
J'ai  propose  une  question  analogue  dans  Ic  point  de  vue  analytique,  niais  elle  est 
rest(5e   sans   r^ponse. 

45—2 
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SUR  QUELQUES   THEOREMES   DE  LA  GEOMETRIE  DE  POSITION. 


[From  the  Journal  fur  die  reine  und  angewandie  Mathematik  (Crelle),  tome  xsxiv. 
(1847),  pp,  270—275.     Continued  from  t.  XXXI.  p.  227,  50.] 


I  in. 

LoRSQUE  j'avais  sona  la  plume  la  premiere  partic  do  cc  m^inoire,  jo  no  savais 
pas  que  la  demi^re  partie  du  th^orfeme  de  M.  Steiner  sur  rhexagramrae  de  Pascal 
(savoir  que  les  vingt  points  d'intersection  des  soixante  droites  sont  situ^s,  par  quatre, 
dans  quinze  droites)  avait  d^J£i  ^t^  d^raontr^e  d'une  manifere  aussi  simple  qu'^l^gante 
par  M.  Pliicker  dans  son  m^moire,  "tiber  ein  twues  Prindp  dei'  Geometrie"  (t.  v.  [1828] 
p.  269).  En  supposant  maintenant  cette  demonstration  connue,  je  veux  examiner  de 
plus  prfes  la  correlation  de  ces  vingt  points,  en  adoptant  uno  notation  plus  commode. 

Soit  affjBe^  une  permutation  quelconque  des  nombres  1,  2,  3,  4,  5,  6 :  cctte  permu- 
tation pent  ^tre  nomm^e  directe  ou  inverse,  aelon  quelle  est  form^e  par  un  nombre  pair 
ou  impair  d'inversions.  Des  six  permutations  a^jBe^,  aBy^e^,  atfyySeS ;  aSy^e^,  aj3y^eB, 
afySe^,  les  trois  premieres  ou  les  trois  demi^res  sont  directes.  Nous  representerons  les 
trois  permutations  directes  par  (ar^e).  Les  trois  droites  que  donne  le  th&rfeme  de  Pascal, 
appliqu^  aux  hexagones  eorrespondants  h.  ce  aymfcole,  se  coupent  dans  un  des  vingt 
points  dont  il  s'agit:  point  qui  peut  Stre  repr^sent^  par  la  ni^me  notation  (o^e).  En 
supposant   que   affjBe^  eat   une  permutation    directe,   le    point    aye    correspond   au   point 

( flSf )  ^^  ^'  ■P'"*^^^''-     Partout   dans   cette   section  on  pourra   changer  les  mots  "  directe " 
et  "inverse." 
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ne   doDnent   qu'un  seui   point ;   de  maniere 


Les   six   permutations   des   lettres   a,  ^ 
que   les   vingt   points,  dont   il   s'agit,   sout 


123, 
234, 


124, 
235, 


125, 
236, 


134,     135,     13i 


145, 
346, 


245,     246,     256,     345, 
,  pour  trouver  comment  il  faudra  combiner  ces  points,  j'^cris 


156, 
456. 


et  je  tire  de  la  le  systfeme 


ays 


Les  quatre  points 


«Sf  ,     «, 


combinaisons,  qiiatre 


^  sur  la  m^me  droite,  que   I'oii  peut  repr^senter  par  o/3 .  7S .  ef.     Les   quinze 


e  i  <j 

uatre. 

des  vingt  points. 

seront 

135, 

146, 

236, 

245  dans  la  droito  12.34.56 

136, 

154, 

234, 

256     „ 

„       12.35.64 

134, 

165, 

235, 

264     „ 

„        12.36.45 

1«, 

152, 

342, 

356     „ 

13.45.62 

H2, 

165, 

345, 

862     . 

„        13 .  46 .  23 

1*5, 

126, 

346, 

325     „ 

„        13.42.56 

1,52, 

163, 

453, 

462     „ 

,       „        14.56.23 

153, 

126, 

456, 

423     „ 

,       „        14.52.36 

156, 

132, 

452, 

436     „ 

,       „        14.53,62 

163, 

124, 

564, 

523     „ 

,       „       15.62.34 

164, 

132, 

662, 

534     „ 

,       „        15.63.42 

162, 

143, 

563, 

542     „ 

„        13.64.23 

124, 

135, 

625, 

631     „ 

,       „        16 .  23 .  43 

125, 

143, 

623, 

645     „ 

,       „        16 .  24 .  53 

123, 

134, 

624, 

653     „ 

,       „        16.25.34 

dans   12  .  34  .  56    d'abord    les    derniers    ivub- 
derniers    cinq    num<5ros.      Par   la   la 


o(i   les   droites   s'obtiennent    en    permutant 
numeros   et   puis  dans    ces    trois    permutations 
maniere  de   trouver   les   droites  est  claire. 

Cette   ^nonciation  des  points  et  des  droites,   dont   ii   s'agit,  en  inSme  temps  quelle 
est   parfaitement  symetrique,  est   la  seule   qui  se  pr^nte  naturellement.     Cependant  la 


Hosted  by 


Google 


358 


SUE   QUELQUES    THi;ORi;MES    DB    LA   G^OM^TRIE    DE   POSITION, 


[55 


syiiie'trio   en   est   ai   compliqu^e   et   si   pen   manifestc   qu'il   sera  bon  d'adopter  nne   autre 

i  suivant,  dont  ['arrange m en t  est  assez 


notation.     Pour  cela,  je   forme  le  tableau  auxilia 
elair : 


135 

246 


146 

ach 

346 

cef 

546 

ead 

236 

edf 

251 

aid 

21S 

0/6 

236 

acd 

256 

ast 

216 

.af 

IM 

be/ 

S41 

fad 

643 

deb 

245 
136 


lie  la,  en  ecrivant 


bdf 
ach 
ed£ 
acd 
b/_ 
acf 
bde 

123  =  be/ 

124  =  ede 

125  =  ahd 


fbd 


513 

246 


d/b 


241     ced 
356    fia 


616     d/c 


126- 
134. 
185- 
136- 


146  =  abe 
US-ed/ 


234  =  abe 

235  =  dt/ 

236  =  acd 

245  =ae/, 

246  -  bd/, 
256  =  6ce 

345  =  bed 

346  -  eef 
366  =  ab/, 
466  = 


^^t   do   plus 


12.35.64  =  4e  , 
12.  36.  45  =  c;/, 


15.62,34  =  rie 
16 . 63 . 42  =  Jo 
16 . 64 . 23  =  e/ 

.■  (en  representant  les  points  123,  124,  & 
ie.)    on    verra 


13 . 45 . 62  =  at , 
13 .  46 .  25  =  erf  , 
13.42.66-I!/, 

16.23.45- 


14 .  56 .  23  -  bd  , 
14.52.36=.(i«, 
14.63.62.0/, 


16.24.53= 
16 .  25 .  34  = 


ad, 

6/; 


&c, 


,  par  bcf,  cde,  &c.,  et  les  droites  12.84.  5(i, 
IDS  le  tableau  (A)  que  les  points  sitn^s 
dans  la  droite  ac  sont  ace,  ach,  acd,  acf,  que  les  points  dans  la  droite  be  aont  bed,  bef, 
bea,  bee,  et  ainsi  de  suite,  de  manifere  que  ce  systfeme  des  vingt  points  et  des  quince 
droites   est   pr^cis^mcnt   lo   systfeme   r^ciproque   de   celui   des   (juinze  points   ot   dos   vingt 
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droites  que  nous  avons  consid^r^  dans  la  premiere  section  de  ce  m^moire ;  ou,  autre- 
menb  dit,  que  les  vingt  points  et  les  quinze  droites  sunt  les  projections  sur  un  plan, 
des  points  eb  dea  droites  d'intereection  de  six  plaais  dans  I'espace.  Seulement  la  figure 
plane,  ainsi  formfe,  contient  quatorze  quantity  arbitraires,  tandis  que  le  syst^me  de 
six  points  sur  une  conique  n'en  contient  que  onze,  de  sorte  qu'il  doit  y  avoir  des 
relations  entre  ces  six  plans.  On  ohtient  done  la  forme  suivante  plus  complete  du 
tlieorfeme  de  M.  Steiner  (th^oreme  qui  en  mSme  temps  est  le  complement  du  th^oreme 
XII.  §  1  de  ce  m^moire). 

TBfioRfeME  SIV.  "  Les  soixante  droites  correspondantes  aux  hexagones  form&  par 
six  points  d'une  conique  se  eoupent  trois  k  trois  dans  vingt  points  qui  peuvent  fitre 
consid^^  comme  les  projections  des  points  d intersection  d'un  systfeme  de  six  plans 
(dont   d'ailleurs   la   liaison   reste   encore   a   chercher)." 


THfioRfeME  XIII.  "  Lea  soixante  points  correspondants  aux  hexagones  formes  par  six 
tangentes  d'une  conique  sont  situ^s  trois  k  trois  sur  vingt  droites  d^termin^es  par  des 
plans  qui  passent  par  trois  points  quelconques  d'un  aystfeme  de  six  points  dans  I'espace 
(la  liaison  de  ce  systeme  de  six  points  ^tant  encore  k  chercher)." 


§IV. 

Soient  a,  f;  b,  g;  g,  h  les  points  correspondants  d'un  systeme  de  points  situ^s  sur 
la  mSme  droite,  et  en  involution.  Nommons  "faisceau"  les  trois  cot^  d'un  quadrilatfere 
qui  se  eoupent  dans  un  m§me  point  et  "triangle"  les  trois  c6t^s  qui  ne  se  eoupent  pas 
dans  un  m^me  point  (de  sorte  que  dans  tout  quadrilatfere  il  y  aura  quatre  faisceaux  et 
quatre  triangles).  Les  quadrilateres  dont  les  c8t^  passent  par  les  six  points  en  involu- 
tion, peuvent  §tre  classes  en  deus  systfemes :  Dana  le  premier  les  faisceaux  paaseront  par 
f,  g,  h;  /,  b,  c;  g,  c,  a;  h,  a,  h,  et  les  triangles  par  a,  h,  c;  a,  g,  h;  h,  h,f;  c,f,g] 
dans  I'autre  il  en  sera  le  contraire.  Deux  quadrilat&res  qui  appartiennent  a  ces  deux 
syst^mes  respectivement,  peuvent  ^tre  dits  "en  rapport  inverse  I'un  h.  I'autre."  Soient 
ABGD,  A'B'C'B'  deux  quadrilatferes  non  situes  dans  le  meme  plan,  et  soumis  h.  la  condi- 
tion que  les  cSt^s 

DA,  B'G'-   DB,  CA';   DC,  A'B';   BO,  D'A';   CA,  B'B';   AB,  B'O' 
eoupent  la  droite  dans  les  points 

f,    g,     h,     a,     b,     c 

respectivement.  Les  deux  t^trafedres  A'BCD,  AB'G'D',  ct  ^galemcnt  les  tetraedres  AB'Cl) 
et  A'BG'D';  ABG'D  et  A'BVU ;  ABGD'  et  A'B'G'D  seront  respectivement  inscrits  et 
circonscrits  I'un  k  I'autre.  Car  en  consid^rant  par  exemple  ces  deux-ci :  A'SGD,  AB'CU : 
A'  est  dans  le  plan  B'G'D',  B  est  dans  le  plan  CI/A  (parce  que  les  droites  AB,  CD' 
se  reneontrent) ;  G  cat  dans  le  plan  DAB'  (parce  que  AG  ^X,  B'U  se  rencontrent),  et  D 
est  dans  le  plan  AB'G  (parce  que  AD  et  B'C  se  rencontrent).     ^fegalement  A,  B',  C",  D' 
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sout  situds  dans  lea  plans  BCD,  CDA',  DA'B  et  A'BG  respectivcmcnt ;  et  cela  vdrifie 
ia  relation  dont  il  s'agit.  Ce  thdorferae  est  d&  a  M.  Mobiua  qui  I'a  obtenu  par  son 
Calcul  Earyeentrique  (ce  Journal,  t.  iii.  [1828],  p.  273),  et  en  coneiderant  un  systfeme 
polaire  dans  lequel  le  plan  rdciproque  d'un  point  quelconque  passe  tonjours  par  le  point 
nifeme  (Statik,  c.  vi.  g  86,  et  ce  Journal  t.  x.  [1833],  p.  317).  On  trouve  aussi  quetques 
remarques  sur  ce  sujet  dans  I'ouvrage  "  Systematiscke  Entwickelungen  u.  s.  iv."  de  M. 
Steiner,  p.  247.  Je  ne  croyais  pas  inutile  d'en  feire  voir  la  relation  avec  la  tlidorie 
de  I'involutiou.  Remarquona  aussi  que  non  seulemenfc  lea  quadrilat&res  ABOD  et  A'B'O'D', 
mais  ausai  ceux-ci  ABC'If  et  A'B'CD,  AGB'D'  et  A'CBD,  ADB'd  et  A'D'BG  sont  en 
rapport  inverse  entre  eux.  Par  cela  la  aym^trie  de  la  figure  eat  complet^e ;  mais  on 
n'en  tire  pas  de  nouveaux  systfemes  de  t^traMres  inscrits  et  circonscrita. 

M.  Mbbius  a  d^moutre  qu'il  n'existe  pas  des  quadrilateres  rifels  simples,  a  quatre 
ci'rtds  et  quatre  angles,  inscrits  et  circonscrits.  Maia  en  consid^rant  les  points  imaginaires, 
I'existence  en  est  possible,  et  on  trouve  des  systemea  de  cette  aorte  parmi  les  neuf 
points  d'inflexion  d'uno  courbo  de  troisifeme  ordre.  Je  renvoie  cette  discussion  a  line 
autre  occasion,  §  V. 

Je  me  bomerais,  sans  examiner  de  plus  pres  la  figure  qui  en  rcsulto,  a  demontrer 
le  th^orfeme  siiivant ;  "  Si  un  point  et  n  droitea  aont  donnas,  les  points  d'interaeetion 
de  chaque  droite  avec  la  polaire  du  point,  relative  aux  autres  n  —  1  droites,  sont  aitufe 
sur  une  m^me  droite  polaire  du  point,  relative  au  systfeme  des  droites."  Je  prends  un 
systeme  de  droites,  consid^r^  comme  formant  une  courbe,  et  j'entends  par  polaire  ou 
droite  polaire,  la  dernifere  des  polaires  successives  du  point,  relative  k  la  courbe.  En 
reprt^sentant  anaiytiquement  la  courbe  par  F  =  0,  V  est  une  fonction  homogene  d'un 
ordre  quelconque  en  x,  y,  z\  et  si  a  :  y?  ;  7  sont  les  valeurs  de  x  :  y  :  z  relatives  au 
point,  I'^quation 

est  celle  de  Tune  quelconque  des  polaires  successives. 

Soit  ^  =  0,  5  =  0,  r  =  0,  ...  les  Equations  des  droites,  p,  q,  r,  ...  seront  des  fonctions 
iin^aires  de  w,  y,  z.  Soient  comme  plus  haut  x :  y :  z  =  a:  ^  -.'^  lea  Equations  qui 
d^terminent  le  point:  I'^quation  de  la  droite  polaire  du  point,  relative  aux  n  droites, 
est 

(aSs  +  ^d,j  +  7(5;)""^ pqr  ...  =0. 

Soient  a,  b,  c,  ...  ce  que  deviennent  p,  q,  r,  ...  en  ^crivant  a,  ^,  7,  ...  au  lieu  de  x,  y,  2,  ...  , 
on  obtient  ais^ment 

w),^  +  &dy  +  id^  =  adj:  +  hdg+  ...  ; 
et  de  \k  on  tire 

{ad,,  +  hd,,-<rcd,+  ...)"^'pqr  ...  =0, 

pour  la  polaire  cherch^e.  Les  differentiations  ^tant  efi'cctuces  selon  p,  q,  r,  ...  ,  comme 
variables  ind^pendantes,  on  obtient 

pbc  ...  +aqc  ...  +  ...  =0 
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ou,  ce  qui  est  la  mSme  chose ; 


Pj-Si 


De  meme  la  polaire  du  point,  relative  aux  droitcs  q  —  0,  r  =  0,  , . .  ,  est 

|  +  =  +  „..o, 

b     c 

et  par  eette  raison  1' intersection  de  cette  droito  avee  p  =  0  est  ^viderament  sitii^e  sur 
ia  droite  polaire  du  point,  relative  a  toutea  les  droites ;  ce  ([ui  prouve  la  proposition 
dont  il  s'agit. 

Par  exemple,  en  conaid^raiit  les  droites  BC,  CA,  AB  qui  passent  par  trois  points 
A,  B,  G:  la  polaire  d'un  point  0,  relative  aux  droites  AB,  AG,  est  une  droite  Aa  telle 
que  AB,  AC;  AO,  Aa  forraent  un  faisceau  harmonique.  Soit  a  le  point  d' intersection  de 
Aa  et  BC,  et  supposons  le  mSme  pour  les  points  ^,  7:  les  points  a,  ^,  7  seront  situes 
(comme  on  le  sait)  sur  une  m6me  droite,  qui  est  celle  que  je  nomme  -polaire  de  0, 
relative  aux  cSt^s  du  triangle,  et  que  M.  Pliicker  a  nomm^  "  kamtcmicale."  On  sait  de 
plus  que  les  droites  Aa,  B0,  Gy  peuvent  Stre  eonstruites  comme  suit:  en  prenant 
a,  b,  c  pour  les  points  d'intersection  de  OA,  OB,  OG  avec  BC,  CA,  AB  respectivement, 
les  droites  6c,  BG;  ca,  GA;  ab,  AB  se  rencontrcront  dans  les  points  a,  /S,  7;  ee  qui 
ol&e  une  regie  facile  pour  construire  la  polaire  d'un  point,  relative  h  un  nombre  quel- 
conque  de  droitcs. 

Remarquons  en  finissant  que  la  conique  qui  passe  par  les  points  A,  B,  C,  ct  qui 
touehe  deux  des  trois  droites  Aa,  B0,  Cy,  touche  aussi  la  troisifeme  et  est  effectivement 
la  polaire  conique  du  point,  relative  aux  trois  c6t&  du  triangle.  En  combinant  cela  avec 
la  propriety  connue  que  la  r**™*  polaire  de  0',  relative  h  la  rafeme  courbe,  passe  par  0,  si 
la  (n  — r)'^™  polaire  d'un  point  0,  relative  a  une  courbe  du  w'*"*'  ordre,  passe  par  un  point 
0',  on  obtiendra  le  th&)rfeme  22  de  M.  Steiner  (ee  Journal,  t.  iv.  [1828]  p.  209). 
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DEMONSTRATION  OF  A  GEOMETRICAL  THEOREM  OE  JACOBI'S. 

[i'rom  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  in,  (1848),  pp.  48—49.] 

The  theorem  in  question  {Grelle,  t.  xii.  [1834]  p.  137)  may  be  thus  stated: 
"  If  a  cone  be   circumscribed   about   a  surface   of  the   second   order,  the   focal   lines 
of  the  cone  are  generating  lines  of  a  surface  of  the  second  order  confocal  to  the  given 
surface  and  which  passes  through  the  vertex  of  the  cone." 
Let  (a,  0,  j)  be  the  coordinates  of  the  given  point, 
ir'      «^     2^ 
a^     0^     c' 
the  equation  to  the  given  surface.     The   equation   of  the   circumscribed   cone  referred   to 
its  vertex  is 


^p" 


cV   \«       0^      c'        /      Vet        o'       cV 


whence  it  is  easily  seen  that  the  equation  of  the  supplementary  cone  (i.e.  the  cone 
generated  by  lines  through  the  vertex  at  right  angles  to  the  tangent  planes  of  the 
cone  in  question)  is 

(ax  +  fiy  +  'yz'f  -  aW  —  b^'f  —  c'z^  —  0.  (0 

Suppose  we  have  identically 

(otc  +  /3i/  +  ysy  -  a^a^  -  b^-  o^e^  -h{x^  +  y'^-\-  s'')  =  {lie  +  my  +  nz)  (I'm  +  m'y  +  n'z) ; 
Ix  +  my  +  nz  —  <i  will   determine   the   direction  of  one  of  the  cyclic  planes  of  the  supple- 
mentary  cone,   and   hence   taking   the   centre   for   the   origin    the   equations   of   the   focal 
lines  of  the  circumscribed  cone  are 

I   '  m  n     • 

'  Ax^  +  By^  +  Cz''  +  21<)/s  +  2Gxz  +  2Hxij-0   being   flie    equatioa    of  the    first    t 
cone  is  ^iP  +  ^y''  +  Ki^  +  2Si/z  +  2tSix  +  2'^^j  =  0,  these  letters  [denoting  tlie  invi 
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It  only  remains  therefore  to  determine  the  values  of  I,  m,  n  from  the  last  equation 
but  one.  The  condition  which  expresses  that  the  first  side  of  this  equation  divides 
itself  into  factors  is  easily  reduced  to 


a^  +  h^'b^  +  h^c''^ 
Next,  since  the  equation  is  identical,  write 

'" ~~ a^  +  h '       ^  ^b"-  +  h' 


..(A). 


we   deduce 


a'-^-h^b'  +  h^c'  +  k  ' 


Again,  putting 


the  whole  equation  divides  by 

a  factor  whose  value  is  easily  seen  to  be  =—1.     And  rejecting  this,  we  have 

^k+i^h+^t-h-" <'^>' 

Thus  of  the  three  equations  (A),  (B),  and   (C),  the  first  determines  h,  and  the  remaining 
two  give  the  ratios  I  :  m  :  n.     It  is  obvious  that 


is  the  equation  of  the  surface  confocal  with  the  given  surfoce  which  passes  through 
the  point  (a,  y3,  7).  The  generating  lines  at  this  point  are  found  by  combining  this 
equation  with  that  of  the  tangent  plane  at  the  same  point,  viz. 

a^_      _§y_,_^  _-,  . 

and  since  these  two  equations  are  satisfied  by  x^a  +  lr.  y=^jB  +  mr,  2  =  7  +  nr,  if  I,  m,  n 
are  determined  by  the  eq\iations  above,  it  follows  that  the  focal  lines  of  the  cone  are 
the  generating  lines  of  the  surface,  the  theorem  which  was  to  be  demonstrated.  It  is 
needless  to  remark  that  of  the  three  confocal  surfiwes,  the  hyperboloid  of  one  sheet 
has  alone  real  generating  lines ;  this  is  as  it  should  be,  since  a  cone  has  six  focal 
lines,  of  which  four  are  always  imaginary. 

40— 2 
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57. 

ON   THE   THEORY   OF   ELLIPTIC   FUNCTIONS. 

[From  the  Gcmibridge  and  Dublin  Mathemutical  Jouriml,  vol.  III.  (1848),  pp.   50 — ."il.] 

We  have  seen  [45]  that  the  equation 

,,(»-l)^.  +  («-l)(«-2a?)g  +  (l-rf+j!')g-2«(a'- 4)^  =  0 

is  integrable,  in  the  case  of  n  an  odd  number,  in  the  form  z~Bf,-\- B,(e'' ...+B^in-i.)X'"'~^  ; 
and  the  coefficients  at  the  beginning  of  the  series  have  alreaxiy  been  determined ;  to 
find  those  at  the  end   of  it,  the  most   convenient  mode  of  writing   the  series  will  be 

and  then  the  coefficients  D^  are  determined  by 


-  {2r  +  3)  (2r  +  2)  („  _  2r  -  2)  (»  -  2r  -  1)  D,. 
The  first  coefficients  then  are 
A=l, 

y),  =  (»-l)«, 

A-2{«-l)(»+6)  +  («-l)(n-9)<.', 
D.  =  6  (n  - 1)  (»  -  9)  (II  + 10)  a  +  (»  - 1)  («  -  9)  (11  ~  2.5)  a", 
A  =  -  36  (»  -  1)  («■  -  13ii"  +  36»  +  420) 
+  J 2  (»  -  1)  (» -  9)  («  -  25)(ii  + 14) o" 
+  („_!)(„_  9)  (n  -  25)  («  -  49)  if, 
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A  -  -  12  (n  -  1)  (i!  -  9)(47ii"  -  365ii"+  3188«  +  31600)  a 

+  20(»-I)(n-9)(«-25)(»-4,9)(«  +  18)a' 

+  („_!)(„  _9)(„_25)(«-19)(»-81)«-, 

-D,  =  -  24  (w  -  1)  (n  -  9)  (  23Ji'  +  2375n'  -  14638tz^+  116100rt  +    693000) 
- 12  (»  -  1)  (ii  -  9)  (*93n'-  8882ii'  +  7031 W  -  S616«»  -  7276500)  «■ 
+  30(»-l)(»-9)(n-a5)(»-49)(»-81)(n+22)«' 
+  (,i  -  1)  (»  -  9)  («  -  23)  (n  -  38)  (n  - 19)  (r.  -  81)  (ii  - 121)  «•, 

And,  in  general, 

A-  in-l)iu-<i)...ln-{2r-ina^ 

+  r{r-l)(n-l)(n-9)...{n-(2r-Sy\(n  +  ir^2)a'-\ 

(where  however  the  next  term  does  not  contain  the  iactor  (n  —  \){n  —  9)...  [n  —  {2r~  ^y]). 

In  the  case   when   n  =  f',   then   in   order   that   the   constant   term   may   reduce  itself 
to  unity,  we  must  assume 

this  is  evident  from  what  has  preceded. 
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NOTES   ON   THE   ABELIAN   INTEGRALS.—JACOBrS    SYSTEM   OF 
DIFFERENTIAL   EQUATIONS. 


[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  III.  (1S4S),  pp,  51 — 54.] 

The  theory  of  elliptic  functions  depends,  it  is  well  known,  on  the  differential 
eciuation     ,  ,  . ,  +   ,-,^^  =  0,  (fx  denoting  a  rational  and  integral  function  of  the  fourth 

1  V(A)    -Jify)     _ 

order),  the  integral  of  which  was  discovered  by  Euler,  though  first  regularly  derived 
from  the  differential  equation  by  Lagrange.  The  theory  of  the  Abelian  integrals  depends 
in  lite  manner,  as  is  proved  by  Jaj:obi,  in  the  memoir  "  Considerationes  generales 
de  transcendcntibus  Abeliajiis"  {Grelle,  t.  IX.  [1832]  p.  394)  to  depend,  upon  the  system 
of  equations 

^^I{fa')'      ^V(»-*^'  ^V(A)-^ ^'^' 

where  fx  is  a  rational  and  integral  function  of  the  order  '2,ii  —  1  or  2n,  and  the  sums 
2  contain  n  terms. 

The  integration  of  this  system  of  equations  is  of  course  virtually  comprehended  in 
Abel's  theorem;  the  problem  was  to  obtain  (w  — 1)  integrals  each  of  them  containing 
a  single  independent  arbitrary  constant.  One  such  integral  was  first  obtained  by 
Eichelot  {Grelle.  t.  xxin.  [1842]  p.  354),  "Ueber  die  Integration  eines  merkwiirdigen  Sys- 
tems Differentia Igleichungen."  by  a  method  founded  on  that  of  Lagrange  for  the  solution 
of  Euler's  equation ;  and  a  second  integral  very  ingeniously  deduced  from  it.  A  complete 
system  of  integrals  in  the  required  form  is  afterwards  obtained,  not  by  direct  integration, 
but  by  means  of  Abel's  theorem :  there  is  this  objection  to  them,  however,  that  any  one 
of  them  contains  two  roots  of  the  equation  /as  —  O.  The  next  paper  on  the  subject 
is  one  by  Jacobi,  "  Demonstratio  Nova  theorematis  Abeliani"  {Grelle,  t.  xxiv,  [1842] 
p.    28),   in    which    a    complete    system    of    equations    is    deduced    by   direct    integration, 
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each  of  which  contains  only  a  single  root  of  the  equation  Jx  —  0.  But  in  Eichelot's 
second  memoir  "  Einige  neue  Integralgleichungen  des  Jacobischen  Systems  Differential- 
glcichungen"  {Crelle,  t.  XXV.  [1843]  p.  97),  the  equations  are  obtained  by  direct  inte- 
gration in  a  form  not  involving  any  of  the  roots  of  this  equation  ;  the  method  employed 
in  obtaining  them  being  in  a  great  measure  founded  upon  the  memoir  just  quoted 
of  Jacobi's.     The  following  is  the  process  of  integration. 


Denoting 

the 

variables 

ty  «=., 

X,.. 

.  x^. 

and 

writing 

Fn 

=  («- 

-xO(c 

.-< 

1. ..<«-«•.), 

Px, 

=  fe 

-X,). 

■■(«,■ 

-«.), 

&e. 

then  the  system  of  differential  equations   is   satisfied  by   assuming   that   x,,   x-...  x„   are 
functions  of  a  new  variable  (,  determined  by  the  equations 

dt        F'x,    '  ^^- 
(In  fact  these  equations  give  S  -/,->-^  —  dtl.  -^  =  0,  &c,) 

From  these  we  deduce,  by  differentiation, 

d^^,±   _fr^    ,  >J(fx^  5,        V(A) 
de      ^dx,  {F'ai,y     F'x,         {x,-xJF'x 

(where   S'    refers    to    all    the    roots    except    x^    and    a    set    of    analogous    equations    for 


Dividing  this  by  a—a.\,   where  a  is  arbitrary,  and  reducing   by 
I 1  I,      «+-,-2"\ 


(a-«,)(a,.-«)     2 (a -a:) («-»,)  I 


dt'  "2  («-!,)  (fa,  (>X)" 


+  J      V(/».)      y,     V(/»)     _ i, -  ■J{fx)^{fx,) (, 


FxF%      (a^x)(a-x,)(x,^xY 


1      d^Xi  _        1  d       fx, 

^1   rf^  ~  2  (a  -  a^)  dx,  (F'tSif 


_VC^_o      V(»  .  M 


i) 


iS'- 
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and   taking   the   sum    of   all    the    equations   of    this   form,   the   last   term   disappears    on 
account  of  the  factor  x^—x  in  the  denominator,  and  the  result  is 

This  being  premised,  assume 
which,  by  differentiation,  gives 

and  thence 

dy  ^     1      dx 


^  dt 


dx     ,    ^       I       /dxy     I   <.      1       d''x 
dt  +^'y^(a-xf  \dt)  ~''y^(^^)  ~dP' 

that  ,s  J  =  i,  (2  (^i^j  -  \y^  ^,-^i^jj^.  -  ht  ^,  ^^  ■ 

Substituting  the  preceding  value  of 


2^ 

;  (ii"  • 

dj,_ 

de 

-iy^w-- 

-.f(FxT 

-iyK^A.ih'-' 

4*J 


+  y  s 


<i(=  ^ » r  ("  -  «■)■  (*"«)■  ^  *(»-»!)  dx  (-«"«)■[ 


Now  the  fractional  part  of  jw^^  is  equal  to 


1       d     fa: 


'■{«-a,f(ra:T^~a-a:d,:(F'a,y 

Also  if  L  be  the  coefficient  of  a?"  in  ya,  the  integral  part  is  simply  equal  to  L, 
(since  (Fa.y  is  a  function  of  the  order  2w,  in  which  the  coefficient  of  a™  is  unity). 
Hence  the  coefficient  of  y  in  the  last  equation  is  simply 

-■fiL-L     J-^-L- 

\Frif  •  f 


*t-^$-^H- 
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-^--Lf  =  C. 


Hence  replacing  7/  and  -~-  by  their  values 


Vii-o.)   a«l   -iV(F«)S(j^^,^ 


V(» 


-(^-^)f'x] 


for  one  of  the  integrals  of  the  proposed  system  of  equations :  and  since  a  is  arbitrary, 
the  complete  system  is  obtained  by  giving  any  (n  —  X)  particular  values  to  a,  and 
changing  the  value  of  the  constant  of  integration  G;  or  by  expanding  the  first  side 
of  the  equation  in  terms  of  a,  and  equating  the  different  coefficients  to  arbitrary 
constants.  The  d  posteriori  demonstration  that  all  the  results  so  obtained  are  equivalent 
to  («  — 1)  independent  equations  would  probably  be  of  considerable  interest. 
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ON   THE   THEORY   OF   ELIMINATION. 

[From  the   Cambridge  and  Dublin  Mathematical  Journal,  vol-  !ii.  (1848),  pp,  116 — 120.] 

Suppose    the    variables    X,,    X^--,   g    in    number,    are    connected    by    the    h    linear 
equations 

fi»i  =  a,  Xi  +  %X^ . , .  =  0, 

these  equations  not  being  all  independent,  but  connected  by  the  k  linear  equations 
<t>,  =  a;^),+  a;0,+  ,..-0, 
O,  =  /3/0.+A'ea+...-O, 


these  last  e<jnations  not  being  independent,  but  connected  by  the  I  linear  equations 
^\  =  a:i"<I>i  +  a/'Oa  +  . . .  =  0, 
■^^  =  /3/'*,  +  ^.!'^\  +  - . .  =  0, 

and  so  on  ibr  any  nniober  of  systems  of  equations. 

Suppose  also  that  g  -  k  +  h -1  + ...  =  0\  in  which  case  the  number  of  quantities 
Xi,  X,,...  will  be  equal  to  the  number  of  really  independent  equations  connecting 
them,  and  we  may  obtain  by  the  elimination  of  these  cfuantities  a  result  V  =  0. 
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To  explain  the  formation  of  this  final  result,  write 


which  for  shortness  may  be  thus  represented, 


n 

O' 

il" 

il'" 

where  il,    il',  il",  il'",    il"",..,    contain  respectively  A,  h,  I,   I,  n,  n,  ...    vertical    rows,  and 
g,  k,  k,  m,  m,  p, ...  horizontal  rows. 

It  is  obvious,  from  the  form  in  which  these  systems  have  been  arranged,  ^vhat  i« 
meant  by  speaking  of  a  certain  number  of  the  vertical  rows  of  D.'  and  the  supplementart/ 
vertical  rows  of  ii ;  or  of  a  certain  number  of  the  horizontal  rows  of  il"  and  the 
supplementary  horizontal  rows  of  H',  &e. 

Suppose  that  there  is  only  one  set  of  equations,  or  g^h:  we  have  here  only  a 
single  system  il,  which  contains  h  vertical  and  k  horizontal  rowa,  and  V  is  simply  the 
determinant  formed  with  the  system  of  quantities  fl.     We  may  write  in  this  ease  V  =  Q. 

Suppose  that  there  are  two  sets  of  equations,  or  g  =  h  —  k:  we  have  here  two 
systems  H,  H',  of  which  O  contains  h  vertical  and  h  —  k  horizontal  rows,  il'  contains  h 
vertical  and  k  horizontal  rows.  From  any  k  of  the  h  vertical  rows  of  fl'  form  a 
determinant,  and  call  this  Q ;  from  the  supplementary  h  —  k  vertical  rows  of  il  fonn 
a  determinant,  and  call  this  Q :    then  Q'  divides  Q,  and  we  have  V  =  Q  -^  Q'. 

47—2 
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Suppose  that  there  are  three  seta  of  equations,  or  g  —  h  —  k+l:  we  have  here  three 
systems,  II,  SI',  H",  of  which  fl  contains  k  vertical  and  h  —  k  +  l  horizontal  rows,  Cl' 
contains  h  vertical  and  k  horizontal  rows,  il"  contains  I  vertical  and  k  horizontal  rows. 
From  any  I  of  the  k  horizontal  rows  of  fi"  form  a  determinant,  and  call  this  Q" ;  from 
the  k  —  l  supplementary  horizontal  rows  of  il',  choosing  the  vertical  rows  at  pleasure, 
fonn  a  determinant,  and  call  this  Q ;  from  the  h  —  k  +  l  supplementary  vertical  rows 
of  ft  form  a  determinant,  and  call  this  Q:  then  Q"  divides  Q',  this  quotient  divides 
Q,  and  we  have  V  =  Q~(Q'^  Q"). 

Suppose  that  there  are  four  sets  of  equations,  ov  ff  — h  —  k  +  l  — m:  we  have  here  four 
systems,  fl,  il',  il",  and  il'",  of  which  il  contains  h  vertical  and  h  —  k  +  l  —  m  horizontal 
rows,  il'  contains  k  vertical  and  k  horizontal  rows,  11"  contains  I  vertical  and  k  horizontal 
rows,  and  il'"  contains  I  vertical  and  m  horizontal  rows.  From  any  to  of  the  I  vertical 
rows  of  il"'  form  a  determinant,  and  call  this  Q"';  from  the  l~m  supplementary 
vertical  rows  of  il",  choosing  the  horizontal  rows  at  pleasure,  form  a  determinant,  and 
call  this  Q" ;  from  the  k  —  l  +  m  supplementary  horizontal  rows  of  il',  choosing  the 
vertical  rows  at  pleasure,  fonn  a  determinant,  and  call  this  Q" ;  fn)m  the  h  —  k  +  l  —  m 
supplementary  vertical  rows  of  il  form  a  determinant,  and  call  this  Q :  then  Q'" 
divides  Q",  this  quotient  divides  Q,  this  quotient  divides  Q,  and  V  =  Q-;- (Q'-^(Q"-^  §"')[. 
The  mode  of  proceeding  is  ohvious. 

It  is  clear,  that  if  all  the  coefficients  a,  /3,  ...  bu  considered  of  the  order  unity, 
V  is  of  the  order  h  —  ik  +  Sl—  &c. 

What  has  preceded  constitutes  the  theory  of  elimination  alluded  to  in  my  memoir 
"  On  the  Theory  of  Involution  in  Geometry,"  Journal,  vol.  II.  p.  -'J2 — 61,  [40].  And  thus 
the  problem  of  eliminating  any  number  of  variables  x,  y  ...  from  the  same  number  of 
equations  U  =  0,  T  =  0, ...  (where  U,  F, ...  are  homogeneous  functions  of  any  orders 
whatever)  is  completely  solved;  though,  as  before  remarked,  I  am  not  in  possession  of 
any  method  of  arriving  at  once  at  the  final  result  in  its  most  simplified  form ;  my 
process,  on  the  contrary,  leads  me  to  a  result  encumbered  by  an  extraneous  factor, 
which  is  only  got  rid  of  by  a  number  of  successive  divisions  les.s  by  two  than  the 
number  of  variables  to  be  eliminated. 

To  illustrate  the  preceding  method,  consider  the  throe  equations  of  the  second  order, 
P  =  (I  afl+b^^+  c  ^  +  1  yi  +  m  £x  +  nw}/  =  0, 
Y  —  a'  x''  +  b'  y^  +  c'  s^  + 1'  yz  +  m'  zx  +  n'  xy  —  d, 
W  =  a" a?  +  V'y"  +  c"s^  +  V'yz  +  'm"zx  +  n"xy  =  0. 

Here,  to   eliminate   the   fifteen   quantities  af,  y*,   ^,   y'z,  z'x,  x'y,  y:f,  za?,  xy^,   yV,   z^x', 
x^y^,  x^yz,  y^zw,  z^xy,  we  have  the  eighteen  equations 

a?U  =  %  y^U^O,  2=1/  =0,  ysU  =0,  zxU  ^0,  xyU  =  0, 
^'V  ^i),  y^V  =0.  z'r  =  0,  yzV  =0,  zxV  ^0,  xyV  =0, 
a^W  =0,     i/'W  =  0,     ^W  =0,     yzW=0,    zxW  =  0,     xyW=-  0, 
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equations,  however,  which  are  not  independent,  but  are  connected  by 

a' V  V  +  b'Y  V  +  c"sf  W  +  V'yzV-V  m"zx  V  +  n"xy  V 

~(a'x^W+b'fW  +  c'^W  +  l'y!:W  +  m'sa!W+n'xyW)^0, 

as:^W  +  by"-W+  csi'W  +  lyeW  +  mzxW  +  nxyW 

-  (af'af'  U  +  h"y''  U  +  c V  U  +  l"yz  U  +  m"ex  U  +  n"xy  C/ )  =  0, 

a'(i?  U  +  h'y'-  U+c':flJ+  I'yz  U  +  m'zx  U  +  rixy  U 

-  (a^V  +  by'V+  c^Y  +  lyzV  +  mzxV  +  nxyV)  =  0. 

Arranging  these   coefficients  in  the  reijuircd  form,  we  have  the  following  value  of  V. 
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which  may  be  represented  aa  before  by 


[59 


Thus,  for  instance,  selecting  the  tirsr,  second,  and  sixth  lines  of  ii'  to  fomi  the 
determinant  Q\  we  have  Q  =  a"  {a!h"  -  a"b')  ;  and  then  Q  must  bo  formed  from  the 
third,  fourth,  fifth,  seventh,  &c. . . .  eighteenth  lines  of  ii.  (It  is  obvious  that  if  Q'  had 
been  formed  from  the  first,  second,  and  third  lines  of  SI',  we  should  have  had  Q'  =  0 ; 
the  corresponding  value  of  Q  would  also  have  vanished,  and  an  illusory  result  be 
obtained;   and  similarly  for  several  other  combinations  of  lines.) 
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60. 


ON  THE   EXPANSION   OF   INTEGRAL    FUNCTIONS    IN   A    SERIES 
OF   LAPLACE'S   COEFFICIENTS. 

[from  fihe  Cambridge  and  Dublin  Mathematical  Journal,  vol.  III.  (1848),  pp.  120,  121.] 
Suppose 

--e.  +".e„  + (1), 

where,  as  usual,  Qu,  Q,,  &<i.  are  the  coefficients  of  the  successive  powers  of  p  in 
(1  —  2fip  +p^)'~^.     Assume 

,/(l  +  A-) 

''^^(i^VATtf)'' <-'• 

where  A  refers  to  C;  then  expanding  this  expression,  first  in  powers  of  ^,  and  then 
in  a  series  of  terms  of  the  form  VCl  +  A^) .  Q,  and  comparing  these  with  the  preceding 
values  of  S, 

.  l.n...2q~l  (   2A    V    ., 


a„_,=  V{I  +AO.A'-,(?  (:}>. 


-^      ^S,  that  i 

1+A- 


j!i-v'(i-^%  va+A)'=^^[i-v(i-s=)}* (4)- 


g.o=^4^.,%^._ 


--&{^-^o--n'^^-'-' 
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or,  expanding  this  last  equation  in  powers  of  B, 

(Sr  +  l),,/     1  1  if     (2r  +  7)  8'     (2r  +  9)(2r  +  n)  8'         \„       ... 

".-r-      g,       °  \2i-  +  1^2  Z-"^     2.4     2'"^  2.4.6  S'"^"-;        "^'' 

or,  replacing  the  suceessivo  term.s  of  the  form  8'^ .  0  by  their  respective  values, 


'•-  -  <^'  +  ''  ■(3.3...(2r+l)2'  "*-'  +  :)..5...(2r  +  3T2'+'     -"  ' ' ' 

(2t+2)(2t  +  4)...      (2r  +  4t)                               1 
+        3      .       6       ...(2r+ 24  +  1)2'+'*     •""*"■) ^  '' 

Thus,  if  S  —  /j.^,  so  that  jls_,  =  0,  except  in  the  particular  case  ^  =  1, 

a^i  =  0, 

_2s-4i+l  (2t+2)(2i  +  4)...       2» 


...  (2»-24+l)  ■ 


..(8), 


„       .■4.K2.^u.i)<^^r"^n^>:::(2.-2..i)«--i <«>' 

which  of  course  includes  the  preceding  case.  By  substituting  the  expanded  values  of 
the  coefficients  Q,  or  again,  by  determining  the  value  of  (1  —  /i)^  in  terms  of  these 
coefficients,  and  equating  it  with  that  given  in  Murphy's  Electricity/,  [8°,  Cambridge,  1833], 
p.  10,  or  in  a  variety  of  other  ways,  a  series  of  identical  equations  involving  sums  of 
factorials  may  readily  be  obtained.  The  mode  of  employing  the  general  theory  of  the 
separation  of  symbols  made  uso  of  in  the  preceding  example,  may  easily  be  applied 
to  the  solution  of  analogous  questions. 
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61. 


ON   GEOMETRICAL   RECIPROCITY. 


[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol,  in.  (1848),  pp.  173 — 179-] 

The  fundamental  theorem  of  reciprocity  in  plane  geometry  may  be  thus  stated. 

"The  points  and  lines  of  a  plane  P  may  be  considered  as  corresponding  to  the 
lines  and  points  of  a  plane  P'  in  such  a  manner  that  to  a  set  of  points  in  a  line 
in  the  first  figure,  there  corresponds  a  set  of  lines  through  a  point  in  the  second 
figure,  (namely  through  the  point  corresponding  to  the  line) ;  and  to  a  set  of  lines 
through  a  point  in  the  first  figure,  there  corresponds  a  set  of  points  in  a  line  in  the 
second  figure,  (namely  in  the  line  corresponding  to  the  point)." 

And  from  this  theorem,  without  its  being  in  any  respect  necessary  further  to 
particularize  the  nature  of  the  correspondence,  or  to  consider  in  any  manner  the  relative 
position  of  the  two  planes,  an  endless  variety  of  propositions  and  theories  may  be 
deduced,  as,  for  instance,  the  duality  of  all  theorems  which  relate  to  the  purely 
descriptive  properties  of  figures,  the  theory  of  tjie  singular  points  and  tangents  of 
curves,  &c. 

Suppose,  however,  that  the  two  planes  coincide,  so  that  a  point  may  be  considered 
indifferently  as  belonging  to  the  first  or  to  the  second  figure  r  an  entirely  independent 
series  of  propositions  (which,  properly  speaking,  form  no  part  of  the  general  theory  of 
reciprocity)  result  from  this  particularization.  In  general,  the  line  in  the  second  figure 
which  corresponds  to  a  point  considered  as  belonging  to  the  first  figure,  and  the  line 
in  the  first  figure  which  corresponds  to  the  same  point  considered  as  belonging  to  the 
second  figure,  will  not  be  identical ;  neither  will  the  point  in  the  second  figure  which 
corresponds  with  a  line  considered  as  belonging  to  the  first  figure,  and  the  point  in 
the  first  figure  which  corresponds  to  the  same  line  considered  as  belonging  to  the 
second  figure,  be  identical. 
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In  the  particular  case  where  these  lines  and  points  are  respectively  identical  (the 
identity  of  the  lines  implies  that  of  the  points  and  vice  versd)  we  have  the  theory  of 
"  reciprocal  polars."  Here,  where  it  is  unnecessary  to  define  whether  the  points  or 
lines  belong  to  the  first  or  second  figures,  the  line  corresponding  to  a  point  and  the 
point  corresponding  to  a  line  are  spoken  of  as  the  polar  of  the  point  and  the  pole  of 
the  line,  or  as  reciprocal  polars, 

"  The  points  which  lie  in  their  respective  polars  are  situated  in  a  conic,  to  which 
the  polars  are  tangents."     Or,  stating  the  same  theorem  conversely, 

"  The  lines  which  pass  through  their  respective  poles  are  tangents  to  a  conic,  the 
points  of  contact  being  the  poles." 

To  determine  the  polar  of  a  point,  let  two  tangents  be  drawn  through  this  point  to 
the  conic,  the  points  of  contact  are  the  poles  of  the  tangents;  hence  the  line  joining 
them  is  the  polar  of  the  point  of  intersection  of  the  tangents,  that  is,  "  The  polar  of 
a  point  is  the  line  joining  the  points  of  contact  of  the  tangents  which  pass  through 
the  point." 

Conversely,  and  by  the  same  reasoning, 

"The  pole  of  a  line  is  the  intersection  of  the  tangents  at  the  points  where  the 
line  meets  the  conic," 

The  actual  geometrical  constructions  in  the  several  cases  where  the  point  is  within 
or  without  the  conic,  or  the  line  does  or  does  not  intersect  the  conic,  do  not  enter 
into  the  plan  of  the  present  memoir. 

Passing  to  the  general  case  where  the  lines  and  points  in  question  are  not  identical, 
which  I  should  propose  to  term  the  theory  of  "Skew  Polars"  (Polaires  Gauehes),  we 
have  the  theorem, 

"  Considering  the  points  in  the  first  figure  which  arc  situated  in  their  respective 
corresponding  lines  in  the  second  figure,  or  the  points  in  the  second  figure  which  are 
situated  in  their  respective  corresponding  lines  in  the  first  figure,  in  either  case  the 
points  are  situated  in  the  same  conic  (which  will  be  spoken  of  as  the  '  pole  conic '), 
and  the  lines  are  tangents  to  the  same  conic  (which  will  be  spoken  of  as  the  '  polar 
conic ')^  and  these  two  conies  have  a  double  contact."  This  theorem  is  evidently  identical 
with  the  converse  theorem. 


The  corresponding  lines  to  a  point  in  the  pole  conic  are  the  tangents  through 
this  point  to  the  polar  conic ;  viz.  one  of  these  tangents  is  the  correaponduig  line 
when  the  point  is  considered  as  belonging  to  the  first  figure,  and  the  other  tangent 
is  the  corresponding  line  when  the  point  is  considered  as  belonging  to  the  second  figure. 

The  corresponding  points  to  a  tangent  of  the  polar  conic  are  the  points  where 
this  line  intersects  the  pole  conic ;  viz.  one  of  these  points  is  the  corresponding  point 
when  the  line  is  considered  as  belonging  to  the  first  figure,  and  the  other  is  the 
corresponding  point  when  the  line  is  considered  as  belonging  to  the  second  figure. 
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Let  i!  be  a  point  in  the  pole  conic,  and  when  i  is  considered  as  belonging  to 
the  first  figure,  let  ili  be  considered  as  the  corresponding  line  in  the  second  figure 
(7,  being  the  point  of  contact  on  the  polar  conic). 

Then  if  j  be  another  point  in  the  pole  conic,  in  order  to  determine  which  of 
the  tangents  is  the  line  in  the  second  figure  which  corresponds  to  j  considered  as  a 
point  of  the  first  figure,  let  il^  he  the  other  tangent  through  I :  the  points  of  contact 
of  the  tangents  through  j  may  he  marked  with  the  letters  Jj,  J^,  in  such  order  that 
JiJs,  IJ'i  meet  in  the  line  of  contact  of  the  two  conies,  and  then  jJ",  is  the  required 
corresponding  line.  Again,  /  and  t,  as  before,  if  if  be  a  tangent  to  the  polar  conic, 
then,  marking  the  point  of  contact  as  J-i,  let  J^  be  so  determined  that  I^J^,  7^/, 
meet  in  the  line  of  contact  of  the  conies:  the  tangent  to  the  polar  conic  at  J^  will 
meet  the  pole  conic  in  one  of  the  points  where  it  is  met  by  the  line  B,  and  calling 
this  point  j,  B  considered  as  belonging  to  the  second  figure  will  have  j  for  its 
corresponding  point  ia  the  first  figure.  Similarly,  if  the  point  of  contact  had  been 
marked  J^j,  J^  would  be  determined  by  an  analogous  construction,  and  the  tangent  at 
J",  would  meet  the  pole  conic  in  one  of  the  points  where  it  is  met  by  the  line  B 
(viz.  the  other  point  of  intersection) ;  and  representing  this  by  /,  B  considered  as 
belonging  to  the  first  figure  would  have  /  for  its  corresponding  point  in  the  second 
figure,  that  is,  considered  as  belonging  to  the  second  figure,  it  would  have  j  for  its 
corresponding  point  in  the  first  figure  (the  same  as  before). 

Similar  considerations  apply  in  the  case  where  a  tangent  A  of  the  polar  conic, 
considered  as  belonging  to  one  of  the  figures,  has  for  its  corresponding  point  in  the 
other  figure  one  of  its  points  of  intersection  with  the  polar  conic;  in  fact,  if  A 
represents  the  line  i7,,  then  A,  considered  as  belonging  to  the  second  figure  has  i  for 
its  corresponding  point  in  the  first  figure,  which  shows  that  this  question  is  identical 
with  the  former  one. 

To  apprcciato  these  constructions  it  is  necessary  to  bear  in  mind  the  following 
system  of  theorems,  the  third  and  fourth  of  which  are  the  polar  reciprocals  of  the 
first  and  second. 

If  there  be  two  conies  having  a  double  contact,  such  that  K  is  the  line  joining 
the  points  of  contact,  and  k  the  point  of  intersection  of  the  tangents  at  the  points  of 
contact: 

1.  If  two  tangents  to  one  of  the  conies  meet  the  other  in  i,  ii  and  j,  j,  respectively, 
then,  properly  selecting  the  points  j,  j^,  the  lines  tj^,  ijj  meet  in  K.     And 

2.  The  line  joining  the  points  of  intersection  of  the  tangents  at  i,  j,,  and  of 
the  tangents  at  I'l,  j  passes  through  k.     Also 

3.  If  from  two  points  of  one  of  the  conies,  tangents  be  drawn  touching  the  other 
in  the  points  7,  7,  and  J,  J,,  then,  properly  selecting  the  points  J,  7i,  the  lines 
77i,  7,J  meet  in  K.     And 

4.  The  line  joining  the  points  of  intersection  of  the  tangents  at  I^J^  and  of  the 
tangents  at  7i,  J  passes  through  k. 

48—2 
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These  theorems  are  in  fact  particular  cases  of  two  theorems  relating  to  two  conies 
having  a  double  contact  with  a  given  conic. 

It  may  be  remarked  also  that  the  corresponding  points  to  a  tangent  of  the  pole 
conic  are  tho  points  of  contact  of  the  tangents  to  the  polar  conic  which  pass  through 
the  point  of  contact  of  tho  given  tangent,  and  the  eorreaponding  lines  to  a  point  of 
the  polar  conic  are  the  tangents  to  the  pole  conic  at  the  points  where  it  is  intersected 
by  the  tangent  at  the  point  in  question. 

We  have  now  to  determine  the  corresponding  lines  to  a  given  point  and  the 
corresponding  points  to  a  given  line,  which  is  immediately  effected  by  means  of  the 
preceding  results. 

Thus,  if  the  point  be  given, 

"  Through  the  point  draw  tangents  to  the  polar  conic,  meeting  the  pole  conic  in 
A,,  A^  and  B^,  B^  {so  that  A^B^  and  A^Bi,  intersect  on  the  line  joining  the  points 
of  contact  of  the  conies),  then  A^B^  and  J,,^i  are  the  required  lines." 

In  fact  ^1,  Bi  and  A^,  S,  arc  pairs  of  points  corresponding  to  the  two  tangents, 
so  that  AlB^  and  A^^  are  the  lines  which  correspond  to  their  point  of  intersection, 
that  is,  to  the  given  point,  and  similarly  for  the   remaining  constructions.     Again, 

"  Through  the  point  draw  tangents  to  the  pole  conic,  and  from  the  points  of 
contact  draw  tangents  to  the  polar  conic,  touching  it  in  «!,  a,  and  ^i,  ^a  (so  that  Oj^s 
and  fly3i  intersect  on  the  line  joining  the  points  of  contact  of  the  conic),  then  Oi^i 
and  aSi  are  the  required  lines." 

So   that  Ai,  Bi,  a,,  ft  are  situated  in  the  same  line,  and  also  A^,  B^,  n^,  0^. 

Again,  if  the  line  be  given, 

"  Through  the  points  where  the  line  meets  the  pole  conic  draw  tangents  to  the 
polar  conic  0,,  0^  and  B^,  D^  (so  that  the  points  O.A  and  GJ)i  lie  on  a  line  passing 
through  the  intersection  of  the  tangents  at  the  points  of  contact  of  the  tangents), 
then  CiD,  and  GJ)^  are  the  required  points." 

Again, 

"  At  the  points  where  the  line  meets  the  polar  conic  draw  tangents  meeting  the 
pole  conic,  and  let  71,  7^  and  <5i,  S^  be  the  tangents  to  the  pole  conic  at  these  points 
(so  that  the  points  71S.J  and  7581  lie  on  a  line  through  the  intersection  of  the  tangents 
at  the  points  of  contact  of  the  conies),  then  71,  Si  and  7,,  83  are  the  required  points"; 
so  that  Cj,  i),,  7j,  Si  pass  through  the  same  point  and  also  G,,  D^,  7,,  h^. 

"  The  preceding  constructions  have  been  almost  entirely  taken  from  Pliicker's 
"  System  der  Analytischen  Geometrie,"  §  3,  Ailgemeine  Betrachtungen  iiber  Coordinaten- 
bestimmung.     I  subjoin  analytical  demonstrations  of  some  of  the  theorems  in  question. 

Using  X,  y,  s  to  determine  the  position  of  a  variable  point,  and  putting  for  shortness 

■ri  —  bx+h'y  +  h"z, 
^  =  cx  -\-  c'y  +  c"z. 
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then  if  the  position  of  a  point  be  determined  by  the  coordinates  a,  /9,  7,  tbe  ci^uation 
of  one  of  the  corresponding  lines  is 

(that  of  tbe  other  is  obtainable  from  this  by  writing  a,  b,  c;  a',  b',  c' ;  a",  b'\  c",  for 
a,  a',  a";  b,  h',  b" ;  c,  c',  c").  Hence  if  the  point  lies  in  the  corresponding  line,  this 
equation  must  be  satisfied  by  putting  a,  0,  y  for  x,  y,  z;  or,  substituting  x,  y,  z 
in  the  place  of  a,  ^,  7,  the  point  must  lie  in  tbe  conic 

JJ^aa?-\-  h'y^  +  c'z'^  +  (6"  +  c')  yz  +  ic-v  a")  sx  +  {a'  +  b)xi/  =  0, 

(which  equation  is  evidently  not  altered  by  interchanging  the  coefEcients,  as  above). 
Again,  determining  the  curve  traced  out  by  the  line  a^+0v  +  y^=O,  when  a,  ^,  7 
are  connected  by  the  equation  into  which  U—0  is  transformed  by  the  substitution  of 
these  letters  for  x,  y,  s ;    we  obtain 

y--        %  ,     V  ,     r     =0, 

f,        2a  ,     a'  +b,     a"  +  c 

ij,     a'  +b,       2b'    ,     b"+c' 

1  t    a"  +  c,     b"  +  c',       2c" 

which   is  also   a   conic.     It   only  remains  to   be   seen   that   the  < 
a  double  contact.     "Writing  for  shortness 


,   U=0,   V=0  have 


h",    0" 

it  may  be  seen  by  expansion  that  the  following  equation  is  identically  true, 

F  ==  4V  [/■  -  [« iab"  -  a"b  +  a'c  -  ac')  +  y  {b'c  -  be'  +  h"a  -  b'a")  +  z  (c"a'  -  c'a"  +  cb"  ~  c"h)Y, 

which  proves  the  property  in  question. 

Suppose   the   equations   of  the   two   conies   to   bo   given,   and   let   it   be   required   to 
determine  the  corresponding  lines  to  the  point  duiined  by  tbe  coordinates  a,  ft  7. 

Writing,  to  abbreviate, 

(U^A:i?+By^   -[-Gz'  +2.Fyz    +  2Gzx    +  2Hxy, 

JJ.^Ao?  +B^^  +Grf-'  +2F^'y   +  2ff7a    +  2i?aft 

W  =  Aax  +  B^y  +  (77s  +   F  {&z  +  yy)  +  G(^x  +  as)  +  H(cty  +  (Sx), 
P  =  Ix  +  my  +  nz, 

_K  =  ABG -  AF'-  BG'  -  GH-'  +  2FGH, 
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».BG  -F<  , 

%  =  CA  -a<  ,  a  -AB-H' , 

S~OH-AF, 

m=HF-BG.    ^  =  FG-CH, 

9-ai"  +»«■ 

+  Gtn=  +  2JFm)i  +  2eltwi  +  2^;m, 

D-(ai+«™ 

.+«5n)(7y-/3.) 

+  fl^i  +  asm 

+  Jf»)(«-7») 

+  («+Jfm 

+  «[«)(^a;-a!,); 

f7  =  0  represents  the  equation  of  the  polar  conic,  17—1^  =  0  that  of  the  pole 
conic.  The  two  tangents  drawn  to  the  polar  conic  are  represented  by  UUg  ~  ff ^  =  0,  and 
by  determining  h  in  such  a  way  that  UUf,~W^—k{U  —  P''')  may  divide  into  factors 
the  equation 

represents  the  lines  passing  through  the  points  of  intersection  of  the  tangents  with  the  pole 
conic.  Thus  if  k=  U^,  the  equation  reduces  itself  to  ETtJ^^—  W^=  =  0,  or  W  =  ±^/{U^P, 
the  equation  of  two  straight  lines  each  of  which  passes  through  the  point  of  inter- 
section of  the  lines  P=0,  1^  =  0,  (that  is,  of  the  line  of  contact  of  the  conies,  and  the 
ordinary  polar  of  the  point  with  respect  to  the  polar  conic} ;  these  are  in  fact  the 
lines  AiB^,  A^Bi  intersecting  in  the  line  of  contact.  The  remaining  value  of  k  is  not 
easily  determined,  but  by  a  somewhat  tedious  process  I  have  found  it  to  he 

In  fact,  substituting  the  value,  it  may  he  shown  that 

U'  +  K (PP, -Wf  =  K{U,~Pi){U-  P')  +  (&~K){ UU,  -  W), 

which  is  an  equation  of  the  required  form.  To  verify  this,  we  have,  by  a  simple 
reduction, 

&(uu,-  If 0  -  n' = -?^  ( up^  -  2  WPP,  +  u,;^')  -, 

or,  writing  for  shortness 

-  m^ + mmn + ee^r  +  jF  («^  +  m? >  +  e;  {i^ + n^)  + 1^  (mf  + 1,,)^ 

=  K[A  {m^  -  nrif  +  Ii(n^-  l^f  +  0(1^-  mlf 
which  is  easily  seen  to  he  identically  true. 
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62. 

ON   AN   INTEGRAL  TRANSFORMATION. 

[From  the  Cambridge  arid  Dublin  Mathematical  Journal,  vol.  in.  (184S),  pp.   286 — 287.] 

The    following   transformation,   given    for    elliptic   functions    by   Gndermann    (Crelle, 
t.  XXIII.  [1842],  p.  330)  is  useful  for  some  other  integrals. 

_  dbc  —  dha  —  doa  +  abc  —  (ho  —  ad)  z 
^*  ^  ~         QiQ-ad)\(d-h-c^a)z       ■ 

then,  putting  K  =  (hc-ad)^(d  —  h  —  c\-d)e, 

we  have,  supposing  it  <  6  <  c  <  rf,  so  that  {&  —  a),  (c  -  a),  (d  —  6),  {d  —  c)  are  positive, 

ir(!,-a).(6-c.)(c-»)(i-^), 

i:(y-i).(6-o)(d-J)(o-«), 

K(y-c)  =  (c-a)(d-c)(b-z). 

K(f-d)~(d-b)(d-c)(a-4, 

K'dy       --(b-a}(o-a)(d-b)(d-e)di. 

In   particular,  if  a  +  /i  +  7+S=  —  2, 

<S  -  a)-  in  -  bf  (y  -  c)r  (y  -  df  dy--  M(z  -  af  (z  -  b)i  <z  ^  cf  (z  -  d)-  dz, 
where  M.(b^  a)'*'*'  (c  -  ii)'+»+'  (d  -  *)!+'*'  (d  -  cf"". 

Thus,  if  a  -  |3  =  7  -  S  -  -  i, 

dy  _  —  ds 

In  any  case  when   y  =  a,  y  =  b,   the   corresponding   values   of  2  are   z~d,  z  =  c;   the 
last  formula  becomes  by  this  means 

\" dy  ^  ['' dy 

L\'{y-<:^){y-b)(y-<-;){y-d)\>'      j  ,{^{z-a)(z^h){z-c){z-d)]y 
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DEMONSTRATION  D'UN  THEOREME  DE  M.   BOOLE  CONCERNANT 

DES  INTEGRALES  MULTIPLES. 


[From   the   Journal  de   Mathematiques  Pures  et  AppUqvAes  (Liouville),  torn.  xin.   (1848), 

pp.  245—248.] 

Th^ORSme.     " Soient  P,   Q  dea  fonctioiis  de  n  variables  x,  y,...;    lesi^uellcs  functions 
satisfont  k  la  condition 


..A,:dy  ...^-•'"■<"-'  =  ^'-j^^= (1), 


=  |...My...^> (2). 


■JH(%  w) 

a  I'ordinaire,  i  —  'v  —  l;  0{v,  w),  H(v,  w)  soot  des  fonctions  homogenes 
de  V,  V)  dea  ordres  1  et  n  respectivement  (on  verra,  dans  la  suite,  qu'il  j  a  plusieurs 
fonctions  P,  Q  qui  satisfont  a  une  Equation  de  cette  forme). 

Cela  ^tant,  poaons 

■giiT, 

loB  limites  de  I'iutegration  etant  donnees  par  la  condition  P  =  1 ;    ut  soient 

e(l,i)-^,      ff(l,i)=«-..,f (3). 

On  aura  pour  I'integralo   V  cette  forniule, 

r(i»+5)J.     vj     * '■ 


dans  laquelle 


s-^l-7^j't-''-V['^  +  tii"r)]dt {5y 
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Ce  thdorome  remarquable  est  d(l  h,  M.  Boole,  qui  me  I'a  communique  sous  une 
forme  un  peu  diff^rcnte^,  en  me  priant  d'y  supplier  la  demonstration  et  d'en  faire 
part  aux  g^orafetres;  il  ne  m'a  fallu,  pour  le  prouyer,  que  modifier  un  peu  le  proc&ie 
dont  s'est  servi  M.  Boole  mSme,  dans  son  Memoire :  "  On  a  certain  Multiple  Definite 
Integral,"  Irish  Tra/nsactions,  t.  xxi.  [1848]. 

Je  vais  done  reproduire  cette  demonstration  en  I'appliquant  au  probl(!me  dont  il 
s'agit. 

On  demontre  par  une  analyse  semblable  a  peu  prfes  k  celle  par  laquelle  sc  ddmontre 
le  theorfeme  de  Fourier,  que  I'exprcssion 

-^i^ — ^!'da!    dv(    rfiyet'°-^"-«"+*'l''+«"l'...w=''-^3-'/a (6), 

fp 

la  quantity  P  se  trouve  ou  ne  se  trouve  pas  comprise  entre  Ics  limites  0,  1.  Done, 
en  substituant  cette  int^grale  triple  dans  I'expression  de  V,  on  pent  ^tendre  depuis 
—  00  jusqua  oo  les  integrations  par  rapport  aux  variables  x,  y, ...;  de  cette  maniere, 
et  en  r^duisant  par  I'equation  (1),  on  obtient  tout  de  suite 


V  =  =rj-, r  I   da  I     dv  I     dw  -— — r^=  " " .  — —  foL  . 

T(\n+q)},      J  ,       J  ,  'JHiv,w)  ■' 


..(7), 


|ce  qui  donne,  par  les  Equations  (3), 

les    limites    par    rapport    a    la    nouvelle    variable    s   scront   co ,   0,    et    Ton    obtiendra,   en 
changeant  I'ordre  des  integrations, 

r(ln  +  q)}„       V^        " ^'^>- 

dans  laquelle  expression 

S=  -eis"  f  (^a  j    rfjjjj^ec-'^i'^/a  (9); 

'  M.  Boole  ferit 
espression  a  la  v^rite  plus  simple,  ciaig  cjui  donee  lieu,  cc  mo  semble,  S.  quelqnes  difficultta. 
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et  il  ne  3'agit  plus  que  de  faire  voir  I'identite  de  cette  valeur  avcc  celle  qui  est 
doniiee  par  I'f^quation  (5).     Pour  cela,  je  remarque  que  Ton  aura 

dvvie"-'^'^^  V(q+  l)e=W+""'     (a-o-yi-^  j 
ou  =  r  (^  + 1)  e-S(nii-i  (a -  a)-T-\) 

selou  que  (a  — a)  est  positif  uu  n^gatif;  les  valours  correspondantes  de  -gi^i^l  dw  w^e'"""'"' 
8ont 

-e'«+5i"r(g+l)(s-,r)-J-    ct    ^  0-5-^  T  (9  +  1)  (<7  -  «)-«-  (11); 

or,  en  ue  faisant  attention  qu'aux  parties  reelles,  et  en  reduisant  par  une  propriiSte 
connue  des  fonctions  P,  ces  valeurs  se  r^uiaent  k  v  -■  (a  -  o)~g~'  et  zi^ro  respective- 
meiit ;   d'apr^s  cela,  I'^uation  (9)  se  r^duit  a 

S-f-^J\^-<')~'-fida (1-2), 

et  enfiu,  en  ecrivant 

a  =  ff  +  i  (1  -  0-),     (^2  =  (1  -  a-)  dt, 

on  obtient  pour  S  la  valeur  donnee  par  lequation  (5),  de  maniere  que  la  formule  dont 
il  s'agit  se  trouve  compl^tement  d^montr^e. 

II  panut  difficile  de  trouver  les  formes  g&^rales  de  P,  Q  (rien  n'^tant,  je  crois, 
connu  sur  la  solution  des  Equations  telles  que  I'^quation  {1)| ;  mais  dea  formes  parti- 
culiercs  se  pr^aentent  assez  facilenient.  Ainsi,  en  ne  consid^rant  qiie  les  exemples  que 
m'a  donnds  M.  Boole  {lesquels  j'ai  depuis  v^rifids),  soit 

F  =  2{y  +  m.if +...),     Q  =  u^  +  a^  +  y+ (i;j). 

En  substituant  ces  valeura  dans  I'^quation  (1),  les  inti^grations  s'effectuent  sans  difficult^ 
et  sous  la  forme  n^cessaire,  et  I'on  obtienfc 

OU  enfin 

<T  =  ^'-(i^  +  7«=  +  ...)s,       ^  =  1 (U). 

Soit  encore  (ce  qui  eoniprend,  comme  cas  particulier,  le  problemc  des  attractions) 
^=^  +  f  +  -.     q  =  v'  +  {a-a:r  +  {h-yr^ (15): 


Hosted  by 


Google 


63]  M.    BOOLE    COXCERNANT    DES    INT^GEALES    MULTIPLES, 

on  obtient  sans  plus  de  difficult^ 


.  (16). 


Soit  encore,  pour  dernier  extiiiiplfc;, 

P-tv  +  ~  +  -.    Q~v  +  xv  +  ^+ (17); 

on  aura,  pour  ce  eas, 

(IS); 


^  =  -{v'  +  2  V'il:^s  +  X')  (i=5  +  AO  +...]{ 


les    formulea    qui    se    rapporteiit   k   cet   exemple    ausai    bion    qu'au    promior    sont,  je    crois, 
entiercmeut  nouvelles. 
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SUE   LA    GENERALISATION    D'UN    THEOREME    DE    M.    JELLETT, 
QUI   SE   RAPPORTE   AUX   ATTRACTIONS. 


[From  the  Journal  de  Matheinatiques  Pures  et  AppUqudes  (Liouville),  torn.  xiii.  (1848), 
pp.  264—268.] 

Le8  formules  qu'a  donnees  M,  Jellett  pour  exprinior  les  attractions  d'un  ellipsoide 
au  moyen  de  rexpression  de  la  surface  de  rellipsoi'de  r^eiproque  (t.  xi.  de  ce  Journal, 
[1846],  page  92)  peuvent  s'^tendre  an  cas  d'un  nombre  quelconque  de  variables. 


Pour  d^raontrer  cela,  je  pars  de  eette  formule 


KM^ 


!«+o     iimites   ;^+% 


f 


dans  laquelle  n  est  le  nombre  des  variables  x,  y, ... ,  et  ou 

S-%i^  \\t'>-^\_,  +  l{l-:,)-]dt (2), 

1  =  ^+4-.^..+!^, 

V+J         V+f  V 

formule  due  a  M.  Boole  qui  1  %  demoutree  soub  urn,  forn  e  uu  pcu  ditferente  (Irish 
Transactions,  t.  xxi.).  La  modification  que  j  y  ai  uitroduite  se  trouve  demontree  dans 
le   Camhridge  and  Dublin  Mathemahcal  Jomml   t    II   p    223(')  [44]. 

'  Cette  formule  peut  d'aiUaura  le   dtlmre  oonine  cas  paitcilici   dc  H  lormule  trfes-gSnerale   de  M.  Boole 
que  M.  Caylej  a  d^raontrSe  dans  k  cejutc  jieci^icit      (J    L  )      [3] 
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On  d^duit  de  Ik,  en  ecrivant  fx,  gy,  ...  au  lieu  de  x,  y,  ■■■ ,  en  r^duisant  a  z^ro  les 
quantities  a,  b,  ...  ,  u  (ce  qui  donne  aussi  i)  —  0),  ot  en  donnant  une  forme  convenable  k 
la  fonction  <!>, 


j-     (/w+<,y...)^      -r(i«-2)j„V(5+/0(s  +  3^>...   ^'' 

au    premier    membre   de   ce 
.  f  {x''  +  f...)^~i''dxdy 


(lea   limites   de    I'int^grale    au    premier    membre   de   cette    equation    e'tant    domi^es    par 

I'  +  y.-.-i). 


Done,  en  Ecrivant 


1  aura 

■  r ,  '""■^    (4). 


^  _  27ri"/y...   ['^  sS"-^(fe 


ro-2) . 


Soit  S'  ce  que  devient  2  en  ^rivant  ^,   - ,  ...  au  Heu  de  /,  ^,  ...  :   en  ecrivant  en  t 


temps  -  au  lieu  de  s,  on  obtient 

27r' 


v,^        27ri"  I       p ?^_„_ 


--^/=^     ^|S^=«^ (^)- 


et  dc  la,  en  (Ecrivant 
on  dtlduit 

^-ra^-2)^...  j„.+7v(s+7^T?+sr.v    * '' 

Cola  ^tant,  remarquons  que  I'int^grale 

f-j^^-Ji ,   (8) 

est  fonction  homogene  de  I'ordre  (2  —  n)  par  rapport  aux  quantites  f,  g,  ...  (en  effet,  cela 
se  voit  tout  de  suite  en  faisaiit  s^f^S).     Done 

J.V    .+/■    s  +  <;'"7V(s+/')(»  +  5-).-  'i.V(«+/-)(s  +  j-)..,' 

ou,  en  ecnvant ^,  -  1,  &c,,  au  lieu  de ^— r: ,  &c., 

«+/"■'  «+/■•' 

f'f     '       I       ^      ,       ^  ''^  --  o  r  '''  rai 

J.V.+/'    s  +  ff    ■■VV(,+y)(s+<f)..:      J.  V(8+/-)(s+j-)... ^  '' 
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et  de  la  aussi 

{"  {  —s  s  \  ds     ■  ^.D-fsf      ^  '^  -A 


.a-. 


+/-''VV(» +/•)(»  ■+»•).. 


<■ 


^+  ■■ 


f'^^+f'-J  d>_ 


r  ("i  _  ^" f^  ") ''»_ ] 

I.\     s+f    »+9'"7V(s+y)(s+j')... 

I       (  j'+e  +  .^o  1  ^ (12)- 

En  particulariaanfc  d'une  manifere  convenable  la  formule  (1),  on  obtient,  pour  le 

de  ^  H —  ...  >  1,  cette  formule  connue 
/"     f 

<h:dy... 


(r^quation  des  liraites  ^tant,  comme  auparavant,  j^  +  -^+---  =  ll 
et  de  la,  vu   la  formule   (12),  r^sulte 


....(14). 


L' expression   de   S,   en   ^irivant   r  eos  a,   rcos^, ...    au   lieu   do  x,   y, ...,   rempla^nt 
dxdy...  par  r'^'drdS,  et  integrant  depuis  r  =  0  jusqu'a  r  =  l,  80  r^duit  k 

'^^fy---j(pccs'CL  +  g''co8''~0  +  ...y ''^'' 

de    sorte     qu'au    cas    de    n  =  3    cette    fonction    se    reduit    k    I'expreasion     qu'a    donn^e 
M.   Jcllett    pour    la   surface   d'un   ellipsoide.     Done,   en   se   rappelant  que   les    attractions 
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sont  representees  par  -j- .   -jT  >    j~'   ""   ^**^*  '3'^^  I'eqnatiou  (14)  dquivant,  pour  ce  cas, 

aux   formules   de   M.  Jellett. 

Eemarquons,  qu'en   transformant  S'int^grale  (4)  de  la  inSme  manifere  dont  nous  avona 
transform^  I'int^grale  (8),  on  obtient 

ce   qui   donne   pour  n  =  3   cette   expression   tres-aimplc   de   la  surface   de   I'cllipsoide   aux 
demi-axes  /,  g,  h, 

"-^^''  J  0  [^W'^^+?^^Thi)^7Wr)~Wf)W^) 

formule  qui  se  verifie  tout  de  suite  au  cas  de  f=g  =  h. 

L'expression  encore  plus  simple  que  donne  I'c^qiiatioQ  (4),  savoir, 

t^--Kpfh'  r  —^-^J'^Jt- (18), 

n'est   pas   exempte   de   difficult^   k   cause    de    la   valeur    apparemment    infinie    du   second 
membre  de  I'equation. 

Au  cas  d'une  sphfero,  cek  se  reduit  h 

""       '^■^   Jo   (l  +  fl)^' 
ce  qui  serait,  en   effet,  exact   si  la  forrnule 

subsiatait   pour  les  valeurs   oegatives  de  m.     Cela  nous  apprend    que  les    iiitegrales    de 
forme 

r^j^rjL^^  (19) 


~  r  (m  +  w) 


oV(s+/')(s  +  ^).. 

ne   sont   pas  a  rejeter  au  cas  des  valeurs  positives  de  q;   il  est  m^me  facile,  en  rep^tant 

continuelleroent  le   proc^d^   de   reduction  que   nous   venons   d'empioyer, 

int^grales  sous  une   forme   oil  il  n'y  a  plus  de   terme  infini.     En   m'aidant  de  I'a 

de   quelques  formuies   qui   se  trouvent    dans    mon    Memoire    Sur    quelques  formules    du 

caicul  integral  (t.  XI.   de   ee   Journal,   p,   231   [49]),  je  erois   meme   pouvoir   avancer  que 

cette   int^grale  doit  ae   remplacer  par 

'Zsmqir  J -.„  ^/(k  + si+p)ik +  si  + f)... 

ou,   corame   a   I'ordinaire,   i  =  v  —  1,  et  ou   k    denote    une    quantite    quelconque   dont    la 
partie  reelle  ne   s'l^vanouit  pas.     Mais  jc  ronvoie  cette  discussion  b,  une  autre  occasion. 
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NOUVELLES   RECHERCHES  SUR   LES  FONCTIONS  DE  M.  STURM. 


[From  the  Journal  de  Mathemattques  Pures  et  Appliqu4es  (Lionville),  torn.  xiii.  (1848), 
pp.  269—274] 

En  ddveloppant  line  remarque  faite  par  M.  Sylvester  dans  un  M^moire  public  il  y 
a  huit  ou  neuf  ans  dans  le  Philosophical  Magazine,  j'ai  trouv^  des  expressions  assez 
simples  des  fonctions  de  M.  Sturm,  compos^ea  au  moyen  des  coefficients  m^mes;  ce  qui 
convient  mieux  que  d'exprimer  ces  fonctions,  comme  je  I'ai  d^j^  fait  dans  le  t.  xi.  de 
ce  Journal,  p.  297,  [48],  par  lea  sommes  des  puissances.  D'ailleurs  il  ne  m'est  plus  n^ces- 
saire  de  parler  des  expressions  de  M.  Sylvester,  ou  m^me  des  divisions  successives  de 
M.  Sturm;  mais  ma  m^thode  fait  voir  direcfcement  que  les  fonctions  que  je  vais  dt^finir 
sont  dou&s  de  la  propri^t^  fondamentale  sur  laquelle  se  repose  la  theorie  de  M.  Sturm, 
a  savoir  que,  en  consid^rant  troia  fonctions  successives,  la  premiere  et  la  derniere  fonc- 
tion  sont  de  signe  contraire  pour  toute  valeur  de  la  variable  qui  fait  i^vanouir  la  fonc- 
tion  interm^diaire ;  cependant  je  n'ai  pas  encore  r^ussi  k  d^montrer  dans  toute  sa 
g^n^ralit^  I'^quation  identique  d'ofi  ddpend  cette  propriety. 

Soient  d'afcord   V,  Y  des  fonctions  du  mSme  degr^  n, 
7  =  fflfl!"  +  6ic"-^  +  . . . , 


et  ecrivons 
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I     e  dee'         d' 

(ue  qui  suffit   pour   faire   voir   la  loi   de   ces   fonctions   successives   F,,  F^,...).     II   r^sulte 

des   propri^t^s   ^Mmentaires    des  determinants    que    ces  fonctions   sont   des   ordres  n  —  l, 

n-2,  n  -  3,  &c.,  reepectivement,  par  rapport  a,   la  variable  x.     En   effet,  dans  F,   le   co- 
efficient de   «' 


reduit  a  I  a,  a'  I 
\  a   a'  \ 
1  af  et  ic""'  se  rc^duiaent  chacun  i 

Soient  encore 

P,  =  ,  a,     a'  \, 


z^ro;   de   mfeme,   dans   F.^,  les   coefficients 
et  ainsi  de  suite. 


h'  ' 


F,= 


■f 


r 


d' ! 


d    ( 
/    e    g' 


f 


(ce   qui   suffit   pour  indiquer   la   loi).     On   . 


cette  suite  remarquable  d'^quations  identiques, 

Pi^  Ps  +  (icAP.  +  P, J^'  +  P^P^)  F,  +  P,'  F,  =  0, 
P^  F,  +  (xP,P,  +  PJ?.:  +  P,'P,)  F,  +  P/  F,  =  0, 


diffirontes   fonctions   F,  P,  P' 


lesquelles  equations,  dans  ce  M^moire,  seront  prises  pour  vraies.  Cela  etant,  il  est 
Evident  que  P,  et  Pj  seront  de  signe  contraire  pour  touLo  valeur  de  x  qui  fait  dvanoiiir 
Pj;  Pg  et  Pj  seront  de  signe  contraire  pour  toute  valeur  de  x  qui  fait  livanouir  P,;  et 
ainsi  de  suite. 

C.  5U 


Hosted  by 


Google 


394  NOUVELLES    EECHERCHE8    SUE   LES    EONCTIONS    DE   M.    STUHM.  [65 

Ces  formules  rent'erment  le  cas  oh  lea  deux  fonctioos  V,  V  ne  sent  pas  du  mSme 
degr^  (en  effet,  pour  les  y  adapter,  on  n'a  besoin  que  de  faire  ^vanouir  quelques-uns 
des  premiers  coefficients  de  V  ou  de  T").  II  est  done  permis  de  supposer  que  V  soit 
la  d^riv^e  de  V.  Dans  ce  cas,  Fi  =  aV',  et  on  verra  dans  un  moment  que  les  fonctions 
F^,  Fg,  ...  contiennent  chacune  le  facteur  a",  de  mani^re  qu'il  convieut  d'^crire  Fi  =  a^V^, 

Fa^a^Va, Ce  facteur  a^  peut  ^tre  ^videmment  ^cart^,  et  ce   sera  de  ra^me  avec  le 

facteur  a  de  F,  pourvu,  ce  que  je  suppoaerai  dans  la  suite,  que  a,  soit  positif  On  aura 
de  cette  manifere  les  fonctions  V,  V,  V,,  F3,  ...  douses  des  propri^t^s  des  fonctions  de 
M.  Sturm.  En  effet,  elles  seront  pr^cis^ment  les  fonctions  fen,  fx,  /^,  ...  du  M^moire 
deji  cit^,  ce  qui  cependant  pourrait  &tre  difficile  k  d^moDtrer  k  priori. 

On  d^duit  tout  de  suite  des  expressions  de  F^,  Fs,  -■-  , 


'.    b         a      n  —  lh        na 

C         b       n-2c      iT^b        ni 
!     d         c       n-^d     n-tc    n^h  \ 

Ces   formules   se   simpliiient   au   moyen   des   proprit^tds    connues   des   determinants,   et   en 
^crivant 


aV,  =  \  xV,     V,    xU,     U. 


ou    enfin,  et  en  e'erivant  i 


\    c         b       2o        b         na 
\     d         G        3d      3c      n^^h 
.  autre  terme  de  la  suite,  afin  de  mieux  faire  voir  la  [oi, 

r 


v,^- 


v,.^- 

V, 

b 

b 

2c      b 

c 

3d     2c 

r,  i-u. 

nU, 

r 

h 

a       2c 

b 

b       U 

2c 

na 

c       4e 

Sd 

iT^t 

d      5/ 

4c 

i-lc 
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formules  dans  lesquellos 


rr  - 

ax" 

+ 

ba:«- 

'  +  ca!"-^+... 

<  V'  = 

nax"- 

>+ir^na?^-^ 

U- 

hx"- 

'  +  Sea?'-'  +  . . 

et  oii,  en  substituant  ces  valeurs,  on  peut  commoncer  pour  V^  avec  le  terme  qui  contleiit 
*"'"=,  pour  1^3  avec  le  terme  qui  contient  ic"~^  et  ainai  de  suite,  puisque  les  termea  dea 
ordres  plus  hauts  s'^vanouissent  identiquement.  Voila,  je  crois,  les  expressions  les  plus 
simples  des  fonctions  de  M.  Sturm. 

Je   donncrai  en  conclusion  ces  formes  dt^veloppees  dos  fonctions  jusqu'^    V,. 

V  =     a«"  +  5ai"~^  +  ck""'  +  -  - .  ; 

V  =      nax"-'-  +  n-i ha?^  +  n-  2oa:"-^  +  ...; 
V^  =  -na  (2ca-"-=  +  3da^^  +  ... 

+  h  \ii-i  Ix'^-^  +  n  -  2  w»-^  +  . . . ; 
V,=     {2nohc-n-l¥  ]  [dx""-' +  ex"-^  +  . . . 

+  [  -  2ji=ac  +  'ri^l  ab"  ]  {4e«"-^  +  5/c"-'  +  . . . 

+  [ZnaH - (3« - 2) abc  +  (n-l) 6^]  (3c^"-=  +  iex^'-'  +  .-- 
+  [  ~  3abd  +  4(tc'  -  6=c  ]  \(n  -  2)  ex"-'  +  ()i-  S)  dx"-'  +  . . , ; 

+  C  {&gx«-*+1hx-^+... 

+  E  [i&xf^^  +  5fe'^  +  ... 

+  F  {n  —  Sdcc"^  +  n~  iea;"-'  +  . . , ; 
dans  cette  dernifere  expression  j'ai  mis,  pour  abr^ger, 

A  =     dna^d"  -  Sna''bce  +  (in  -  4)  alfe  -  (lOn  -  12)  ah'^cd 

+  (in  -  8)  a6c»  -  (n  -  2)  I^d'  +  (2n  -  2)  b'^d, 
B  =     lOna^bcf-  12na'bde  -  16m<tVe  +  IBna'cd^  -  (6n  -  5)  ab^ 

+  {l^-U)ab^e+{3n-Q)a^^-(2in-S6)abo'd  +  {bn-U)a<f 

-  (3n  -  3)  b*e  +  {5n  -  7)  b'cd  -  (2n  -  4)  b^\ 

C  =     ^na?ce  -  ^m?d?  -  (in.  - 1)  a?l?e  +  (lOn  -  12)  a^bcd 

~  (4ji  -  8)  dW  -  (2«  -  2)  aA=t^  +  («  -  2)  a6^e^ 
Z>  =  -  lOna'of-^-  Una'de  +  (on  -  5)  a^y-  (2n  -  8)  a'bce 

-  (12m  -  9)  a%d'  +  (in  - 12)  a'^^d  -  (n  - 1)  cdi'e  +  (!)■«  -  9)  ab'cd 

-  (in  -  S)  abe'  -  (2n  -  2)  ¥d  +  (n-2)  b'c\ 
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E  =     lona'df-  16ma=e^  -  (15«  -  10)  a=6c/+  (lln  -  12)  a^bde 
+  (16w  -  16) a?c^e  -  (15ji  -  18) ra^od^  +  (on  -  5)ai'/ 

-  (17n  -  18)  ah^ce  +  (14k  -  24)  a6c=d  -  (n  -  3)  o&'rf' 

-  (4«  -  8)  ac^  +  (3?i  -  3)  6*e  -  (3n  -  5)  h'od  +  (w  -  2)  6=c', 
i^  =  -  loa^(Z/+  IGa'^ie"  +  20«^cy-  27a=d"  -  4'&a?ode 

-  5ab^c/+  TaVde  —  4abc^e  —  ISabcd^  +  4<ac'd 

-  Hb'ce  +  ib'd'  -  b'cH^ 

II  serait  evidemmcnt   inutile  de  vouloir  pousser  plus  loin  ucs  calculs. 

[MS,  addition  in  my  copy  of  Liouville. 

Quoique  ces  expressions  soieiit  ee  qu'il  y  a  de  plus  simple  pour  le  caleul  numi^rique 
des  fonctions  de  M.  Sturm,  cepoudant  sous  le  point  de  vue  analytique  il  convieiit  de 
modifier  un  peu  la  forme  de    ces  expressions.     En   offet  en  ecrivant 


F=aic»  + 


p. a 

x''-'+^^  -ia7"-=+  ...  ,  -« 

^•- 

+  9,6«— 

Q  =  6^"-i  +  ^^  c*"- 

'+...,  =  6«"-^  +  9,  ca;"-^ 

Tuii  aura 

iiP. 

U'- 

»ft 

V  - 

P«  +  (3: 

ot  cela  donne  aprfca  une  reduction  \6ghr 

V,-    P.     Q     ,         V,=  ~:  xP, 

P,     «•«.     « 

a      b 

a 

t 

9,6 

rr,       e^r.      h 

9,» 

9,6     9./i   9,0 

K  = 

^P,     iP,     P, 
0.6        a 

6 
9,0       6 

Q 

9,0       9,6       a 

9^     9,0 

b 

S4     Sf     9,6 

9.0      9,d 

9,0 

et  ainsi  de  suite.] 

9,e      04    e.,c 

9^/-    9.0 

9.d 
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SUS    LES    FONCTIONS    DE    LAPLACE. 

[From  the  JouriwX  de  Mathmatiquea  Pares  et  Appliquees  (Lioiiville),  torn.  xin.  (1848), 
pp.  276—280]. 

J'ai  rtjuaai  k  ^teudre  a  uu  nombre   quelconque  de  variables  la  theorie   des  fonctioiis 
de  Laplace,  en  me  fondaat  sui  le  th^orfeme  que  void ; 

"Los  coefficients  I,  m I',  m\  ...  t5tant  assujettis  aux  conditions 

(■+«.•+... -0,1 

r.  +  w.....-o,} «■ 

et  leR  limites  do  riut^gration  etant  donnees  par 

»!'  +  S'+...  =  l    (2). 

I'ljn  aura  pour  toutes  valeurs  entleres  et  positives  de  s,  s',  except^  pour  s  =  s', 

^  {lx  +  my+  ...y  {I'x  +  m'y  +  ...y  dxdy  ..,^0  (3), 

et  pour  s  =  s', 

/  (lx  +  my+  ...Y{l'a:  +  m'y+...ydTdy...  =  N^(U'  +  mm'  +  ...y (4), 

en  faisant,  ponr  abreger, 

(ou  n  denote  le  nombre  des  variables)." 

En   admettant   d'abord   eommo    vrai    ce    theoreme    qui    sera   demontre    phis    bas,   jc 

,.,      ,  .     ,,.    .       d       d  d        d  ,.       ,    ,  ,,      , 

remarque  qu  il  est  permis  d  ecnre  t-  ,   -jj  ,  . . .  ,  -3—, ,    -^r; ,  . . .  ,  au  lieu  de  l,  m, ... ,  t,m, ... , 

oil  ces   nouveaux    symboles  se  rapportent  a,  de  certaines  fonctions  f,  f  de  a,  b,  ...  et   dt; 
a',  h',  ...  respective m en t.     De  \k  ce  nouveau  theoreme: 
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"  Les  fonctioiis  /,  /'  (5tant  assujetties  aux  conditions 

d^+^p  +  --**'  I 

Y (6), 

-/T,  +  -i,  +  ■■■  =  ^. 
da '       a(j^  } 

on  aura  (entre  les  mfimea  limites  qu'auparavaitt),  escepte  pour  *■  =  s', 

et  pour  s  —  s', 

f      (8)." 

=  if  f^A  +  l  d  +    Y^/" 

'Kdadxjrdbdv^  ■•■;//■  J 

II  est  facile  de  voir  que  les  expressions 

id  d  y  ^       (     d  d  Y  „ 

satisfont  k  V Equation 

£+|:--» (»'' 

et,  de  plus,  qu'elles  sunt  les  fouctions  entibres  et  homogenes,  des  degrts  s  et  s'  respective- 
ment,  les  plus  g^n^rales  qui  puissent  satisfaire  k  cette  Equation.     On  a  done  ce  th^orfeme : 

"Soient  Va,  W^  les  fonctions  entiferes  et  homogenes  des  dcgr^s  s  et  s'  respective- 
ment,  les  plus  g^n^rales  qui  satisfassent  a  lequation  (9) ;  on  aura  toujours,  except^  au 
cas  de  s  =  s', 

jv.Ws'dxdy  ...=0   (10) 

(les  limites  ^tant  les  memes  qu'auparavant)." 

tcrivons  a  pri^sent 

valeur  qui  satisfait  i  la  premiere  des  (Equations  (8),  et   nous   obtiendrons   par   la   differen- 
tiation successive,  en  faisant  attention  il  la  seconde  de  ces  mSmes  ^nations, 
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En  repr^sentant,  comrae  tiuparavant,  par  Ws  la  fonction 

soit   Wg   ce  que  devient   11^,  en  dcrivant  a,  6,  ...  au  lieu  d%  x,  y,  ...  ,  c'est-i-dire  ^crivons 
d    ,,    d 


»-'  =  («i+'l-  + ■■•)>■ 


On  d^duit  de  Ik,  et  au  moyen  de  I'equation  (11),  en  substituant  dans  I'eqiiation  (8),  la 
formule 

rlf^/(4.+^l,  +  -)'('"  +  ''--^->*'"'-^^*-l    (1.), 

en  faisant,  pour  abr^ger, 

M  =  *^ (13) 

Soit  inaintenant 

1 Q.  . Qi_ av, 

[{a. -xf +...]»-      ((.■  +  4-+,..)l->'""^(0'  +  6-+. ..)'"*- * 

ou,  autrement  dit,  soit 

«-r^)(4.+^'l  + ■■■)'«"  +  '■  +  ■■■)"" ('^)' 

r^quation  (12)  devient 

\Q,W,dixdy...^M,W:     (16) 

{oil  la  valeur  de  Ms  est  donn^e  par  I'equation  (13)].  Lea  deux  Equations  (10)  et  (16) 
contiennent  la  tht^orie  des  fonctions  Wg,  Qs,  iosquelles  comprennent  (5videmment,  comme 
cas  particulier,  les  fonctions  de  Laplace. 

Pour  d^montrer  le  th^oreme   exprim^   par   les   Equations  (I),  (2),  (3),  (4),  (5),  jc  fiiis 
d'abord  abstraction  des  Equations  (1),  et  j'^cris 

a>=  i^+  i'v+  n.... 

oil  les  coefficients  sont  tels  que  i'equation 

x'^  +  y^+...  =pf  +  2q^  -\--^if  +p'V  +  ■•■ 
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aoit  identi(;[ueinent  vraie.  Cela  suppose  que  les  valcurs  de  p,  p',  q  soieub  respectivement 
P  +  m''+  ... ,  l"'  +  m'^+  ... ,  et  W  +  'm'm'  +  ... ,  et  que  lea  sommes  de  produits  toUcs  que 
U"  +  mm"  +  ... ,  I'l"  +  m'ln"  +  . . .  se  r^duisent  chacune  a  zero.     De  \k 

diedy  ...  —  'vpp'  —  q^  wp"  ...  d^dtjd^ ... , 
las  +  Tiiy  +  ...  =p^  +  qi, 
1,'x  +  m'y  +..-==  5^  +  p'l). 
En  repr^sentant  par  /  I'int^grale  au  premier  merabre  de  I'e'quation  (3),  cela  doiine 

/  =  '^pp'  —  (f  Vp"...  I  (pf  4-  qnf  {q^ ^- 'pi f)f  d^dijd^... , 
lequation  des  limites  etant 

p^  +  ^^V  +  p'v"  +  P'V  +  ■■■  =  1- 
Cette  integrale  se  simplifie  en  ecrivant 

IV-p  +  lS-f,,       ^J^-'f^^_,        ifv'^.f,,.,.; 
Np  \  p 

car  alors 

vpy  —  <f  Vp"  ...  d^dijd^ ...=d^^ dfj^ d^^ ... , 
pi  +  qv  =\{p|„ 

q^  +p'v  =  -,-  (qS  +  '^pp'  -  q'  V,), 
yp 

et  de  la 

J  =  pi  ,-n  j  f;  (5f,  +  -Jpp'^f^y  dl  d,,di,..., 

Tequation  des  limites  ^tant 

En  supposant  s>s',  I'integrale  s'^vanouit  pour  p  =  0,  et  dc  meme  quaiid  s'>s,  elle 
s'^vanouit  pour  p'  —  0.  Done,  on  (Ecrivant  p  —  0,  p'  —  O,  on  aura  toujours,  except^  pour 
s  =  s',  lequation  /  =  0;  ce  qui  revient  a  I'^quation  (3).  Au  cas  de  s  =  .s',  en  &rivant  de 
m^ine  p  —  0,  p'  =  0,  on  trouve 


l^q':jl^(l  +  in,ydldv,d^,... 

-V  — 1).     En   faisant   attentio: 
itte  demifere  Equation  sera  d^ 

A''^=j^/{l  +  ^v,yd^,dn.dS;,. 


(ou,  conimc   a   1' ordinaire,  i^V— 1).     En   faisant   attention  k  la  valour  de  g,  et   en   com- 
parant  avec  1' Equation  (4),  cette  demifere  Equation  sera  d^montree  en  v^rifiant  la  formulo 


Soient  pour  cela 

^1  —  p  cos  0,  V,—p  sin  6 
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Cela  donnc  [en  omettant  la  partie  imaginaire  qui  s'evanouit  evidemment) 

iVj  =  I p"-*+' cos* 0 cos s$ dp ddd^,... . 

En  effeetuant  d'abord  Tint^gration  par  rapport  a  ^,,  ■■■ ,  les   limitea   dt!   ees  variables   sont 
donn^es  par 

f+....i-p', 

eb  Ton  trouve  tout  de  suite 


JVs  -  p-vj^   .   I  p™+^  (1  -  pO*"~'  cos*'  0  cos  s^  c^p  d 


Cette  formule  doit  ^tre  int^gr^e  depuis  p  =  0  a  />  =  1,  et  depuis  d  —  0  a  6  =  '^ir;  inais  en 
multipliant  par  quatre,  on  peut  n'^tendre  I'int^gration  par  rapport  ^  d  que  depuis  ^  =  0 
jusqu'sb  ^^Jtt.     De  la 

et  enfin,  au  moyen  des  formules  counues 

^cos'  e  cos  sed8  =  -^^, 

on  retrouve  la  formule  (5),  laquelle  il  s'agissait  de  d^montrer,  Ainsi  le  thdoreme  fouda- 
mental  est  compl^tcirient  ^tabli. 
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NOTE  SUE   LES   FONCTIONS   ELLIPTIQUES. 

[From  the  Journal  fiir  die  reine  und  angewandte  Matkematik  (Crelle),  torn,  xxxvn.  (1848), 
pp.  58—60.] 

SoiT   x  =  \/ksni&m'U,    ct    a  —  k  +  j:     la    fonction    ^/ksmamnu    {oh    n    est    un    entier), 

peut   ^tre   exprimee^soiis   forme   d'une   fraction    dont   le   d^iiommateur   est    iine    fonction 
rationnelle   et  entjere   par  rapport   ^   a;   ot   a.     En  exprimant  ee  denominateur  par  z,  on 


n^  (71?  -  1 )  «5s  +  (ji^  -  1)  (ax  -  2a^)  —^  +  (1  -  a«=  +  ^)  ^^  -  2?i=  (a^  -  4)  ^  =  0. . .  (1). 

Cette   Equation   est  due  h   M.  Jacobi,  {voyez   les   deux   m^moires  "Suite   des   notices   sur 
les  fonctions  elliptiques,"  t.  ill.  [1828]  p.  S06  et  t.  iv.  [1829]  p,  185.) 

En  essayant  d'int^grer  cette  equation  a  moyen  d'une  suite  ordonnde  suivant  les 
puissances  de  (C,  et  en  consid^rant  en  particuKer  les  caa  n  =  2,  3,  4  et  5,  j'ai  trouv^ 
que  les  diff^rentes  puissances  de  a  se  pr^sentent  et  disparaiasent  d'une  manifere  assez 
bizarre :  (voyez  mon  m^moire  "  On  the  theory  of  elliptic  functions,"  Cambridge  and  IkiMin 
Math.  Journal,  t.  ii,  [1847],  p.  256,  [45].)  J'ai  reconnu  depuis  que  cela  vient  de  ce  que 
la  valeur  de  z  est  eompos^e  de  plusieurs  series  ind^pendantes ;  une  quelconque  de  ces 
series  ordoime'e  selon  les  puissances  dcscendantes  de  a  va  £l  rinfini ;  mais,  en  combinant 
les  diff^rentes  series,  les  termes  qui  contiennent  les  puissances  negatives  de  a  se 
d^truisent.  Par  rapport  a  x  chacune  dc  ces  s^es  ne  contient  que  des  puissances 
paires  et  positives,  car  les  puissances  negatives  qui  y  entrent  apparemment,  se  reduisent 
toujours  k  z^ro.  En  effet,  on  satisfaifc  k  1 'Equation  (1)  en  supposant  pour  z  iine 
expression   do  la   forme 

^^  ^  2*""-=*'  a'l"-^'  Z„...+i-  Vyi  S'sc-s^i-iis  a«(n-2s)-5  _z,^ (2) 
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fofi  s  est  arbitraire).     Cela  doono  pour  Zq  I'dquation  aiix  differences  m^le'es: 


[^  -^^^^{r>?-X)cc^  +  2«'s  {n  -  2s)  -  ^ri^q   J  Z, 


■  dx^      V--       "^-^  d^P^J'""- 
-  \1%n^  [s  (7t  -  2s)  -  ^  +  2]  ^5_j  =  0. 


Pour  inte'grer  cetto  Equation,  supposons 


_  jjjuns+ai— iff 


-r(<7+i)r(g-<,  +  i) 

oil  la  sommatioiL  se  rapporte  a  o-  et  s'^tend  depuis  tr  =  0  jusqu'a  a  =  q.  Toute  reduction 
faite,  et  ayant  mis  pour  plus  de  simplicity  ra^  —  2ms  =  X,  2«.s  =  (i,  on  obtient  pour 
Zq    I'expressioii 

4.  {--{q-a)X-<TiL^{q-^ay-\Z,J 

+  (^/ -  0-)  (X.  -  2?  +  4(7  +  2)  (X.  -  2g  +  4(r  +  1)  2g_," 
+  0-  (>  +  25  -  4o-  +  2)(/:t  +  2§  -  4cr  +  1)  ^g_,'^' 
+  16o-  (3  -  ff)  [X;:i  -  2  (5  -  2)  (\  +  ii)'\  ^g_,"''  =  0. 

En  supposajit  !a  valeur  de  Z^  dgale  ^  Tunite,  les  valeurs  de  Z^  se  trouvent 
completement  d^termin^es ;  malheureusement  la  loi  des  coefficients  n'cst  pas  en  evidence, 
except^  dans  le  cas  de  o-  =  0,  ou   n  —  q.     En  oaleulant  les  termes  successifs,  on  obtient 


(4a)~*'^^i .  y? 

'     ix...- 

-(la)"-")- 

1 
+  5-^.^- 

ji|               x(X-3)«-<+' 

+  (la)-"-'- 

-T.li-^-^-Z^y 

+  jij               ^(/.-.l)."" 

j--i-g                   X(X-l)(X-o)!.~ 

-  (fa)'"-'- 

+  j--i-g                    ^(/.-l)(^-5)a:~ 
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On  aurait  une  valour  asaoz  g^nerale  de  z  en  multipliant  !es  diff^rentes  fonctions 
Zs  ehaeune  par  une  constante  arbitraire,  et  on  sommant  les  produits ;  mais  dans  le  cas 
actual  oii  z  denote  le  d^nominateur  de  -Jk  sin  am  nu,  la  valeur  convenable  de  z  se 
r^duit    a 

^  =  2(1  ±  ^1  ■  ■  ■  ±  Sj  ■  ■  ■  . 

oii  s  est  un  nombre  enticr  et  positif,  entre  z^ro  et  \n  ou  \{n  —  \).  On  aura  par 
exemple  dans  le  eas  m  =  5  (les  signes  ^tant  tous  positife  ai  n  est  impair,  et  alternative- 
ment  positife  et  n^gatife  si  n  est  pair),  en  supprimant  les  puissances  n«?gatives  de  a 
(lesquelles  s'entred^truisent) ; 

z„  =  \, 

z,  =  eia'a;'"  ~  i'  {\ma?  +  2403^")  +  a  (140a^  +  368a!'"  +  SeOic'^) 

-  (50a^  +  1253^  +  300a:^^  +  tlhi)i^% 

z.,  =  1 6a=^  -  a  {%0x^  +  20^^^)  +  (IVOa^"  +  62fl!="  +  xya?*). 


2  =  1-  50a;*  +  140(M^  -  (125  +  160a=)  a?  +  (368a  +  64a?)  k'"  -  (300  +  2400^)  a^' 

+  360aa!"  -  105ic'«  -  SOaa^'  +  (62  +  16a')  a^  -  20a«^  +  5a^ ; 

ce    qui    est    effectivement    la   valeur   do   z   que  j'ai   trouv<?e   dans   Ic   m<5moire    cit^   pour 
ce    cas    particulier. 
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OK   THE   APPLICATION  OF  QIJATEENIONS  TO   THE   THEORY   OF 
ROTATION. 

[From  the  Philosophical  Magazine,  vol.  xxxiri,  (1848),  pp.  19fi— 200.] 

In  a  paper  published  in  the  Philosophical  Magazine,  February  1845,  [20],  I  showed 
how  some  formulae  of  M.  Olinde  Kodrigues  relating  to  the  rotation  of  a  solid  body 
might  be  expressed  in  a  very  simple  form  by  means  of  Sir  W.  Hamilton's  theory  of 
quaternions.  The  property  in  question  may  be  thus  stated.  Suppose  a  solid  body 
which  revolves  through  an  angle  0  round  an  axis  passing  through  the  origin  and 
inclined  to  the  axes  of  coordinates  at  angles  a,  h,  c.     Let 

X.  =  tan  i^  cos  ffl,         /i  =  tan^^cosft,         ti^  tan  ^^  cose, 

and  write 

A  =  1  +  iX,  +jfi.  +  ku ; 

let    X,   y,  z    be    the    coordinates    of   a    point    in    the    body   previous     to    the    rotation, 
(C|,  7/|,  2,  those  of  the  same  point  after  the  rotation,  and  suppose 

n  —  ix  -\-jy  +  kz , 

III  =  i^i  +iy\  +  ^-^1 ; 

then  the  ooordinates  after  the  rotation  may  he  detennined  by  the  formula 

Hi  =  AHA-i ; 
viz.,  developing  the  second  side  of  this  equation, 

+.?■(«'« +0' J/ +  7' s) 
+  k{a"s;  +  ^"y^'^"z), 
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whore,  putting  to  abbreviate  ic  =  l  +  X'  +  /j?  +  v^,  we  have 

Ka  =  l  +  \'  -fi^  -  v^,     Kd  =  2  (X/i  +  v)  ,     Ko"  =  2(Xv  —  /J.) 

K-y  =  2  (Xv  +  ft)  ,     K^'  =2(/j,v--X)  .     Kj" —  \ —X^  —  fi?  +  v^  \ 

these   values   satisfying   identically   the   well-known    system    of  equations   connecting    the 
quantities  a,  /3,  7,  a',  0',  7',  a",  0",  7". 

The  quantities  a,  b,  0,  0  being  immediately  known  when  X,  /*,  v  are  known,  these 
last  quantities  completely  determine  the  direction  and  magnitude  of  the  rotation,  and 
may  therefore  be  termed  the  coordinates  of  the  rotation ;  A  will  be  the  quaternion  of 
the  rotation.  I  propose  hero  to  do v elope  a  few  of  the  consequences  which  may  be 
deduced  from  the  preceding  formulEo. 

Suppose,  in  the  first  place,  n  =  A  — 1,  then  IIi^A  — 1,  which  evidently  implies 
that  the  point  is  on  the  axis  of  rotation.  The  equation  Hi  =  11  gives  the  identical 
equations 

X(a-l)+fx0  +^7  =0, 

Xa:         +i^(&'-\)  +  v^/'  =0, 

X  a"         -1-/A  /3"         ^-^(y'-  1)  =  0; 
from  which,  by  changing  the  signs  of  X,  fi,  v,  wo  dciivc 

X(a-l)  +  ^   a'         +  1-  a"  =0, 

X  13         +^(^'-l)+t.  ^"         =0, 
X,  7  +  f'  y'         -H  r  {7"  -  1 )  =  0. 

Hence  evidently,  whatever  be  the  value  of  IT, 

AHA-^  -  n  =  0, 
if  after    the    multiplication    i,  j,    k    are    changed    into  X,  /i,   v,   a    property    whicii    will    be 
required  in  the  sequel. 

By  changing  the  signs  of  X,  ^,  v,  we  also  deduce 
A-TIA  =1  {ax  -V dy  +  a"^) 

+  k  (r/ce  +  y'y  +  7"s), 
where  a,  /3,  7,  «',  0\  7',  a",  0",  7"  are  the  same  as  before. 

Let  the  question  be  proposed  to  compound  two  rotations  (both  axes  of  rotation 
being  supposed  to  pass  through  the  origin).  Let  L  be  the  first  axis,  A  the  quaternion 
of  rotation,  L'  the  second  axis,  which  is  supposed  to  be  fixed  in  space,  so  as  not  to 
alter  its  direction  by  reason  of  the  first  rotation.  A'  the  corresponding  quaternion  of 
rotation.     The  combined  effect  is  given  at  once  by 

n,-A'(AnA-')  A'-\ 
that   is,  n,  =  A'An(A'A)-i     ; 
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or  since  (if  A^  be  the  quaternion  for  the  combined  rotation)  IIi  =  AjIIAr',  we  have 
clearly 

Mj  denoting  the  reciprocal  of  the  real  part  of  A'A,  so  that 

iifr'  =  1  -  XV  - 1^/^'  -  vv'. 

Retaining  this  value,  the  coefficients  of  the  combined  rotation  are  given  by 

\,  =  M,  {X  +  X'  +  li'v  -  fiv) , 

ft.,  =  Mi(ji  +  /j.'+  v'X  -  v\')  , 

vj  ^Mj{v  +  v'+  X'fj,  -  Xfjf) ; 
to  which  may  be  joined  [if  Ki==1  +  V  +  Mi'^  +  I'lT' 

K,  K,  «!  as  before.  A  or  A'  may  be  determined  with  equal  facility  in  terms  of 
A',  A,,  or  A,  Aj.  These  formulte  are  given  in  my  paper  on  the  rotation  of  a  solid 
body  {Gainhridge  Mathematical  Journal,  vol  iii.  p.  226,  [6]). 

If  the  axis  L'  be  fixed  in  the  body  and  moveable  with  it,  its  position  after  the 
first  rotation  is  obtained  from  the  formula  Hi  =  AIIA"^  by  wi-iting  11  =  A'  —  1.  Repre- 
senting by  A"  — 1  the  corresponding  value  of  Hi,  we  have  A"=AA'A~',  which  is  the 
value  to  be  used  instead  of  A'  in  the  preceding  formula  for  the  combined  rotation, 
thus  the  quaternion  of  rotation  is  proportional  to  AA'A~^A,  that  is  to  AA'.  Hence 
here 

A.-iliiAA', 

which   only   differs   i'rom   the   preceding  in   the   order   of  the   quaternion  factors.     If  the 

fixed   and    moveable    axes    be    mixed    together    in    any   order    whatever,  the    fixed    axes 

taken  in  order  being  L,  £',...  and  the  moveable  axes  taken  in  order  being  i„,  L^ ... 
then  the  combined  effect  of  the  rotations  is  given  by 

Ai  =  -M,,.  A'A'AA„A„'..., 

M  being  the  reciprocal  of  the  real  term  of  the  product  of  all  the  quaternions. 

Suppose  next  the  axes  do  not  pass  through  the  same  point.  If  a,  €,  y  be  the 
coordinates  of  a  point  in  L,  and 

T  =  ai  +  gj+yk, 
then  the  formula  for  the  rotation  is 

n.-r  =  A(n-r)A-', 

or  n,  =  AHA-  -  (APA-'  -  F), 

where  the  first  term  indicates  a  rotation  round  a  parallel  axis  through  the  origin,  and 
the  second  term  a  translation. 
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For  two  axes  L,  L'  fixed  in  space, 

Hi  -  A' An  (A'A)-^  -  (AT' A'-'  -  T'j  -  A'  ( AFA-  -  V)  A'-' ; 

and  so  on  for  any  number,  the  last  terms  being  always  a  translation.  If  the  two  axes 
are  parallel,  and  the  rotations  equal  and  opposite, 

A=A'-^ 

whence 

n,  =  n  +  A'(r-n  A'-^[r-r) ; 

or  there  is  only  a  translation.  The  constant  term  vanishes  if  i,  j,  k  are  changed  into 
V,  /J,',  v,  which  proves  that  the  translation  is  in  a  plane  perpendicular  to  the  axes. 

Any  motion  of  a   sohd   body  being   represented   by  a  rotation  and   a   translation,  it 
may  be  required  to  resolve  this  into  two  rotations.     We  have 

n^  =  A.nA,-^  +  T, 

where  2'  is  a  given  quaternion  whose  constant  term  vanishes.  Hence,  comparing  this 
with  the  general  formula  just  given  for  the  combination  of  two  rotations, 

A.  =  itfiA'A, 

r  =  -  {AT'A'-'  - 1"")  -  A'  (AFA-'  -  T)  A'"', 

the  second  of  which  equations  may  be  simplified  by  putting  A'~^J'A'  =  iS',  by  which 
it  may  be  reduced  to 

a  -  (A'-T'A'  -  r')  -  (AFA-'  -  F), 

which,  with  the  preceding  equation  Ai  =  Jl/iA'A,  contains  the  solution  of  the  problem. 
Thus  if  A  or  A'  be  given,  the  other  is  immediately  known ;  hence  also  B  is  known. 
If  in  the  last  equation,  after  the  multiplication  is  completely  effected,  we  change 
i,  j,  h  into  X,  ft,  V,  or  \',  fi',  v,  we  have  respectively, 

S  =  A'-T'A'  -  F',     S  =  -  (AFA-^  -  F), 

which  are  equations  which  must  be  satisfied  by  the  coefiicients  of  T'  and  F  respectively. 
Thus  if  the  direction  of  one  axis  is  given,  that  of  the  other  is  known,  and  the  axes 
must  lie  in  certain  known  planes.  If  the  position  of  one  of  the  axes  in  its  plane  be 
assumed,  the  equation  containing  S  divides  itself  into  three  others  (equivalent  to  two 
independent  equations)  for  the  determination  of  the  position  in  its  plane  of  the  other 
axis.  If  the  axes  are  parallel,  \,  fh,  v  are  proportional  to  X',  /t',  v  ;  or  changing 
i,  j,  k  into  X,  fi,  V,  or  X',  /«.',  v,  we  have  jS=0;  or  what  is  the  same  thing,  3^  =  0,  which 
shows  that  the  translation  must  be  perpendicular  to  the  plane  of  the  two  axes. 

If  p,   q,   r  have   their   ordinary   signification    in   the   theory  of   rotation,   then    from 
the  values  in  the  paper  in  the  Cambridge  Mathematical  Journal  already  quoted, 

/  ■        ■       >   1     ci  dA.  .      diK 
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but    I    have    not    ascertained    whether    this    formula    loads    to    any    results    of    importance. 
It  may,  however,  be  made  use  of  to   deduce   the   following  property  of  quatei 
if  A,  =  JfjA'A.  M,  as  before,  then 

in  which  the  coefficients  of  A'  are  considered  constant. 

To   verify   this    a   posteriori,    if   in    the   first    place    we    substitute    for 
M^nK,  we  have 

djc,_  ,,.,  ,dK      2    dM, 


dAj  .        1    dM,  ,,,  ,dA  . 

Also 

rfA,  .       /I    dM,  ,        ,,w(^A\,        1    dM,  .  .,      ,,„.,dA.,. 

^  -  A,  =  h^    - ,r  Ai  +  M,A'  -TT    Ai  =  -„  ~  A;'  +  M.'A'    ,-  A'A, 
dt           \Mj    dt  dtj  M,    dt  dt 

which  reduces  the  equation  to 

1    dM-, , .  , 

Hence  observing  that 

Ai^  +  «:.  =  2Ai-2i¥iA'A, 

and  omitting  the  factor  A  from  the  resulting  equation, 


Tj^^l-XV-^/- 


.substituting  anil  dividing  bj^  A',  we  obtain 


or  finally, 


n  I  -.■  dX       ,dfi,      ,  di/\       , , ,  .  dA     dA  . , 
„  /   ,  (ZX  ,     ,du,      ,  dv\      ,,       .,      .  ,     ,  ,.  f  .d\      .da      ,  dv\ 


,.-,.,.,,,,,/■-  (iX.        .da      ,  dv\       /  .d\       .da      ,  dv\  , ., ,       .   ,       ,    „ 
which  is  obviously  true. 
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SUR   LES    DETERMINANTS    GAUCHES. 

[From  the  Journal  filr  die  reine  und  angeivandte  Mathematik  (OrcUc),  torn,  xxxviii.  (1S4S), 
pp-  93—06:    continued  from  t.   XXXII.  p.   123,  52.] 

J'ai  uomm^  " Diterminant  gauche"  un  d^teriainant  form^  par  un  systome  d<.' 
quantit^s  X,. ,,  qui  satisfont  aux  conditions 

i.,,--\,..(r  +  s) <1), 

(ou   Ics   valcurw  dci  r,   s  wetcndent  dcpuis  I'uuiti^  jusqu'a  n). 

Or  ces  determinants  peuvent  facilement  ^tre  exprimfe  par  un  systfeme  de  deter- 
minants pareiis,  dont  les  termes  satisfont  ^  ees  conditions  mSme  dans  le  cas  ou  les 
valeurs  de  r  et  s  devieniient  ^gales,  ou  pour  tesquels  on  a 

V.s  =  -X,,.(r  +  s);     Xr.r  =  0  (2); 

ces   determinants  pcuvent   Strc  nommes   "  gauches  et  symetriques." 

En    effct,    aoit    H     Ic    determinant    gauche    dont    il    s'agit,    cette    fbnction    peut    etre 
ie  sous  la  forme 


n  =  ii„  +  n,?i,.j  +  n,x,.,.,.  +  ni,x,,iX,,.  ,,  (3), 

ou  flo  est  ce  que  devient  il  si  X,,,,  X^.s,  &c.  sent  r^duits  k  z^ro ;  iij  est  ce  que  devient 
le  coefficient  de  \_i  sous  la  m^me  condition,  et  ainai  de  suite;  c'est-k-dire :  n„  est 
le  determinant  form^  par  les  quantit^s  V.s  en  supposant  que  ces  quantites  satisfassent 
aux  conditions  (2),  et  en  donnant  it  r  les  valeurs  1,  2,  3,  ...n;  Q.^  est  le  determinant 
forme  pareillement  en  donnant  k  r,  s  les  valeurs  2,  3, . . .  n ;  lia  s'obtient  en  donnant 
h.  r,  s  les  valeurs  1,  3, ...n,  et  ainsi  de  suite;  cela  est  aise  de  voir  si  Ton  range  lea 
quantites  X^.s  en  forme  do  carrd 
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Or  les  determinants  gauches  et  sym^triques  (savoir  les  determinants  dont  les  termes 
satisfont  aux  conditions  (2))  se  rdduisent  h  z^ro  pour  un  n  impair,  et  pour  un  n  pair 
aux  Carres  des  fonctions  que  M.  Jacobi  a  trait^es  dans  eon  m^moire  "  XJeber  die  Pfaff'- 
sohe  Integrations- Meth ode "  (t.  II.  [1827],  p.  35i,  de  ce  journal)  et  dans  le  m^moire 
"Theoria  novi  multipKcatoris  fequationum  differentialium "  t.    XXIX.    [1845],  p.   236,  &c. 

En  effet,  on  volt  d'abord  (par  ce  que  dit  M.  Jacobi)  que  le  determinant  s'l^vanouit 
pour  un  n  impair,  et  que  pour  un  n  pair  il  aura  pour  facteur  la  fonction  dont  il 
s'agit ;  mais  je  ne  sais  pas  si  Ton  a  ddja  remarque  que  I'autro  facteur  se  r^duit  k  la 
m^me    fonction. 

On  obtient  ecs  fonctions  (dont  je  reprends  ici  la  theorie),  par  les  proprit^t^s  gen^rales 
d'un  determinant,  d^iini  de  la  maniere  que  voici :  en  exprimant  par  (12  ...  n)  une 
fonction  quelconque  dans  laquelle  entreat  les  nombres  symboliques  1,  2,...n,  et  par  +, 
le  signe  correspondant  k  une  permutation  quelconque  de  ces  nombres,  la  fonction 

2+(12..,n) 

(ou  %  designe  la  somme  de  tons  les  termes  qu'on  obtient  en  permutant  ces  nombres 
d'une  maniere  quelconque)  est  ce  qu'on  nomme  Determinant.  On  pourrait  encore 
g^neraliser  cette  definition  en  admettant  plusieurs  systferaes  de  nombres  I,  %...n; 
1',  2',  ...n';  ...  qui  alors  devraient  Stre  permutes  ind^pendamment  les  uns  des  autres; 
on  obtiendrait  de  cette  maniere  une  infinite  d'autres  fonctions,  mentionn^es  (t,  xxx.  [1846] 
p.  7).  Dans  le  cas  des  determinants  ordinaires,  auquel  je  ne  m'arrfeterai  pas  ici,  on  aura 
(12 ...  w)  =  Xo.i /V-ea ...  X,.„.  Pour  les  cas  des  fonctions  dont  il  s'agit  (les  fonctions  de 
M.  Jacobi),  ou  suppasera  n  pair,  et  Ton  ecrira 

(12...m)  =  X,,A.4--.X^i.«, 

oil  \f.s  soot  des  quantites  quelconques  qui  satisfont  aux  equations  (1).  La  fonction  sera 
composee  d'un  nombre  1.2  ...n  de  termes ;  mais  parmi  eux  il  n'y  aura  que  1.3  . . .  (n  —  1 ) 
termes  difKrents  qui  se  trouveront  repetes  2^(1.2...^n)  fois,  et  qu'on  obtiendra  en 
permutant  cycliquement  d'abord  les  n—1  derniers  nombres,  pxiis  les  Ji  —  3  derniers 
nombres  de  chaque  permutation,  et  ainsi  de  suite ;  le  signe  ^tant  toujours  + .  II 
pourra  Stre  demontre,  comme  pour  les  determinants,  que  ces  fonctions  changent  de  signe 
en  permutant  deux  quelconques  des  nombres  symboliques,  et  qu'ellea  s'^vanouissent  si 
deux  de  ces  nombres  deviennent  identiques.  De  plus,  en  exprimant  par  [12...«.]  la 
fonction  dont  il  s'agit,  la  rfegle  qui  vient  d'etre  ^noncee,  donnera  pour  la  formation  de 
ces   fonctions : 

[12...n]=X,.,[34...m]-|-A,,,[4...w-2]..,+X,.„[23...(«-l)]. 

Cela  pose,  revenons  aux  determinants  gauches  et  symetriques ;  et  soit  d'abord  n  un 
nombre  impair.  Alors  le  determinant  sera  compost  de  plusieurs  termes,  chacun  multiplie 
par  le  produit  de  I'une  des  quantites  X,  j,  X,,,,  ...X,.„  par  une  des  quantites  \„  X,,,  ...X„_,. 
II  est  facile  de  voir  que  pour  chaquo  tcrme,  multiplie  par  X^.X^.i  (a  +  ,S),  il  existera 
un  termo  ^ffal  et  de  signe  contraire,  multiplie  par  \.s\a.i-     Or  Xi,„Xg.,  =  X„.i  X,.p:  done 

52—2 
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ces  deux  termes  sc  detruiront.  Restent  les  termes  multiplife  par  X,,„X„.i:  le  coefficient 
d'un  terme  de  cette  forme  sera  un  determinant  gauclie  de  I'ordre  n~2,  mais  pr&is^- 
ment  de  la  forme  du  determinant  mSme  de  I'ordre  n  dont  il  s'agit.  Or  n  ^tant  impair, 
n—2  le  sera  ^galement :  done  tout  determinant  gauche  et  sym^trique  s'^vanouira,  si 
cela  a  lieu  pour  les  determinants  pareils  d'un  ordre  infericur  de  deux  unites.  Or  pour 
11  =  3  on  a  evidemment  Xi.a^s.aXj  i  +  X^  jA-a  jXij^O,  done: 

"Tout  determinant  gauche  et  symetrique  d'un  ordre  impair  est  zero." 

Soit  maintenant  n  un  nombre  pair.  Consid^rons  le  determinant  gauche  et  symetri- 
que  plus  general  qu'on  obtient  en  donnant  k  r  les  valeurs  a,  2,  §,...n,  et  k  s  les 
valeurs  /3,  2,  3,  ...w.  En  d^veloppant  cette  fonction  comme  on  vient  de  le  faire  dans 
le  cas  d'un  n  impair,  il  se  presentera  d'abord  un  terme  multipli^  par  X„.^.  Mais  ce 
terme  sera  un  determinant  gauche  et  symetrique  de  I'ordre  n—l  (savoir  celui  que  Ton 
obtiendrait  en  donnant  k  r,  s  les  valeurs  2,  3,  ...  n),  et  comme  n—l  est  impair,  ce 
terme  s'evanouira.  Puis  le  coefficient  de  —X^.a-^g'.g  (on  de  X^.^'X^,^-)  sera  le  determi- 
nant gauche  et  sjTuetrique  qu'on  obtient  en  donnant  k  r  les  valeurs  2,  8, ...  Ji  (a  excepte), 
et  ^  s  les  valeurs  2,  3,.,,m  (^'  excepte).  En  admettant  que  ce  determinant  gauche 
sc  reduit  k  [(a'  +  l)...n2...(f^-l)][(0'+l)...n2...(fi'-l)l  on  aura 

\„a{='  +  l) -.(«'- 1)] -X,,^  [(^' -I- 1) ...  (/3'- 1)] 

pour  le  terme  general,  et  la  somme  de  tous  ces  termes  se  reduira  a 

{X„.,  [34. ..«]  + X„.>  [4. ..  n2] +  ...].  (X3.,[3i...n]  +  X^.,  [4. ..«2] +  ...), 

ou  enfin  k  [o:23,..w]  [,S23,..n].  Or  si  le  theorfeme  en  question  a  lieu  pour  n -- 2, 
il  aura  lieu  aussi  pour  n.  Pour  n  —  2  le  determinant  est  Xo^X^ ,  — A-jeX^.s,  c'est-a-dirc 
X^.jXp.a  ou  [a2]  ,  [,32] :  done  la  meme  chose  a  toujours  lieu  et  on  obtient  le  theorems 
que    voici ; 

"  Le  determinant  gauche  et  symetrique  qu'on  obtient  en  donnant  a  r  les  vakurs 
a,  2,  2,...n,   et   k   s   les   valeurs  0,    2,  3,  ...n  (oii  n   est  pair),   se   reduit   a 

[a23...)i].[^23...m]; 

et  en  particulier,  en  donnant  k  r,  s  les  valeurs  1,  2, ...«,  ce  determinant  se  reduit  a 
[12. ..«]■/• 

Appliquons  ces  theorcmes  a  la  reduction  do  1' equation  (3).  En  supposant  poor 
plus  do  simplicite  Xr,r=l,  on  aura  pour  un  n  pair: 

il  =  [123...  np+ [34...  np+ [56...  «]=+..,+!; 

+  [2i...nf 


Hosted  by 


Google 


fiy]  SUE,    LES     DliTERMINANTS    GAUCHIB.  413 

et  pour  un  n  impair: 

n=     [23...«p  +  [45...np4  ...  +  1. 

Farticuli^reraent  pour  n  =  4  on  obtient : 

n  =  [1234]=  +  [12]=  +  [13]'=  +  [14]'  +  [2:S]=+  [34]'+  [42]=  +  1, 

et  pour    I!  =  3  : 

a  =  [23]=+[31]-^  +  [12p  +  l, 
=  ^!,3^  +  ?^!.i'  +  X,.,=  +l  : 

r^ultata    qui   s'accordeut    parfaitoment    avec    ceux    que   j'ai   donnes    dans    mon    premier 
m^moire   sur  ce   sujet. 

II  aerait  possible  de  trouver  pour  les  quantit^a  A,.^s  (memoire  cit^)  des  expressions 
analogues  k  celles  que  nous  venons  de  donner  pour  li :  mais  elles  seraient  beaucoup  phis 
compliqu^es. 
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70. 

SUB  QTJELQUES  THEOKEMES  DE  LA  GEOMETEIE  DE  POSITION. 


[From  the  Journal  fur  die  reine  und  angewandie  Mathematik  (CrdleJ,  torn,  xxxvur.  (1848), 
pp.  97 — 104 :   continued  from  t.  XXXIV.  p.  275,   55.] 

§  V. 

Le  th^orfeme  de  Pascal  applique  au  cas  oil  une  conique  se  r^duit  k  deux  droites, 
dornie  iieu  a  un  systeme  de  neuf  points  situ^s  troia  k  trois  daos  neuf  droites  qui 
passent  r^eiproquement  troia  k  trois  par  les  nouf  points.     Je  reprcscDtorai  ces  points  par 

1,  4,  7  ;     2,  5,  8  ;     3,  6,  9, 

et   lea   droites   par 

135,  42fcp,  789  ;     129,  483,  7ofi ;     186,  459,  723. 

On  pent  prendre  pour  la  coniqud  dont  il  s'aglt,  deux  quelconques  de  ces  droites 
qui  ne  se  rencontrent  pas  dans  un  des  neuf  points,  ou  ce  qui  levient  au  rnSme,  deux 
quelconques  des  droites  qui  appartiennent  k  un  des  tiois  syst^meb  dans  lesquels  les 
droites  viennent  d'etre  divisees;  alors  la  troisifenie  droite  sera  celle  qui  contient  les  points 
de  rencontre  des  c6t^s  opposes  de  I'hexagoue.  Par  exemple,  en  pienant  pour  conique 
les  deux  droites  135,  246,  I'hexagone  sera  123456,  et  les  points  de  rencontre  des  efit^s 
opposfe.  savoir  de  12  et  45,  de  23  et  56,  et  de  34  et  61  seiont  iespecti\ l ment  9,  7,  8; 
c'est-k-dire  des  points  situ^s  dans  la  droite  789 ;   dc  manitie  que 

Tn&OUkniE  XV.  "La  figure  forrnee  par  neuf  points  situ^s  3  a  3  dans  9  droites  pent 
etre  consid*5r^e,  de  neuf  mani^res  difft^rentes,  comrae  r^sultante  du  tli^rfeme  de  Pascal 
appliqu^  au  cas  oh  la  conique  se  r^uit  k  deux  droites." 

II  y  a,  com  me  Va  remarqu^  M.  Graves  dans  le  m^moire  cit^  du  Philosophical 
Magazine,  une  autre  mani^re  assez  singuliere  d'envisager  la  figure.  Consid^rons  pour 
cela    les   trois   triangles   12C,    489,   73-5,   qui   peuvent   Stre    derives    assez    simplement    de 
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I'an'aagement  135,  426,  7S9.  Le  premier  de  ces  triangles  est  eirconscrit  au  second;  car 
les  c&t4s  26,  61,  12  contiennent  respectivement  les  points  i,  8,  9  ;  ^gaiement  le  second 
est  eirconscrit  au  troisieme ;  et  le  troiaifeme  au  premier.  On  tire  encore  du  m6me 
arrangement  135,  426,  789  un  autre  systfeme  pareil  de  triangles ;  savoir  189,  435,  726. 
PareiUement  les  arrangements  129,  4S3,  756  et  186,  459,  723  donnent  lieu  chacun  a 
deux  systemes  analogues.     Done : 

TH^ORfeME  SVI.  La  figure  form^e  par  neuf  points  situ^s  3^3  dans  9  droites 
peut  gtre  consid^r^e,  de  six  maniferes  diifi^rentes,  comme  compos^e  de  trois  triangles 
circonscrits  cycliquement  I'un  k  I'autre. 

Representons  maintenant  par  1,  2,  3,  4,  5,  6,  7,  8,  9  les  neuf  points  d'inflexion 
d'une  courbe  du  troisifeme  ordre  {six  de  ces  points  seront  n^ssairement  imaginaires). 
Ces  points  sont,  comme  on  salt,  situ^s  3  a  3  dans  douze  droites  qui  passent  recipro- 
quement  quatre  k  quatre  par  les  neuf  points,  et  qui  peuvent  ^tre  representees  par 

135,  426,  789;     129,  483,  7-56;     186,  459,  723;     147,  258,  369; 

de  sorte  que  ce  syst^me  est  un  cas  particuiier  de  eelui  que  nous  venons  de  considerer. 
En  consid^rant  deux  quelconques  des  droites  qui  ont  un  point  en  commun,  par  exemple 
147,  186,  et  les  deux  autres  droites  qui  passent  par  ce  ni&me  point  135,  129,  on  obtient 
par  \k  deux  quadrilatferes  4876  et  3952  qui  ont  pour  centre  commun  le  point  7  et 
dont  chacun  est  eirconscrit  k  I'autre.  On  aurait  pu  obtenir  par  ces  rafemes  droites 
147,  186,  135,  129  des  autres  systfemes  pareils ;   done 

THfioEfcME  XVII.  Huit  points  quelconques,  parmi  neuf  points  d'inflexion  d'une 
courbe  du  troisieme  ordre,  peuvent  4tre  consid^r^s  de  trois  manieres  diffcrentes  comme 
■  formant  deux  quadrilateres  circonscrits  I'un  k  I'autre.  Les  diagonales  de  ces  six 
quadrilatferes  se  r^duisent  k  quatre  droites  qui  passent  par  le  neuvi^me  point  d'inflexion. 

§  VI.     Sur  les  figures  redproques. 

Soienfc  ^  ■  to,  i)  :  la,  p  :  to  les  coordonn^es  d'un  point.  Les  deux  plans  definis  par 
les  Equations 

(a  ^+b  v  +  o  p  +  d   a>)  x^i  {a^  +  a.'v  +  a"p  +  a:"to)  x"-. 

+  («'?+&' J?  4  c'  p+d'  to)  y\  +(b^+i''>j  +  h"p  +  b"'fo)  y  \ 

^-  =  0,  ct  )-  =  0, 

+  {a"^+h"'n  +  c"p  +  d"to)  z\  +(c|  +  c'i?  +  c'>+c"'w)  s 

+  (a"t  +  b"'i}  +  c"'p  +  d"'o,)  w  J  4-  (rf|+  d'^  +  d"p+  d"'(o)  w } 

seront  les  plans  r^dproques  du  point  donne. 

II  peut  arriver  que  le  plan  r^ciproque  d'un  point  quelconque  passe  par  ce  point 
meme ;  ce  qui  implique  aussi  I'identiti^  des  deux  plans  r^ciproques.  Ce  cas  particuiier 
a  ^t^  I'objet  des  recherches  de  M.  Miibius.  Je  parlerai  dans  !a  suite  des  r^ciproques 
de  cette  espfece  en  les  appelant  R4iyiproqu,es  gauches. 

Mais  gfSn^ralement,  pour  quo  les  plans  r^ciproques  d'un  point  parent  par  ce  point 
meme,   il  faut   que   le   point   soit   situd   sur   une    certaine    surface    du    second   ordre ;    et 
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alora  tous  les  r^ciproques  des  points  situ^s  sur  cette  surface  seront  des  plans  tangents 
d'une  autre  surface  du  second  ordre.  Ces  deux  surfaces  pourront  Stre  identiques ;  ce 
qui  implique  aussi  I'identit^  des  deux  plans  r^ciproques.  Ce  cas  particulier  constitue 
en  cffct  la  th(5orie  connue  dea  Polaires  rSciproq-ues. 

Je  me  propose  ici  d'examiner  la  tli^orie  du  cas  ge'n^ral,  oil  les  deux  surfaces  ne 
sent  point  identiques.  On  pourra  d^montrer  que  dans  cc  cas  les  deux  surfaces  ont 
n^cessairement  en  commun  quatre  droites :  ces  droits  ae  rencontrent  de  manifere  el 
former  un  quadrilatere  gauche  que  je  repr^senterai  par  ABCD.  II  est  Evident  que  les 
deux  surfaces  se  touchent  aux  points  A,  B,  0,  D.  En  effet,  le  plan  DAB  est  le  plan 
tangent  de  Tune  et  de  I'autre  de  ces  surfaces  au  point  A  ;  et  de  meme  ABG,  BCD 
et  CBA  sont  respectivement  les  plans  tangents  aux  points  B,  G  ct  D.  Les  deux 
r^ciproques  du  point  A  se  r^duisent  k  ce  meme  plan  DAB,  et  il  en  eat  ^galement 
pour  les  points  B,  C,  D:  il  suit  de  la  qiie  lea  droites  AG  et  BD  sont  r^ciproques  I'une 
a  I'autre,  tandis  que  les  droites  AB,  BG,  CD,  DA  sont  respectivement  rt5ciproques 
chaeune  a  elle-merae. 

Les  r^ciproquea  d'un  point  quelconque  passent  par  la  droite  qui  est  I'interaection 
du  plan  polaire  du  point  par  rapport  h  la  premifere  surface,  et  de  la  r^ciproque  gauche 
du  point  d^termin^  d'une  manifere  qui  sera  expliqu^e  tout  k  I'heure.  Done  lea  r^cipro- 
ques  d'un  point  quelconque  de  la  premifere  surface  passent  par  la  droite  qui  est 
I'intersection  du  plan  tangent  de  la  premifere  surface  au  point  dont  il  s'agit,  et  de  la 
r^ciproque  gauche  du  meme  point ;  de  manifere  que  si  cette  droite  d'intersection  etait 
connue,  les  r^ciproques  d'un  point  de  la  premiere  surface  seraient  les  plans  tangents 
de  la  secoude  surface  menes  par  cette  droite  d'intersection ;  ou,  pour  trouver  les 
reciproques  d'un  point  de  la  premiere  surface,  on  n'a  qu'i  chercher  la  r^oiproque  gauche 
dont  je  viens  de  parler. 

Dans  ce  systfeme  de  reciproques  gauches,  les  reciproques  gauches  des  points  A,  B,  0,  D 
sont  (comme  dans  le  systfeme  des  reciproques  que  nous  consid^rons)  les  plans  DAB, 
ABC,  BGD  et  GAD,  et  de  \h  les  droites  AG  et  DB  sont  reciproques  gauches  I'une 
a  I'autre,  tandis  que  les  droites  AB,  BC,  CD,  DA  sont  reciproques  gauches  chaeune  k 
elie-m^me.  Mais  cela  ne  sufEt  pas  pour  determiner  le  systeme  des  reciproques  gauches. 
En  etfet,  le  systfeme  des  reciproques  que  nous  considerons  n'est  pas  complfetement 
determine  au  moyen  des  deux  surfaces ;  il  contient  encore  une  quantite  arbitraire  (on 
pent  facilement  se  satisfaire  de  cela).  Or  remarquons  que  la  reciproque  gauche  d'un  plan 
quelconque,  passant  par  la  droite  AB  (ou  par  I'une  quelconque  des  droites  AB,  BG, 
GD,  DA),  est  situee  dans  cette  mSme  droite.  Considerons  un  plan  donne  quelconque 
pAB  passant  par  cette  droite  AB;  la  reciproque  gauche  de  ce  plan  sera  un  point  P 
de  la  droite  AB,  dont  la  position  pourra  §tre  prise  k  volonte.  Au  moyen  de  ce  plan 
pAB  et  de  sa  reciproque  gauche  P,  sur  la  droite  AB,  on  pourra  facilement  construire 
le  systfeme  complete  des  reciproques  gauches.  Car  soit  q  un  point  quelconque,  et 
representons  par  Q  la  reciproque  gauche  du  plan  qAB  (Q  sera  auaai  un  point  de  la 
droite  AB) ;  considerons  les  quatre  plans  DAB,  GAB,  pAB,  qAB  qui  se  rencontrent 
selon  la  droite  AB,  et  qui  ont  respectivement  pour  reciproques  gauchea  les  points 
A,   B,  P,    Q    (situes    sur   cette    mgme    droite    AB)  :     le    rapport    anharmoniquc    des    quatre 


Hosted  by 


Google 


70]  SUR   QUELQUES    THEOREMES    DE    LA    GlJOMl^TEIE    DE   POSITIOX,  417 

pions  sera  ^gal  au  rapport  anharmooique  des  quatre  points ;  cc  qui  suffit  pour  d^tcrniiner 
le  point  Q,  puisque  les  qnatres  plans  et  les  troia  autres  points  sont  donnas,  et  la 
construction  graphique  pour  determiner  ce  point  Q  est  parftiitement  connue.  II  est 
d'adleurs  Evident  que  la  droite  men^e  par  un  point  dotm^  de  aorte  qu'elle  rencontre 
dea  droites  reciproques  gauches  I'une  k  I'autre,  eat  situ^e  dans  la  r^ciproque  gauche 
de  ce  point.  Done,  en  menant  par  le  point  3  la  droite  qui  rencontre  les  deux  droites 
AC  et  BD,  le  plan  paasant  par  cette  droite  et  par  le  point  Q,  est  la  reciproque  gauche 
du  point  q  qu'U  a'agissait  de  trouver^.  Egalement,  on  pourrait  construire  la  reciproque 
gauche  d'un  plan  donn^. 

Done  enfin,  pour  trouver  les  reciproques  d'un  point  de  la  premiere  surface : 

(A)  "  Conatruisez  le  plan  tangent  k  ce  point  dc  la  premiere  surface,  et  conatruisez 
de  la  manifere  expliqu^e  ci-dessus,  la  reciproque  gauche  du  point.  Par  la  droite  d'inter- 
section  de  ces  deux  plana  menez  deux  plans  tangents  a  la  secondo  surface :  ees  deux 
plans  serout  les  r^iproques  qu'il  a'agissait  de  trouver." 

On  pourra  construire  d'uuc  maniferc  analogue  Ics  recipro(jues  d'un  plan  tangent  de 
la  premifere  surface.     Eu  effet: 

(B)  "En  eonatruiaant  les  reciproques  du  point  de  contact  avec  la  premiere  surface 
du  plan  dont  il  s'agit,  les  points  de  contact  avec  la  second e  surface,  de  cea  deux 
plans,  seront  les  reciproques  dont  il  a'agissait." 

Egalement,  pour  trouver  les  reciproques  d'un  plan  tangent  donne'  de  la  seconde 
surface  : 

(C)  "  Coustruisez  le  point  de  contact  de  ce  plan  aveo  la  aeconde  surface,  et  con- 
atruisez la  reciproque  gauche  de  ce  mSme  plan:  la  droite  menee  par  ces  deux  points 
rencontrera  la  premifere  surface  dans  deux  points  qui  seront  les  reciproques  que  Ton  (lesirait." 

Et  pour  trouver  les  reciproques  d'un  point  de  la  seconde  surface : 

(D)  "Construisez  les  reciproques  du  plan  tangent  paaaant  par  le  point  donne  de 
la  seconde  surface :  les  plans  tangents  a  la  premiere  surface  passant  par  ces  deux  points, 
aeront  les  reciproques  qu'il  s'agissait  de  trouver." 

En  effet  les  theorfemes  (C,  D)  ne  sont  que  dea  transformations  des  theorfemca 
(A,  B)  au  moyen  de  ia  theorie  des  polaires  reciproques. 

Enfin,  pour  trouver  lea  reciproques  d'un  point  quelconque,  menez  par  ce  point  trois 
plans  tangents  on  &  la  preniifere  ou  ^  la  seconde  surface,  et  construisez  lea  reciproques 
de  cea  plans  au  moyen  du  theorfeme  (B  ou  C) :  lea  deux  plans  menes  par  ces  points 
reciproques,  pris  trois  et  trois  ensemble,  et  combines  de  manifere  que  I'interaection  des 
deux  plans  coincide  avec  I'intersection  de  la  polaire  par  rapport  k  la  premifere  surface 
et  de  la  reciproque  gauche  du  point  donn^,  selon  la  remarque  ei-dessus,  seront  les 
reciproques  cherchees ;  et  de  la  m&me  manifere  pour  les  reciproques  d'un  plan  quelconque, 

'  D  y  a  uQ  oas  trSs  simple  qui  m^te  d'Stre  oonsid^r^ ;  savoir  oelni  o!i  le  point  P  eoinoiiie  avec  A. 
Dans  ce  cas  Q  ooincide  auasi  aveo  A,  et  la  rfioipcoque  gauohe  de  t;  ae  rfiduit  au  plan  qAC.  De  mSme.  si 
les  points  P,  B  coincident,  la  reciproque  gauche  de  q  se  T&daif,  au  plau  qBD. 
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Je  n'essaiGrai  pas  d'^numerer  ici  le  grand  nombro  dc  relations  descriptives  qui 
poiirraient  Stre  tiroes  des  constructions  qu'on  vient  d'expliquer.  L'on  remarquera  sans 
peine  I'analogie  parfaite  qui  existe  pour  toute  cette  th^orie  et  la  th^orie  correspondante 
de  la  g^m^trie  k  deux  dimensions,  telle  que  M.  Pllicker  I'a  expos^e,  "  System  der 
analytischen  Geometrie,"  [4°,  Berlin,  1835],  pp.  78 — 83.  On  pourra  aussi  consulter  sur  ce 
point  un  m^moire  [61]  que  je  viens  de  composer  pour  le  Cambridge  and  DvhUn  Mathe- 
matical Joii/mal,   et   qui  paraitra  prochainement. 

La  verification  analytique  de  ces  theorfemes  donne  lieu  a  des  d<5veloppements  assez 
interessants.  Pour  obtenir  I'^quation  de  la  premiere  des  surfaces  du  second  ordre,  il 
auffit  d'ecrire  ^,  ij,  p,  w  au  lieu  de  x,  y,  z,  w,  dans  IMquation  de  Tun  ou  de  I'autre  des 
plans  r^eiproquea.  En  supposant  que  x  =  0,  y  =  0,  z  =  0,  w  =  0  soient  des  plans  conjugu^s 
par  rapport  ^  la  surface,  et  en  rcmarquant  que  chacune  de  ces  eoordonn^es  peut  etre 
censee  conteuir  un  facteur  constant,  i'^quation  dc  la  premiere  surface  peut  ^tre  ecrite 
sous  la  forme 

a^  +  j'  +  2^^  +  w'  =  0. 

On  aura  alors  pour  a,  b,  c,  d;  a',  b',  c',  d' ;  a",  b",  c",  d" ;  of",  b"' ,  c'" ,  d"'  un  systcmc 
dc  la  forme  I,  —h,  g,  —a;  h,  I,  — /,  —6;  —  g,  f,  I,  —c;  a,  b,  c,  I,  et  les  equations  des 
plans   r^ciproques  deviendront 

(^^  +  iiy  +  p2  +  mw)  t  [      »■(       ,  -kri+ffp-afc))^=0; 

[  +  u-{    a^  +  bv+cp    ,     ); 

ce  qui  prouve  Ic  th^oreme  ^nonc^  ci-deasus ;  savoir  que  les  deux  rdciproques  passeiit 
par  la  droite  d'intersection  de  la  polaire  et  de  la  rdciproque  gauche  du  point.  On 
obtient  sans  difficult^  pour  I'^quation  de  la  seconde  surface  : 

(x-hy  +  gs-  awf  +  {hx+y-f2-  bw'f  +  {~gx+fy  +  z-  ctof  +  {am  +by  +  C2+  w)=  =  0, 
ou  sous  une  autre  forme  plus  commode : 
{c.'-  +  f  +  z'  +  W^) 

+  (.-hy  +  g2-awy  +  (Ju>!.-fz-b'wy  +  (-ga:+fy.-Cwy  +  (aa:+by  +  cz.y^0. 
Les  coordonn^es  des  points  A,  B,  C,  D  seront  dt^termin^es  au  moyen  des  expressions 

.  —hy  +  gz  —  aw__  hw.  —fs  —  bw_  —  gx  ^-fy  .  —cw^ax  +  by+cz. 
X  y  z  w  ' 

ou,  en  introduisant  la  quantity  iod^termin^e  s: 

sx  —hy  +  gz  —  aw=^  0, 

hsc+sy  -fs  —bvj  =  0, 

—  gx  +fy  +  8S  —ctD  —  O, 

ax  +  hy  +CZ  +  siv  =  0. 
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En  effet,  on  demontrera  ais^ment,  non  seulement  que  lea  points  d^finis  par  coa  Equations 
sont  situ^  dans  I'interaection  des  deux  surfaces,  mais  aussi  que  les  deux  surfaces  se 
bouclient  dans  ces  points-ci;  ce  qui  fait  voir  qu'en  combinanb  convenablement  les  quatre 
points,  les  deux  surfaces  doivent  se  coiiper  (comme  nous  I'avons  > 
les  droites  AB,  BQ,  CD,  DA. 


Je   vais   examiner   encore   de   plus   pres   le   system  e   d'^quati 
points.     On  en  tire  tout  de  suite,  pour  determiner  s,  I'equation 
5^  +  /ts'  +  ©^  =  0, 

oil  Ton  a  fait  pour  abreger : 

;i  =  «=  -I-  y-  +c'+f-+f  ¥h\ 

Supposons  encore 

sY+a®  =  A,    s^g  +  b@^B,    s^h  +  c@-=C 

et  s%+/©=i^,     ^b  +  g&  =  G,     s^C  +  h&^II: 

r^quation  qui  determine  s,  pourra  ^tre  ^crite  sous  cette  autre   forme 

AF+BO  +  CH  =  0. 


avance),   suivant 
qui  doterminont    ces 


iTai   trouv^   que   les   i 
formes  assez  (Elegantes 


@. 


itions   des   droites   AC   ct   BD  peuvent  Stre   prt^sentt^os   sous 


-Uy+Gz-  Aw  =  ii.' 

-Cy+Bz~Fw^O, 

Hx      .    -Fe-Bw^O, 

Cx      .    -Ai-Gw^O, 

^Gx  +  Fy      .     -Cw  =0, 

-Bx  +  Ay     ,     -Hw^O, 

Ax  +  By  -vCz      .       =  0,  _ 

Fx  +  Gy  +  Hz      .     =0, 

oil    cha«uii    de    ces    system es    d'^quations    n'est    ^qmvalent    qu'a    un    system e    de    deux 
Equations.     En   entrechangeant    les  racines    de    I'^quation   en   s',  c'esfc-a-dire   en   ^crivant 

—  au   lieu   de   s',  les   deux   systemes   ne   font   que   a'cntreehanger ;   corame   en   effet   cela 

doit  etre, 

Enfin,  les   Equations   des   plans  AOD,  BAG,  ou   des   plans   ABD,  BBC  peuvent   etre 
esprimi^es  sous  les  formes 

PQ  =  {.-ny^Ge-Awf  +  {Hx.-Fz~Bwf  +  {-Gx  +  Fy.~  Cvjf  +  iAx  +  By  +  Cz.y^O, 
RS={.-  C'y  +Bz-Fwf  +  (Gx.-Az-Gwy  +  {-Bx  +  Ay.-Hwf-\-{Fx  +  Gy+He.f  =  (i; 
Equations  desquelles  on  tire  les  relations  idcntiques 
PQ+    RS=-s^{fi'-^%'){a?  +  f  +  z'^  +  w% 

■>^{{.-ky-Vgz~  awf  +  (hx.../z-  hwy  +  (~  ga>  -fy  .  -  <yuif +  (ax  +  by +  m .  )=], 

oir,  que  les  deux  surfaces  contiennent 


qui  mettent  en  evidence  ce  que  Ton  savait  d^j^, 
les  droites  AB,  BC,  GD,  DA. 


53- 
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Mettons  pour  ua  moment,  pour  abr^ger: 

■   - '"?   +gp-aoT  =  l  , 
h^      .     -fp-h^-m. 

a^+hrj   +cp     .      =p , 

do   sorte   que   lequation  de   la  r&iproque   gauche   dii   point   (f,  ij,  p,  w)  devient 

Ix  +  my  +  m  +  pio  =  0  ; 

supposons  de  plus  que,  en  combinant  cette  Equation  avoc  les  equations  des  droit es 
AG  et  BD  respectivement,  on  obtient  x  :  y  :  z  :  w  —  X  :  Y  :  Z  :  W  et  x  :  y  :  s  :  w 
—  X,:   Y^  :  Z^  :   W,  respectivement.     De  1^  ou  tire 

X-      .    -Gin  +  Bn-Fp,']  .Y,  =       .    -Hm  +  Gn~Ap;\ 

F-     CI        .     -An-(^,\  F,  =     m      .      +Fn-Bp,\ 

Z  =~Bl  +  Am  .  -Hp.\  Z^^-Gl+Fm  .  -GpA 
lf=     Fl  +  Gm  +  Hn       .      j  Ty,=     Al+Bm+Gn      .      ) 

et  (le  la,  identiquement : 

©(0^-s*)^  =®X  -s-'X,, 

@(©'-s')^  =@Y-s'Y,  , 

©(0^-«')p  =®Z  ~s^Z^  , 

ce  qui  correspond  en  effet  au  th^orfeme  ^noncd  ei-dessus,  savoir  que  la  reciproquc  gauche 
d'un  point  rencontre  les  droites  AO,  BD  en  deux  points  tels  que  la  droite  passant  par 
ces  deux  points  passe  par  le  point  m^me.  Les  di^monstrations  des  diff^rents  th^or^mes 
d'analyse  dont  je  me  sers,  n'ont  point  de  difficultes. 
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NOTE    SUR    LES    FONCTIONS    DU    SECOND    ORDRE. 

[From  the  Journal  fur  die  reine  mid  angewandte  Mathematik  (Crelle),  torn,  xxxvin.  (1848), 
pp.  105—106,] 

SoiENT   X,   y,  ■■■   des   variables   dont   le   nombre   est  2)t   ou   2)!  + 1 ;   repr^scntons  par 
'^,  1),  ■-■  un  nombre  ^gal  de  fonctions  lin^aires  des  variables  a:,  y, ...  et  soit 

U=^a:    Jrfiy    +... 
=  Ax'  +  By'^  +  . . .  +  2Hxy  ■+  ... 
et  T^=j    .      ?,     J?  ■■      . 

?,     A,    II 
V.    H,    B 

J'ai  ti'ouve  nue  Ics  deux  fonctions    (7  et    F  peuvent  etrc  reduitcs  a  la  forme 

oil  X,  /i,  X',  fif  sont  dee  coefBcients  constants,  H  est  une  fonetion  du  second  ordre  des 
n  variables  (fonctions  lindaires  de  ic,  y,..-),  et  ®  est  une  fonetion  de  n  ou  de  Ji+1 
variables  (fonctions  lineaires  de  x,  y,...)\  selon  que  le  nombre  des  variables  x,  y,... 
est  2j(  on  %i  +  l. 

Far  excmple  pour  trois  variables  x,  y,  z,  on  a 
U—Xx''  +  fi,ys, 
V-\'x^  +  fi'yz) 

et  les  coniques  representees  par   1^   Equations    17=0,  F  =  0   out  entre   elles   un   contaet 

double.     Cela   se   rapporte   k  la  theorie   des   r^ciproques   dans    la  geom^trie    plane,   telle 

que  M.  Plucker  I'a  pr^sent^e  dans  son  "  System  der  analytischen  Geometrie "  [4°,  Berlin, 
18351. 
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De  luenie  pour  quatre  variables  a-',  y,  ^,  w  on  a 

Y=\'xy  +  li'zw, 


par  les  equations  f/  =  0,  F  =  0  se  eoupent  dans  quatre 
droites,  ou  bien  se  touchent  aux  qiiatre  sommets  d'un  quadrilatfere  gauche.  Cela  se 
rapporte  egalement  k  la  th^orie  des  r^ciproques  dans  I'espace ;  th^orie  dont  j'ai  parl^ 
dans  mon  M^moirc  "  Sur  quelques  th^orfemes  de  la  g^om^trie  de  position,"  §  VI,  [70]. 

I!  y  a  a  remarquer  que  dans  le  cas  oil  les  coefficients  de  x,  y,...    dans  les   fonctionN 
f ,  1),  ...   forraent  un  systfeme  sym^trique,  c'est-a-dire,  oil 

^^Ax+Hy+...  , 
V  =  Hx  +B>/  +-..  , 


I  X  :  ^  =  V  :  /*',  el.  de  14  V=  KU,  K  ^tant  doiini^  par  rdjuation 
A,     II,...   i 


K^ 


E.     B, 


ce  qui  est  coniiu. 

Remarqiions  enfin  que  dans  le  cas  general  ou 

S  =  aaj  +  by+  ... , 
i!,=  a'x  +  b'y+  ...  , 

la  fouction    V  ne  change  pas  do  valeiir  en  ecrivant  au  lien  de  ces  expression.^ : 
^^ax  +  a'y^.... 
r/  ~bx  +  b'y  +  . . .  , 

propri^te   qui   se   rapport e   aussi   a   la   theorie   dea   reciproques. 
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NOTE    ON    THE    THEORY    OF    PERMUTATIONS. 


[i'rom  the  Fhilosopkical  Magazine,  "vol.  xxxiv.  (1849),  pp.  527 — 520.] 

It  seems  worth  inquiring  whether  the  distinction  made  use  of  in  the  theory  of 
determinants,  of  the  permutations  of  a  series  of  things  all  of  them  different,  into 
positive  and  negative  permutations,  can  be  made  in  the  case  of  a  series  of  things 
not  all  of  them  different.  The  ordinary  rule  is  well  known,  viz.  permutations  are  con- 
sidered as  positive  or  negative  according  as  they  are  derived  from  the  primitive 
arrangement  by  an  even  or  an  odd  number  of  inversions  {that  is,  interchanges  of 
two  things) ;  and  it  is  obvious  that  this  rule  fails  when  two  or  more  of  the  series  of 
things  become  identical,  since  in  this  case  any  given  permutation  can  be  derived 
indifferently  by  means  of  an  even  or  an  odd  number  of  inversions.  To  state  the  rule 
in  a  different  form,  it  will  be  convenient  to  enter  into  some  preliminary  explanations. 
Consider  a  series  of  n  things,  all  of  them  different,  and  let  ohc  ...  be  the  primitive 
arrangement;  imagine  a  symbol  such  as  (x^s)  (u)  (iiw) ...  where  x,  y,  &c,  are  the  entire 
aeries  of  n  things,  and  which  symbol  is  t-o  be  considered  as  furnishing  a  rule  by  which 
a  permutation  is  to  be  derived  from  the  primitive  arrangement  abc...  as  follows,  viz. 
the  (xyz)  of  the  symbol  denotes  that  the  letters  x,  y,  s  in  the  primitive  arrange- 
ment abc  ...  are  to  bo  interchanged  x  into  y,  y  into  z,  z  into  x.  The  (it)  of  the 
symbol  denotes  that  the  letter  u  in  the  primitive  arrangement  abc  ...  is  to  remain 
unaltered.  The  {vw)  of  the  symbol  denotes  that  the  letters  v,  w  m  the  primitive 
arrangement  are  to  be  interchanged  v  into  vi  and  w  into  v,  and  so  on.  It  is  easily 
seen  that  any  permutation  whatever  can  be  derived  (and  derived  in  one  manner  only) 
from  the  primitive  arrangement  by  means  of  a  rule  such  as  is  furnished  by  the  symbol 
in  question' ;  and  moreover  that  the  number  of  inversions  requisite  in  order  to  obtain 
the   permutation   by  means  of  the   rule   in   question,  is   always   the   smallest   number   of 

'  See  on  this  subject  Canohy's  "  Mfimoire  sur  les  Arraiigemejig  &c.",  Exei'dses  d' Aniilyi'e  fli  de  Physique 
MatMmatique,  t.  in.  [1844],  p.  151. 
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inversions  by  which  the  permutation  can  be  derived  Let  a,  ^  ...  be  the  number  of 
letters  in  the  components  (xyz),  (u)  (w),  &c.,  \  the  number  of  these  components.  The 
number  of  inversions  in  question  is  evidently  a  —  l  +  )9  —  1+  &c.,  or  what  comes  to  the 
same  thing,  this  number  is  (n  —  X).  It  will  be  convenient  to  term  this  number  X  the 
exponent  of  irregularity  of  the  permutation,  and  then  (n  —  X)  may  be  termed  the 
supplement  of  the  exponent  of  irregularity.  The  rule  in  the  case  of  a  series  of  things, 
all  of  them  different,  may  consequently  be  stated  as  follows :  "  a  permutation  is  positive 
or  negative  according  as  the  supplement  of  the  exponent  of  irregularity  is  even  or 
odd."  Consider  now  a  series  of  things,  not  all  of  them  different,  and  suppose  that 
this  is  derived  from  the  system  of  the  same  number  of  things  ahc  ...  all  of  them 
originally  different,  by  supposing  for  instance  a  —  b  =  &<i.,f=g=:&,c.  A  given  permuta- 
tion of  the  system  of  things  not  all  of  them  different,  is  of  course  derivable  under 
the  supposition  in  question  from  several  different  permutations  of  the  series  ahc.... 
Considering  the  supplements  of  the  exponents  of  irregularity  of  these  last -mentioned 
several  permutations,  we  may  consider  the  given  permutation  as  positive  or  negative 
according  as  the  least  of  these  numbers  is  even  or  odd.  Hence  we  obtain  the  rule, 
"a  permutation  of  a  series  of  things  not  all  of  them  different,  is  positive  or  negative 
according  as  the  minimum  supplement  of  irregularity  of  the  permutation  is  even  or 
odd,  the  system  being  considered  as  a  particular  case  of  a  system  of  the  same  number 
of  things  all  of  them  different,  and  the  given  permutation  being  successively  considered 
as  derived  from  the  different  permutations  which  upon  this  supposition  reduce  them- 
selves to  the  given  permutation."  This  only  differs  from  the  rule,  "  a  permutation  of 
a  series  of  things,  not  all  of  them  different,  is  positive  or  negative  according  as  the 
minimum  number  of  inversions  by  which  it  can  be  obtained  is  even  or  odd,  the 
system  being  considered  &c.,"  inasmuch  as  the  former  enunciation  is  based  upon  and 
indicates  a  direct  method  of  determining  the  minimum  number  of  inversions  requisite  in 
order  to  obtain  a  given  permutation ;  but  the  latter  is,  in  simple  cases,  of  the  easier 
application.  As  a  very  simple  example,  treated  by  the  former  rule,  we  may  consider 
the  permutation  1212  derived  from  the  primitive  arrangement  1122.  Considering  this 
primitive  arrangement  eis  a  particular  case  of  abed,  there  are  four  permutations  which, 
on  the  suppositions  a  =  b  —  l,  c  =  d  =  2,  reduce  themselves  to  1212,  viz.  acbd,  bead,  adbc, 
bdac,  which  are  obtained  by  means  of  the  respective  symbols  (a)  {be)  {d) ;  (ofic)  (d) : 
(«.)  (bdc) ;  (abdc),  the  supplements  of  the  exponents  of  irregularity  being  therefore 
1,  2,  2,  3,  or  the  permutation  being  negative;  in  fact  it  is  obviously  derivable  by 
means  of  an   inversion   of  the   two   mean   terms. 
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ABSTRACT  OF  A  MEMOIR  BY  DR  HESSE  ON  THE  CONSTRUCTION 
OF  THE  SURFACE  OF  THE  SECOND  ORDER  "WHICH  PASSES 
THROUGH  NINE  GIVEN  POINTS. 

[From  the  Cambridge  and  DubUn  Mathematical  Journal,  vol.  iv.  (1849),  pp.  44 — 46.] 

The  construction  to  be  presently  given  of  the  surface  of  the  second  order  which 
passes  through  nine  given  pointa,  is  taken  from  a  memoir  by  Dr  Hesse  {Grelle,  t.  xxiv. 
[1842],  p.  36).     It  depends  upon  the  following  lemma,  wMeK  is  there  demonstrated. 

Lemma.  The  polar  plane  of  a  fixed  point  P  with  respect  to  any  surface  of  the 
second  order  passing  through  seven  given  points,  passes  through  a  fixed  point  Q  (which 
may  be  termed  the  harmonic  pole  of  the  point  P  with  respect  to  the  system  of 
surfaces  of  the  second  order). 

Problem.  Given  the  seven  points  1,  2,  3,  4,  5,  6,  7,  and  a  point  P,  to  construct 
the  harmonic  pole  Q  of  the  point  P  with  respect  to  the  system  of  surfaces  of  the 
second  order  passing  through  the  seven  points. 

The  required  point  Q  may  he  considered  as  the  intersection  of  the  polar  planes 
of  the  point  P  with  respect  to  any  three  hyperboloids,  each  of  which  passes  through 
the  seven  given  points ;  any  such  hyperboloid  may  be  considered  as  determined  by 
means  of  three  of  its  generating  lines.  These  considerations  lead  to  the  construction 
following. 

1.  Connecting  the  points  1  and  2,  and  also  the  points  3  and  4,  by  two  straight 
lines,  and  determining  the  three  lines,  each  of  which  passes  through  one  of  the  points 
5,  6,  7,  and  intersects  both  of  the  first-mentioned  lines,  the  three  lines  so  determined 
are  generating  lines  of  a  hyperboloid  passing  through  the  seven  points, 
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Two  other  systems  of  generating  lines  (belonging  to  two  new  hyperboloids)  are 
determined  by  the  like  construction,  interchanging  the  points  1,  2,  3,  4.  And  by 
interchanging  all  the  seven  points  we  obtain  105  systems  of  generating  lines  (belonging 
to  as  many  different  hj^ierboloida,  unless  some  of  these  hyperboloids  are  identical). 

2.  It  remains  to  be  shown  how  the  polar  plane  of  the  point  P  with  respect  to 
one  of  the  105  hyperboloids  may  be  constructed.  Drawing  through  the  point  P  three 
lines,  each  of  which  passes  through  two  of  the  three  given  generating  lines  of  the 
hyperboloid  in  question,  the  points  of  intersection  of  the  liaes  so  determined  with  the 
generating  lines  which  they  respectively  intersect,  arc  points  of  the  hyperboloid.  Hence, 
constructing  upon  each  of  the  three  lines  in  question  the  harmonic  pole  of  the  point 
P  with  respect  to  the  two  points  of  intersection,  the  plane  passing  through  the  three 
harmonic  poles  is  the  polar  plane  of  P  with  respect  to  the  hyperboloid.  Hence, 
constructing  the  polar  planes  of  P  with  respect  to  any  three  of  the  105  hyperboloids, 
the  point  of  intersection  of  these  three  polar  planes  is  the  required  point  Q. 

Problem.  To  construct  the  polar  plane  of  a  point  P  with  respect  to  the  surface 
of  the  second  order  which  passes  through  nine  given  points  1,  2,  3,  4,  5,  6,  7,  S,  9. 

Consider  any  seven  of  the  nine  points,  e.g.  the  points  1,  2,  3,  4,  5,  6,  7,  and 
construct  the  harmonic  pole  of  the  point  P  with  respect  to  the  system  of  surfaces  of 
the  second  order  passing  through  these  seven  points.  By  permuting  the  different  points 
we  obtain  36  different  points  Q,  all  of  which  lie  in  the  same  plane.  This  plane 
(which  is  of  course  determined  by  any  three  of  the  thirty-six  points)  is  the  required 
polar  plane.    Hence  we  obtain  the  solution  of 

Problem.  To  construct  the  surface  of  the  second  order  which  passes  through  nine 
given  points  1,  2,  3,  4,  5,  6,  7,  S,  9. 

Assuming  the  point  P  arbitrarily,  construct  the  polar  plane  of  this  point  with 
respect  to  the  surface  of  the  second  order  passing  through  the  nine  points.  Join  the 
point  P  with  any  one  of  the  nine  points,  e.g.  the  point  1,  and  on  the  hne  so  formed 
determine  the  harmonic  pole  R  of  the  point  1  with  respect  to  the  point  P,  and  the 
point  where  the  line  PI  is  intersected  by  the  polar  plane.  iJ  is  a  point  of  the 
required  surface  of  the  second  order,  which  surface  is  therefore  determined  by  giving 
every  possible  position  to  tho  point  P. 

This  construction  is  the  complete  analogue  of  Pascal's  theorem  considered  as  a 
construction  for  describing  the  conic  section  which  passes  through  five  given  points.  And 
it  would  appear  that  the  principles  by  means  of  which  the  construction  is  obtained 
ought  to  lead  to  the  analogue  of  Pascal's  theorem  considered  in  its  ordinary  form,  that  is, 
as  a  relation  between  six  points  of  a  conic,  or  in  other  words  to  the  solution  of  the 
problem  to  determine  the  relation  between  ten  points  of  a  surface  of  the  second  order ; 
but  this  problem,  one  of  the  most  interesting  in  the  theory  of  surfaces  of  the  second 
order,  remains  as  yet  unsolved.  The  problem  last  mentioned  was  proposed  as  a  prize 
question    by    the    Brussels    Academy,   which    subsequently    proposed    the    more    general 
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question  to  determine  the  analogue  of  Pascal's  theorem  for  surfaces  of  the  second  order. 
This  of  course  admitted  of  being  answered  in  a  variety  of  different  ways,  according  to 
the  different  ways  of  viewing  the  theorem  of  Pascal.  Thus,  M.  Chasles,  considering 
Pascal's  theorem  as  a  property  of  a  conic  intersected  by  the  three  sides  of  a  triangle, 
discovered  the  following  very  elegant  analogous  theorem  for  surfiices  of  the  second  order. 

"  The  six  edges  of  a  tetrahedron  may  be  considered  as  intersecting  a  surface  of 
the  second  order  in  twelve  points  Ijing  three  and  three  upon  four  planes,  each  one  of 
which  contains  three  points  lying  on  edges  which  pass  through  the  same  angle  of  the 
tetrahedron ;  these  planes  meet  the  faces  opposite  to  these  angles  in  four  straight  lines 
which  are  generating  lines  (of  the  same  species)  of  a  certain  hyperboloid." 

It  is  hardly  necessary  to  remark  that  all  the  properties  involved  in  the  present 
memoir  are  such  as  to  admit  of  being  transformed  by  the  theory  of  reciprocal  polars. 
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ON   THE  SIMULTANEOUS   TRANSFORMATION  OF  TWO  HOMOGE- 
NEOUS  FUNCTIONS   OF   THE   SECOND   ORDER. 

[From  the   Cambridge   and  Dublin  Matliematical  Journal,  vol.  iv.  (1849),  pp.   47 — 50.] 

The  theory  of  the  aimultaneous  transformation  by  linear  substitutions  of  two 
homogeneous  functions  of  the  second  order  has  been  developed  by  Jacobi  in  the  memoir 
"De  binis  quibusHbet  functionibus  &c.,  Grelle,  t.  xn,  [1834],  p.  1;  but  the  simplest 
method  of  treating  the  problem  is  the  one  derived  from  Mr  Boole's  Theory  of  Linear 
Transformations,  combined  with  the  remark  in  his  "  Notes  on  Linear  Transformations," 
in  the  Cambridge  Maiketnatical  Journal,  vol.  IV,  [1845],  p.  167.  As  I  shall  have  occasion 
to  refer  to  the  results  of  this  theory  m  the  second  part  of  my  paper  "  On  the  Attraction 
of  Ellipsoids,"  in  the  present  number  of  the  Journal  [75],  I  take  this  opportunity  of 
developing  the  formula  in  question ;  considering  for  greater  convenience  the  case  of  thrue 
variables  only. 

Suppose  that  by  a  linear  transformation, 

a;  =  a  x,+^  g^  +  j  z,, 
!/ =  a' 3?!  + /3' yi  +  7  ^1, 
s=a"x,  +  &"g,  +  y"eu 
we  have  identically, 

03? -^hf  +cs''  +  2fyz  +2ga;e  +2hu^  =<h'«i  +hyi^  +  c,3|=  +y,y,z,  +2g,2,sCj  +lh^a:^yj, 
Ao?  +  By^  -f-  Cs=  +  2Fyz  +  2Gm  +  ^Hxy  =  A^x^^  +  Ay,'  +  C^z^^  +  2F^y^z^  +  21?,?,%  +  ^IJx^y, . 
Of  course,  whatever  be  the  values  of  a,  b,  c,  f,  g,  h,  the  same  transformation  gives 
ikx''  +  hy''  4-  cz''  +  ^iyz  +  2gzx  +  2}ixy  =  a^xi'  +  \y-!^  +  CiS,^  +  Sf,?/,?!  +  ^giZiX-i  +  Ta^x^y^ , 
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provided  that  we  have 

=  ao?   +  hcd^  +  ca"=  +  2fa'a"  +  2ga"a  +  2haa'  , 

-  a^=  +  b^'^  +  cy3"=  +  2{0'/3"  +  2gB"0  +  2h/3/3', 

=  arf  +  h^'^  +  Cy"^  +  2f7V'  +  2g7"7  +  2hfy' , 

f,  =  a/37+  h/B'y  +  C(S"7"  +  HfiY  +  0W)  +  g  (^V  +  ^t")  +  h  (^7'  +  ^y). 
g^^aya+hr/a'  +C7"a"  +i(y'a."  +7"a')  +g(7"a  +7a")  +  h{7a'  4-7'«), 
h,  =  aa^+  ba'^'  +  ea";S"  +  f  (a'/3"  +  a'W    +  g  (^"^  +  a^")  +  h  (a/3'  +  «'/3). 

Representing   for   a  moment   the   equations  between  the    pairs  of   functions   of  the 
second  order  by 

we  have,  whatovyr  b(^  tiic  valuo  of  \, 

Xu  +  U+  V  =  Xiti  +  U-^  +  v^. 


0', 

\<ii  +  Ai+a,,  X/(i  +  /fi  +  hi,  X£r,  +  G,+gi 
\/(i  +  ^,  +  h,,  X6,+S,+b,,  Vi  +  -^i  +  fi 
Xi^i  +  G,  +g,,     X/  +  J?, +fi,     Xci  +  G, +c, 


?ut  +  4+a,  X/t  +  if+h,  X^  +  G+g 
X/i  +  ff  +  h,  X&  +  5+b,  XZ+J'+f 
X^  +  G+g,     X/  +  #+f,     \c+P+c 


Hence,  since  a,  b,  e,  f,  g,  h,  are  arbitrary, 

1  +  ^1 ,  X/h  +  fl", ,     Xjf,  +  G, 

yJh  +  H,,  Xb,  +  B,,    X/i  +  #, 

/,+  (?,,  X/,+^,,     Xc,  +C\ 


--W\Xa  +  A,  Xh  +  H,  \g  +  G 
I  Xh+H,  Xb  +  B,  X/  +  F 
I  \ff  +  G,     Xf+F,     Xc  +  C 


which    determine    the    relations   which    must    subsist    between    the    coefficients    of    the 
functions  of  the  second  order.     We  derive 


<h, 

K 

9i 

-n> 

»,    h.    g 

h, 

\, 

/. 

h,    b,    f 

Si, 

/.. 

Ol 

9.   f,    ' 

and  by  comparing  the  coefficients  of  a,  &c.,  if  we  write  for  shortness, 


.  ,    X5  +  S,     X/+# 
.  ,    XZ+f,     Xc-\0 
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.a-^  +  M,^'  +  €,y"  +  2jFi/3'  7'  +  2^,7'  a'  +  2'^,  a!  ^'  =  11=30, 

a"^  +  33,^"=  +  Gr,7"'  +  2jpi^"7"  +  2ffl;,7"a"  +  2^^  a"/3"  =0^01, 

,0-0"  +  a3,^'y3"  +  ®i7'7"  +  J,  (^7"  +  /3'V)  +  eSi  (7'a"  +  7"«')  + 1^1  («'  /3"  +  o."^' )  =  n^jf, 
,a"a  +a3,;9";8  +GI^7"7  +iFi(-8"7  +  ^7")  +  CB, (7""  +  7 «")  +  ?^. K^  -i- a /3")  =  n=CS, 
+  33.^  (3'  +  tK.7  y  +  JFi 08  7'  +  ^'  7)  +  ®'i  (7  a'  +  7'a  )  + 1^1  (a  ;8'  +  a-  ^  )  =  n=|^, 
each    of    which    virtually    contains    three    equations    on    account    of    the    indeterminate 
quantity  X.     A  somewhat   more   elegant    form   may   be   given   to   these   equations ;.    thus 
the  first  of  them  is 


a,  0,  7. 

7,     X^i  +  G, ,    X/i  +  F,  ,     Xo,  +  C\ 


Xh  +  B,     \f+F 

\f+  F,     -Kc  +  C 


from  which  the  form  of  the  whole  system  is  sufficiontly  obvious.  The  actual  vitluen 
of  the  coefficients  a,  j3,  &e.  can  only  be  obtained  in  the  particular  case  where 
yi  =  gfj  =  Aj  =  1",  =  (?!  =  -Hi  =  0.  If  we  suppose  besides  (which  is  no  additional  loss  of 
generality)  that  tti  =  6,  =  Ci=l,  then  the  whole  system  of  formula  becomes 

(Aj  +  X)(Bi  +  X)(Ci  +  X)  =  ff     \a  +  A,    Xh  +  II.    \g  +  G    ; 
\h  +  H,    \b  +  B,    \f  +  F 
\g+G,     Xf+F,    Xc  +  C 
1  =  n^  I  (t,     h,     g  \    or  n^  =  «~'  suppose ;  and   then 
*,    6,    / 
».    /.    «  ' 

1^ 


+  (A,  +  \)  (-B,  +  X)  7" 


(B,  +  X)  (0,  +  X)  a"    +  (C.  +  X)  (il,  +  X)  /y 

(j5,  +  X)  (C,  +  X)  a-   +  (C,  +  X)  (A,  +  X)  I3"' 

(JJ,  +  x)(C,  +  x)aV  +  (C,  +  x)(4,  +  x);3'/3"  +  (yl,  +  x)(B,  +  x)7'7"-^Jf 

(B,  +  X)(C, +  X)n"i  +((7, +  X)(4, +  A)/3"/3  +(il, +  X)(iJ, +  X)7"y  -iffl 

(B,  +  X)  (C,  +  X)  a  o'  +  (C,  +  X)  (il.  +  X)  /3  /3'  +  (A,  +  X)  (B,  +\)j  j'=-!^ 
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where,  writing;  down  the  expanded  values  of  ^,  33,  ®,  jf,  ffl,  | 

(iJ,+  B)(U+C)-{\f+Fy  .« 


(Xci  +  4){XS  +  B)  -  (Ui  +  ff)> 


=  «, 


(Xi,+  G)(x;.  +  S)-(xo  +  ^)(x/  +  j').jf 

(XA  +  ff)  (X/+  F)  -  (U  +  B)  (Xg  +  S)  -  ffi 
{i.f+F)(Xg  +  G)-(u  +  a}(->Ji+iri.^. 

By  writing  successively  X^  —  A^,  X~~Bi,  X  =  —  C,,  we  see  in  the  first  place  that 
A,,  Bi,  Ci  are  the  roots  of  the  same  cubic  equation,  and  we  obtain  next  the  values  of 
«^^  ^^  i\  &c,  in  terms  of  these  quantities  Ai,  S,,  C,,  and  of  the  coefficients  a,  b,  &c, 
A,  B,  &c.  It  is  easy  to  see  how  the  above  formulse  would  have  been  modified  if 
Oi,  61,  Ci,  instead  of  being  equal  to  unity,  had  one  or  more  of  them  been  equal  to 
unity  with  a  negative  sign.  It  is  obvious  that  every  step  of  the  preceding  process  is 
equally  applicable  whatever  be  the  number  of  variables. 
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ON   THE   ATTRACTION   OF   AN   ELLIPSOID. 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  iv.  (1849),  pp.  50 — 65.] 

Part  I.^On   Legendrh's    Solution   of  the   Problem   of   the    Attraction    of    an 
Ellipsoid  on  an  External  Point. 

I  propose  in  the  following  paper  to  give  an  outline  of  Legendre's  investigation 
of  the  attraction  of  an  ellipsoid  upon  an  exterior  point,  ["  M^moire  sur  les  Integrales 
Doubles,"  Paris,  Mem.  Acad.  Sc.  for  1788,  published  1791,  pp.  454—486],  one  of  the 
earliest  and  (notwithstanding  its  complexity)  most  elegant  solutions  of  the  problem. 
It  will  be  convenient  to  begin  by  considering  some  of  the  geometrical  properties  of  a 
system  of  cones  made  use  of  in  the  investigation. 

§  1.  The  equation  of  the  ellipsoid  referred  to  axes  parallel  to  the  principal  axes, 
and  passing  through  the  attracted  point,  may  be  written  under  the  form 

lix~ay+m{y-by  +  n{s-cy-k  =  0. 

(where  a/t  >  a/~  •  a/~  ^"^  ^^^  semiaxes,  and  a,  h,  c  are  the  coordinates  of  the 
attracted  point  referred  to  the  principal  axes).  Or  putting  la^+mb^  +  n(f  —  k  —  S,  this 
equation  becomes 

Ix^  +mf  +  m^  -2(lax+  mbT/  +ncz}+S  =  0. 

The  cones  in  question  are  those  which  have  the  same  axes  and  directions  of 
circular  section  as  the  cone  having  its  vertex  in  the  attracted  point  and  circumscribed 
about  the  ellipsoid.  The  equation  of  the  system  of  cones  (containing  the  arbitrary  para- 
meter (o)  is 

(Ix^  +  m.'f  +  n^)  S  -  (lax  +  mby  -\-  nczY  +  co' (a^ +  y^  +  s^)  =  0; 

or  as  it  may  also  be  written, 

(g)-  -i-lS  —  Pa'')  iC*  +  (w^  +  mS  —  m^b^)  y^  +  (o)'  -\-nh~  n^c^)  z°  —  imnbcyz  -  2nlcazx  —  2hnabxy  -  0. 
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For  (0  =  0,  the  cone  coincides  with  the  circumscrihed  cono ;  aa  m  increases,  the 
aperture  of  the  cone  gradually  diminishes,  until  for  a  certain  value,  w  =  li,  the  cone 
reduces  itself  to  a  straight  line  (the  normal  of  the  confoca!  ellipsoid  through  the 
attracted  point).     It  is  easily  seen  that  il"  is  the  positive  root  of  the  equation 

a  different  form  of  which  may  be  obtained  by  writing  fl=  =  -g- ,   ^  being   then  determined 

by  means  of  the  equation 

la'  m¥  nc"     _ 

are  the  semiaxos  of  the  confocal  ellipsoid  through  the  attracted  point. 

In  the  case  where  w  remains  indetei'minate,  it  is  obvious  that  the  cone  intersects 
the  ellipsoid  in  the  curve  in  which  the  ellipsoid  is  intersected  by  a  certain  hyperboloid 
of  revolution  of  two  sheets,  having  the  attracted  point  for  a  focus,  and  the  plane  of 
contact  of  the  ellipsoid  with  the  circumscribed  cone  {that  is  the  polar  plane  of  the 
attracted  point)  for  the  corresponding  directrix  plane :  also  the  exeentricity  of  the  hyperboloid 

is  -  V(^V  +  ifi'^^  +  fi^c^   which   suffices    for   its    complete    determination.     For   w  =  0,    the 

hyperboloid  reduces  itself  to  the  plane  of  contact  of  the  ellipsoid  with  the  circum- 
scribed cone,  and  for  w  =  il,  the  hyperboloid  and  the  ellipsoid  have  a  double  contact, 
viz.  at  the  points  where  the  ellipsoid  is  intersected  by  the  normal  to  the  confocal 
ellipsoid  through  the  attracted  point. 

If  Q>  remains  constant  while  k  is  supposed  to  vary,  that  is,  if  the  ellipsoid  vary  in 
mf^nitude  (the  position  and  proportion  of  its  axes  remaining  unaltered),  the  locus  of 
the  intersection  of  the  cone  and  the  ellipsoid  is  a  surface  of  the  fourth  order  defined 
by  the  equation 

(Ix"  +  my^  +  nz^  ~  lax  —  mhy  —  'nczy=  w'  (x^  +  y^  +  z^), 

and  consisting  of  an  exterior  and  an  interior  sheet  meeting  at  the  attracted  point, 
which    is    a   conical    point    on    the    surface,    viz,    a    point   where    the    tangent    plane    is 


replaced   by  a  tangent   cone.     The   general   form  of  this  surface   is   easily  seen   from   the 

figure,  in  which  the  ellipsoid  has  been  replaced  by  a  sphere,  and  the  surface  in  question 
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is  that  generated  by  the  revolution  of  the  curve  round  the  line  CM.  The  surface  of 
the  fourth  order  being  once  described  for  any  particular  value  of  oi,  the  cone  corre- 
sponding to  any  one  of  the  series  of  similar,  similarly  situated,  and  concentric  ellipsoids 
is  at  once  determined  by  means  of  the  intersection  of  the  ellipsoid  in  question  with 
the  surface  of  the  fourth  order.  It  is  clear  too  that  there  is  always  one  of  these 
ellipsoids  which  has  a  double  contact  with  the  surface  of  the  fourth  order,  viz.  at  the 
points  where  this  ellipsoid  is  intersected  by  the  normal  to  the  confocal  ellipsoid 
through  the  attracted  point ;  thus  there  is  always  an  ellipsoid  for  which  the  cone 
corresponding  to  a  given  value  of  a  reduces  itself  to  a  straight  Kne. 

Consider  the  attracting  ellipsoid,  which  for  distinction  may  be  termed  the  ellipsoid 
S,  and  the  two  cones  C,  C,  which  correspond  to  the  values  o>,  <»  —  d!w  of  the  variable 
parameter.  Legendre  shows  that  the  attraction  of  the  portion  of  the  ellipsoid  S 
included  between  the  two  cones  C,  C  is  independent  of  the  quantity  k,  which  determines 
the  magnitude  of  the  ellipsoid :  that  is,  if  there  be  any  other  ellipsoid  T  similarly  situated 
and  concentric  to  and  with  the  ellipsoid  S,  and  two  cones  I),  D',  which  for  the 
ellipsoid  T  correspond  to  the  same  values  o),  to  — dm  of  the  variable  parameter ;  then  the 
attraction  of  the  portion  of  the  ellipsoid  jS,  included  between  the  two  cones  C,  C,  is 
equal  to  the  attraction  of  the  portion  of  the  ellipsoid  T  included  between  the  two 
cones  D  and  IX.  By  taking  for  the  ellipsoid  T  the  ellipsoid  for  which  the  cone  I) 
i-educes  itself  to  a  straight  line,  the  aperture  of  the  cone  D'  is  indefinitely  small,  and 
the  attraction  of  the  portion  of  the  ellipsoid  T  included  within  the  cone  D'  is  at  once 
determined ;  and  thus  the  attraction  of  the  portion  of  the  ellipsoid  jS  included  between 
the  cones  C,  C  is  obtained  in  a  finite  form.  Hence  the  attraction  of  the  portion 
of  the  ellipsoid  S  included  between  any  two  cones  C,,  (7^,  corresponding  to  the  values 
w  ,  oj ,   of  the   variable   parameter,  is   expressed  by   means   of  a  single   integral,   and   by 

extending  the  integration  from  (ii  =  0  to  '^  =  a/("f)'  *^®  attraction  of  the  whole 
ellipsoid  is  obtained  in  the  form  of  a  single  integral  readily  reducible  to  that  given 
by  the  ordinary  solutions.  It  is  clear  too  that  the  attraction  of  the  portion  of  the 
ellipsoid  S  included  between  any  two  cones  C,,  (?„,  is  equal  to  that  of  the  portion 
of  the  ellipsoid  T  included  between  the  corresponding  cones  D,  and  D,^.  Hence  also, 
assuming  for  the  ellipsoid  T,  that  for  which  the  cone  i),,  reduces  itself  to  a  straight 
line,  and  supposing  that  the  cones  C,  and  D,  coincide  with  the  circumscribing  cones, 
the  attraction  of  the  portion  of  the  ellipsoid  8  exterior  to  the  cone  (?„  is  equal  to 
the  attraction  of  the  entire  ellipsoid  T.  More  generally,  the  attraction  of  the 
portion  of  the  ellipsoid  S  included  between  the  cones  C,  and  C^^  is  equal  to  the 
attraction  of  the  shell  included  between  the  surfaces  of  the  two  ellipsoids,  for  which 
the  cones  Z*,  and  D,,  respectively  reduce  themselves  to  straight  lines. 

§  2.  Proceeding  to  the  analytical  solution,  and  resuming  the  equation  of  the 
ellipsoid 

Ix^  +  viy'  +  nz-  -  2  (lax  +  mby  +  ncs)  +  S  =  0, 

and  that  of  the  cone 
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consider  a  radius  vector  on  the  conical  surface  such  that  the  cosines  of  its  incli- 
nations to   the   axes   are 

0.  g.  ^.  i& =•/(!'+ If +m]. 

P,  Q,  R  and  @  being  functions  of  the  parameter  at,  and  of  another  variable  ip,  which 
determines  the  position  of  the  radius  vector  upon  the  conical  surface.  Also  let  p  be 
the  length  of  the  portion  of  the  radius  vector  which  lies  within  the  ellipsoid;  then 
representing  by  dS  the  spherical  angle  corresponding  to  the  variations  of  a>  ami  0,  the 
attraction  in  the  direction  of  the  axis  of  x  is  given  by  the  formula 


^-Wei'i 


Also  by  a  known  formula 

1   f      /rfQ  dR  _  dB  dQ\      „  /dR  dP  _  dR  dP\ 
«^  -  es  [^  [a<p  d^     #  d^j  +  ^  \d^   d<o     d<^  d<f) 

md  it  is  easy  to  obtain 


,'dP  dQ_dP  dQ\) 


___2™e= 

The  quantities  P,  Q,  R  have  now  to  he  expressed  as  functions  of  oi,  ^,  so  that 
their  values  substituted  for  x,  y,  z,  may  satisfy  identically  the  equation  of  the  cone. 
This  may  be  done  by  assuming 


p  = 

•p, 

e- 

-  ml)  {(•}''+  r. 

.8)(ic.+^0OB,f,)- 

*, 

J!  = 

.  ne  («■  +  m 

S){U 

+  ..COS0)  + 

-J  mi  sin,;.. 

r- 

--  (y  +  mh)  (»■  + 1 

»S)  -  mV  (u' 

+  nS)-?iV( 

:»• 

U'. 

.m*(«'  + 

1!S)  + 

raV((^  +  niS), 

If, 

.(<o-+iS)(, 

.■  +  » 

.S)(„-  +  .S)j 

fa'           1. 
„?  4-  /^  +  ...2 

n'V 

\io--tiio     (o- +  mS     w^  +  «S        J' 

a  system  of  values  which,  in  point  of  fact,  depend  upon  the  following  geometrical  con- 
siderations: by  treating  (C  as  a  constant  in  the  equation  of  the  cone,  that  is,  in  effect 
by  considering  the  sections  of  the  cone  by  planes  parallel  to  that  of  yz,  the  equation 
of  the  cone  becomes  that  of  an  ellipse ;  transforming  first  to  a  set  of  axes  through 
the  centre  and  then  to  a  set  of  conjugate  axes,  one  of  which  passes  through  the 
point  where  the  plane  of  the  ellipse  is  intersected  by   the  axis  of  (c,  then  the  equation 

takes  the  form  -1-2  +  13^  =  1,  and  is  satisfied  by  ^  =  J.cos0,  jj  =  Bsin0,  and  -,  -  being 
of  course  linear  functions  of  those  values,  the  preceding  expressions  may  be  obtained. 

55—2 
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The  substitution  of  the  above  values  of  P,  Q,  R  (a  somewhat  tedious  one  which 
does  not  oecur  in  the  process  actually  made  use  of  hy  Legend  re)  gives  the  very 
simple  result, 

,„_ P'aj  da>d(f> 

and  the  formula  for  the  attraction  becomes 

P^w^  dco  dA 


^-~^}li 


I  IP'  +  mCt  +  nR' ' 
which  is  of  the  form  A  ~2  j  Ito'dat,  where 


/- 


{  PMj> 

'  IP'  +  viq'  +  nR'" 


which  last  integral,  taken  between  the  limits  ^  =  0  and  i^  =  Stt,  and  multiplied  by 
2Q)'d(u,  expresses  the  attraction  of  the  portion  of  the  ellipsoid  included  between  two 
consecutive  cones.  The  integration  is  evidently  possible,  but  the  actual  performance  of 
it  is  the  great  difficulty  of  Legendre's  process.  The  result,  as  before  mentioned,  is 
independent  of  the  quantity  h,  or,  what  comes  to  the  same  thing,  of  the  quantity  8: 
assuming  this  property  {an  assumption  which  in  fa<;t  resolves  itself  into  the  consideration 
of  the  ellipsoid  for  which  the  cone  reduces  itself  to  a  straight  line,  as  before  explained), 
the  integral  is  at  once  obtained  by  writing  S  =  A  where  A  represents  the  positive  root 
of  the  equation 

o>'  +  ZA      w^  +  mA      w^  +  'ftA       '  ~    ' 


Q  =  Imab  (m=  +  nA), 

R  —  Inac    (o>^  +  mA), 

values  independent  of  ^, 
the  integral  sign  by  2')r  i 

or  the    value  of  7  is  found    by  multiplying  the   quantity  under 
and  hence  we  have 

1  w^.r 

a,'  (ffl^  +  ;A)^  (w=  +  mA)^  (m=  +  7iAf  d(o 

.'  +  mAy  (m'  +  nAf  +  m»6=  {«'  +  nAf  (m'  +  iAf  +  n^c'  (<«=  +  nAf  («'  +  lAy' 

where  of  course  A  is  to  be  considered  as  a  function  of  to.  By  integrating  from 
&)  =  (o,  to  Q)  =  Qi„ ,  we  have  the  attraction  of  the  portion  of  the  ellipsoid  included 
between  any  two   of   the   series   of    cones,   and   to   obtain    the   attraction    of   the   whole 

ellipsoid  we   must  integrate  from  (d  =  0  to  f^  ^ \/ [-f]  •  where  ^  is  determined  as  before 

by  the  eijuation 

~kU^^'^  k  +  in^^k  +  n^^   ■' 
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obvious    that    for    this    value   of    a>   we    have    A  =  S.      The    expression    for 


^^^^l^\ F  (h  +  lyf  (k  +  myf  (k  +  ni,fa,d<o 


^^"jlWik  +  n 


t^  (k  +  my)"  (k  +  nyf  +  'm?¥  {k  +  nyf  {k  +  lyf  +  n'c"  {k  +  lyf  {k  +  myf ' 
Also 


k  [I'a:'  (k  +  myf  (k  +  nyf  +  m^i"  (k  +  nyf  (k  +  lyf  +  n^d^  (k  +  lyf  (k  +  myf] 
2(k  +  lyf  (k  +  myf  {k  +  nyf 


s     r  'iy         _    __ 


where  for  the  entire  ellipsoid  the  integral  is  to  be  taken  from  j/  =  ^  to  y  =  cc .  A 
better  known  form  is  readily  obtained  by  writing  a^  —  r — ;- ,  in  which  case  the  limits 
for  the  entire  ellipsoid  arc  a;  =  0,  aj  —  l. 

It  may  be  as  well  to  indicate  the  first  step  of  the  reduction  of  the  integral  /, 
viz.  the  method  of  resolving  the  denominator  into  two  factors.     We  have  identically, 

(A  -  S)  {IP"  +  mQ'  +  Jiii^)  =  M=  (P=  +  Q^  4  ii^)  +  A  {IP'  +  mQ'  +  nR')  -  {laP  -}-  mbQ  +  ncRf, 

and  the  second  side  of  this  equation  is  resolvable  into  two  factors  independently  of 
the  particular  values  of  P,  Q,  P.  Representing  this  second  side  for  a  moment  in  the 
notation  of  a  general  quadratic  function,  or  under  the  form 

AP'  +  BQ'  +  OR'  +  2FQB  +  2GItP  +  2MPQ, 
we  have  the  required  solution, 
lP^  +  mQ"  +  nP"^ 

j- [^P  +  jif  +  V(- iS)|  Q  +  {(?+ V(- 33)1 -S]  [^-P+ l-ff- V(- ®)1  Q  +  {(?  -  V(-a3)S  i^] : 
where,    as   usual,   M  —  OA—G'',    (&  =  AB  —  H"^,   and    the    roots    must    be    so    taken   that 

■j{-mj{-<^)-s[§-{<ii-j^n- 

I  have  purposely  restricted  myself  so  fax  to  the  problem  considered  by  Legcndre : 
the  general  transformation,  of  which  the  preceding  is  a  particular  case,  and  also  a 
simpler  mode  of  effecting  the  integration,  are  given  in  the  nest  part  of  this  paper. 
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Consider   the   integral 
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rHE  Transformation  of  Certain  Multiple  Integrals. 


V^JF{a!,  y....)dxdy..., 

equal   to  m,  and  F {a:,  y,-..)  is  a  homogeneous 


where   the  number  of  variables  x,  y, 
function  of  the  order  ji. 

Suppose  that  x,  y,  ...  are  connected  by  a  homogeneous  equation  i^(«,  y,  ...)  =  0 
containing  a  variable  parameter  w  (so  that  w  is  a  homogeneous  function  of  the  order 
zero  in  the  variables  x,  y,  ...).     Then,  writing 

r^  =  x''-\-y''+  ...  ,     a;  =rix,     y^r/3,... 

the  quantities  a,  l3,  ...  arc  connected  by  the  equations 

a=  +  (3=+...  =  l,     ^{a,  0,...)^O, 

and    we    may    therefore    consider    them    as    functions    of    ro    and    of    (« —  2)    iadependent 


variables  0,  0,  &c. ;   whence 


dxdy ...  =r"""^V  drdfidS...  , 


da       dj3 


da       dl3 
dd  '     ~d8' 


F{x.  y,...)  =  ^F{i,  /3...), 


r  =  j  ri^+n-^  jr  (a,  0,...)Vdrd<»d9..., 


ir,  integrating  with  respect  to  i 


\' 


which,    taken    between    the    proper    limits,    is    a    function    of    a,    /3,  ...,    equal  /(a,    $,..■) 
suppose;   this  gives 


r  =  jf(a.  0,...}F{ci,  ^,..:)Vdo,d0..., 


in   which   I   shall   assume    that   the   limits   of  a    are   constant.     If, 
of  the  condition  a^  +  ,8^...=l,  we  assume 

P         ^     <l  „       o       . 

a^^,       j3  =  ^,...,  p'=j3=  +  f  + ... 


order   to   get   rid 
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the  preceding  expression  for   V  becomes 

ill  which 

D  - 1    p  ,      q  . 


dp      dq 
\  M'    dl  ■ 


'Qi+Qfi  +  Q'K-- 


where   the   number   of  variabies    ^,  v,  ?■■■    (functions   in   general   of  w,  S,  &c.)  ifi 
where  the  coefficients   F,  Q,  &c.  axe  supposed  to  be  functions  of  «  only.     We  hai 


Z-P  ,l  +  P'^i  +  P" 


=  el  +  e' 


3S 


and,  aubatituting   these   val 


dp      dq 


well   as   those    of  p,   q, 


,   &e.   in   their   original   form,   the    determinant    D 


;c.,   but   retaining   the   terms 
■esolves    itself    into    the    sum 


of  a  series  of  products, 


dp 

da' 

dq 
da 

P  , 

I 

P"  , 

Q" 

1       . 

f 

dn 

df 

■     lie' 

de 

Let  '■V  be  the  function  to  which  i^  {p,  q,  ...)  is  changed  by  the  subs titu Lion  uf  the 
above  values  of  p,  q, ...  so  that  ^  is  a  homogeneous  function  of  J,  tj,  ^, ...  and  we  have 
the  relation  "*"  =  0.  (It  will  be  convenient  to  consider  |,  17,  i^,  . . .  as  functions  of 
0),  6,  &e.,  such  as  to  satisfy  identically  this  last  equation.)     We  deduce 


1,     . 
■     1?  . 

r 

A, 

rf? 

■    de- 

16 

1  ' 


1, 


,  dj 


-  &C.  =  >S  SUJjpo.se, 


Hosted  by 


Google 


ON    THE    ATTRACTION    OF    AN"    ELUFSOID. 


[75 


dm- 

dj 
dm' 

X, 

P   , 

Q    , 

Y, 

P  , 

«■, 

z. 

I". 

Q", 

where  it  will  be  remarked  that  the  successive  horizontal  lines  (after  the  first)  of  the 
determinant  are  the  differential  coefficients  of  NP,  p,  q,...  with  respect  to  ^,  with  respect 
to  7],  &c.  In  general,  if  -tjr  denote  any  function  of  p,  q,  ...  these  quantities  heing 
themselves  functions  of  a>,  ^,1],...,  and  f,  r/,...  containing  w;  also  if  "V  be  what  ifr 
becomes  when  for  p,  q, ...  we  substitute  their  values  in  w,  |,  17,  ... ;  then  we  have  identically 


d-ijr      dp       dq 


X 

F  , 

Q  . 

Y 

I"  , 

«', 

Z 

P". 

«", 

111    the    present    case    however,   writing    for    shortness    1^  (p,  q, ...)  =1/^,    this    function    -^ 
contains  to  explicitly  as  well  as  implicitly  through  p,  q,  &c.     The  formula  is  still  true  if  for 

-^   we   substitute   — ~'  — ^ ,    -^  on   the   second   side    denotin?   a    partial    differential 
da  da         dw       aw  o         c 

eoeifieient  taken  only  so  far  as  o)  is  explicitly  contained  i 

functions  of  w,  ^,  v.---  (?>  Vt---   themselves  functions  of  1 


1  i/r.     And  considering  p,q,...  as 
I  and  of  other  variables  which 


need  not  here  be  considered),  1^  or  ^  vanishes  identically,  and  we  have     ^  —  =  0.     Hence 


L  the  last  formula,  ^ 


_S  i 


,d-^_ 


and  wc  thus  derive 


p.  «,. 
p',  q. 


■  dm'  dm' 

X,  P   ,  Q    , 

r.  P' .  q  . 

z.  P" .  0", 


^  This  foraiula,  or  one  eqaivaleiit  t 
(,■,  t.  XXII.  [1841]  p.  319. 


"De  Determinantibus  Funotionalibus," 
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whence  D  becomes 

D=    P.    Q,...     ^S. 
-P',    Q'. 

which  is  the  value  to  bo  made  use  of  in  the  equation 

The  principal  use  of  the  formula  is  where  i^  is  a  homogeneous  function  of  the  second 
order  of  p,  5,....     Thus,  suppose 

^p■  =  ^  (Ap'  +  Bq'  ...  +  2Hpq  +  ...), 

also,  for  the  sake  of  conformity  to  the  usual  notation  in  the  theory  of  transformation 
of  quadratic  functions,  writing  a,  a', ...  0,  13', ...  instead  of  P,  P',  ...  Q,  Q', ...  and  putting 
after  the  differentiations  ?=1,  we  have 

p=  a+afy  +  c^'^+  ...  , 
q^l3  +  &'7,  +  ff'^+..., 

values  which  we  may  assume  to  give  rise  to  the  equation 

{Ap'  +  B<f  ...  +  2Rpq  . . .)  =  (1  - ^=  -  5-=  -  . . .), 

(where  17,  f,  ...  are  taken  to  be  functions  of  0,  &c.  such  as  to  satisfy  identically  the 
equation  l  =  i)^  +  ^+  ...). 

Hence,  by  a  well-known  property,  if 

A,     H,... 
H,    B, 


we   have 


"',  e; 


-^/m■' 


BO  that,  observing  that  in  the  present  case  X  =  l,  and  therefore 

V  ,  r  ,.■■ 

d„      dt 


V.I(-l^f(P,   2...W(j,,,,...)4,  Jsd»dO.... 
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The  remainder  or  the  process  of  integration  may  in  many  cases  be  effected  by  the 
method  made  use  of  by  Jacobi  in  the  memoir  "De  binis  quibuslibet  functionibus  &c." 
Crelle,  t.  XII.  [1834]  p.  1,  viz.  the  coefficients  a,  a',  &a,  ^,  &c.,  may  in  addition  to  the 
conditions  which  they  are  already  supposed  to  satisfy,  be  so  determined  as  to  reduce 
any  homogeneous  function  of  p,  q,  r,  ...  entering  into  the  integral  to  a  form  containing 
the  squares  only  of  the  Yariables.  This  method  is  applied  in  the  memoir  in  question 
to  the  integrals  of  n  variables,  analogous  to  those  which  give  the  attraction  of  an 
ellipsoid ;  and  that  directly  without  effecting  an  integration  with  respect  to  the  radius 
vector.  I  proceed  to  show  how  the  preceding  investigations  lead  to  Legendre's  integral, 
and  how  the  method  in  question  effects  with  the  utmost  simplicity  the  integration 
which  Legendre  accomplished  by  means  of  what  Poisson  has  spoken  of  as  inextricable 
calculations. 

Consider  in  particular  the  formula 

V -  [(a^.  y...y'dxdy... 

the   number   of    variables   being   as   before   n,    and    Qv,   y, . .  .)*   denoting    a    homogeneous 
function  of  the  order  h.     The  equation  for  the  limits  is  assumed  to  be 

l(x—df-\-miy-hY+...  =  k. 

Assume 

^{x,  y  ,. ..)=-<,!' {x^+y^ +...)  +  ?>  {h?  + my'' +  ...)~{lax  +  mby+  ...)% 

(where  S,  =  la^  +  mb^ ...  —k,  is  taken  to  be  positive} ;    or  more  simply, 

■^(w,  y  ...)  =  (oi'  + IS- M'^) a'' +  (a' +  mB~m^b^)f  +  ...-2lmab xy -  ... 

Here  ^  =  A  +  2i  — S.     Also,  putting  for  shortness 

laj}  +  mhq  +  . . .  =  A,     lp^+  mq-  +  . . .  =  <t>, 


it 

is  easy  to 

obtain 

4 

)      h+2i  +  r> 

-3 

(>'+■'"-' 

'  [(A  +  KpY^- 

'"'-■- (A -«?)»+■ 

^], 

Also 

fiP,  '1, 

..,) 

(p.  q,- 

.,)'•          d.f, 

-  2wp=, 

p^'' 

'      •         dm' 

' 

=  (a>-+ffi)(«. 

'  +  t 

»S)...M 

u^  +  mS 

■*.), 

values  which 

give 

1^ 

2 

/•(■ 

-)"•"'  "P"-' 

[(A 

+<»p)»*" 

'+--(A-, 

»p)»+«+- 

-'](P,'l.- 

.ysd„ 

<dS  ... 
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where  it  will  be  remembered  that  p,  j, ...  are  linear  functions  (with  constant  terms) 
of  {n  —  1)  variables  tj,  if,...,  these  last  mentioned  quantities  being  themselves  functions 
of  (n  — 2)  variables  9,  &a  auch  that  l—nf  —  i^—...—^  identically.     If  besides  we  suppose 

1         7}^ 

that  'S'  =  ?p'  +  m5°+ ...  reduces  itself  to  the  form   p-T^— &c.,   we   have,  by   the   formula 

of  the  paper  "  On  the  Simultaneous  Transformation  of  two  Homogeneous  Equations  of 
the  Second  Order,"  [74], 


f    xdx  d,y  dz 


which  is  true,  whatever  be  the  value  of  X. 

It   seems   difficult   to   proceed  further  with  the  general  ibrmula,  and  I  shall  suppose 
ji  =  3,  1  =  0,  ft  =  l,  {x,   )j...f^x,  or  write 

X  dx  d,y  dz 

the  equation  of  the  limits  being 

Here   we  may  assume  if  =  cos  8,  if=sin^,   (values  which  give  S  —  l).     And  we  have 

(or'da  f{a+a.'cos0+a"sin8)d0 
J  ~^  J  I       cos^  $      siii^        ' 

P  Q  'R 

from  ^  =  0  to   ^  =  27r  ;     or,  what   comes  to  the  same  thing, 

1     d    ]l      COS'S     AifS' 
P        Q  R 

from  ^  =  0  to  0  —  ^tt.     Hence 

we  have  from  the  formula  of  the  paper  before  quoted, 

.     qR(B-mP){0-nP)-F' 
"-,  -(P-0)(P-ii)         ■ 

B,  G,  F,  being  the  coefficients  of  y^,  s%  yz  in  -^{x,  y,  z),  viz. 

5  =  w=  +  mS  -  m'6^     (7  =  w^  +  »S  -  ■n^c\     F  =  vmhc  ; 

and  consequently 

V~i    I    ■,!    l'QR\iB-^«.F)(C-„P)-F-]i 
J  «        "      (P-8)(P-li) 
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Also  from  the  equation 

l(„'  +  lS-lX)(„-  +  ,nS-m\)(«'  +  nS-nX)(l-        ''!!'    ,.--,'"T      . .     "'f     .); 

«  V        (o"  +  lb  —  IX      (o' +  mo  —  mX      to'  +  nh  —  nX/ 

differentiating  with  respect  to  \,  and  writing  \  =  P, 

-j^('-|)('-S 

(«■  +  i8  -  IP)  (<«•  +  mS  -  mP)  („•  +  »8  -  iiP) 

1  (  IV  ,  in*  ,  liW  1 


«((»■+  (S  -  iP)'  ^  («"  +  mS  ~  mP)'  ^  "(«■  +  »S  -  nPyj  ' 
or,  as  this  may  be  written, 
PQR 

«(p-e)(p-J!) 

1 

(»."  +  iS-JP)<c."+mS-mP)(o,"+«8-»P)j 


\{of+lS-lPy  ^  (»'+mS-mP)>     (rf+jiS-nPW 

and  from  the  values  first  written  down,  for  B,  C,  F,  we  obtain  (B  —  mP)  (C  —  nP)  —  F' 

=  (,o'+mS)(i«'+ii8)-m"S"(«'+»S)-»W("»'+>»8)-mP(»'+»8-«'c")-jiP(<»"+mS-m"J")+m»P" 
-(»•  +  mS  -  mP)  (•>■  +  «S  -  JiP)  -  m*  (m-  +  iiS  -  nP)  -  nV  (.»■  +  mS  -  niP) 

= ^ .._  ,„ ,  the  last  reduction  bemg  ettected  by  means  of  the  equation 


PQS  l(B-mP)(C-nP)-F'\i 
(P-Q)(P-B) 

la 


(„.+iS-iP)'(„.+»8-™P)'(„.+,.S-„P)i  ir—l^™  +  >-Tr??-ZWi  +T. 


\(a'+lS~lPy  ^  {u,'+mS-mPf  ^  (io"+iiS-»P)") 
Substituting  this  value,  and   multiplying   out   the   fractions   in   the  denominator, 

[ a'  (■»■  +  i8  -  IPf  (»■  +  mS  -  mP)'  (»'  +  »8  -  iiP)'  do> 

JP(i'(«>'+i»S-«P)'(»'+»S->iP)>+«'ii'("''+ii8-«P)'(»'+!S-iP)'+»W(»"+i8-iP)-{«-+mS-mP)" 

the   reduction   of    which   integral    has    been    already  treated    of   in    the    former    part    of 
this  present  memoir. 


Hosted  by 


Google 


76] 


76. 


ON     THE    TRIPLE    TANGENT    PLANES    OF    SURFACES    OF    THE 
THIRD    ORDER. 


[From  the  Cambridge  and  Dublm  Mathematical  Journal,  vol.  IV.  (1849),  pp.  118 — 132.] 

A  SURFACE  of  the  third  order  contains  in  general  a  certain  number  of  straight 
lines.  Any  plane  through  one  of  these  lines  intersects  the  surface  in  the  line  and  in 
a  conic,  that  is  in  a  curve  or  system  of  the  third  order  having  two  double  points. 
Such  a  plane  is  therefore  a  double  tangent  plane  of  the  surface,  the  doable  points  (or 
points  where  the  line  and  conic  intersect)  being  the  points  of  contact.  By  properly 
determining  the  plane,  the  conic  will  reduce  itself  to  a  pair  of  straight  lines.  Here 
the  plane  intersects  the  surface  in  three  straight  lines,  that  is  in  a  curve  or  system  of 
the  third  order  having  three  double  points,  and  the  plane  is  therefore  a  triple  tangent 
plane,  the  three  double  points  or  points  of  intersection  of  the  lines  taken  two  and 
two  together  being  the  points  of  contact.  The  number  of  lines  and  triple  tangent 
planes  is  determined  by  means  of  a  theorem  very  easily  demonstrated,  viz,  that  through 
each  line  there  may  be  drawn  five  (and  only  five)  triple  tangent  planes.  Thus, 
considering  any  triple  tangent  plane,  through  each  of  the  three  hues  in  this  plane 
there  may  be  drawn  (in  addition  to  the  plane  in  question)  four  triple  tangent  planes; 
these  twelve  new  planes  give  rise  to  twenty-four  new  lines  upon  the  surface,  making 
up  with  the  former  three  lines,  twenty-seven  lines  upon  the  surface.  It  is  clear  that 
there  can  be  no  lines  upon  the  surface  besides  these  twenty-seven ;  for  since  the  three 
lines  upon  the  triple  tangent  plane  are  the  complete  intersection  of  this  plane  with 
the  surface,  every  other  line  upon  the  surface  must  meet  the  triple  tangent  plane  in 
a  point  upon  one  of  the  three  fines,  and  must  therefore  lie  in  a  plane  passing  through 
one  of  these  lines,  such  plane  (since  it  meets  the  surface  in  two  lines  and  therefore 
in  a  third  line)  being  obviously  a  triple  tangent  plane.  Hence  the  whole  number  of 
fines  upon  the  surface  is  twenty-seven  ;  and  it  immediately  follows  that  the  number 
of  triple  tangent  planes  is  forty-five.  The  number  of  lines  upon  the  surfe^e  may  also 
be    obtained    by    the    following    method,    which     has    the    advantage    of    not    assuming 
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a  priori  the  existence  of  a  line  upon  the  surface.  Imagine  the  cone  having  for  its 
vertex  a  given  point  not  upon  the  surface  and  circumscribed  about  the  surface,  every 
double  tangent  plane  of  the  cone  is  also  a  double  tangent  plane  of  the  surface,  and 
therefore  intersects  the  surface  in  a  straight  line  (and  a  conic).  And,  conversely,  if 
there  be  any  line  upon  the  surfece,  the  plane  through  this  line  and  the  vertex  of  the 
cone  will  be  a  double  tangent  plane  of  the  cone.  Hence  the  number  of  double  tangent 
planes  of  the  cones  is  precisely  that  of  the  lines  upon  the  surface.  By  the  theorems 
in  Mr  [Dr]  Salmon's  paper  "  On  the  degree  of  a  surface  reciprocal  to  a  given  one," 
Journal,  vol.  II.  [1847]  p.  65,  the  cone  is  of  the  sixth  order  and  has  no  double  lines 
and  six  cuspidal  lines :  hence  by  the  formula  in  Pliicker's  "  Theorie  der  aigebraischen 
Curven,"  [1839]  p.  211,  stated  so  as  to  apply  to  cones  instead  of  plane  curves,  viz.  n 
being  the  order,  x  the  number  of  double  lines,  y  that  of  the  cuspidal  lines,  u  that  of 
the  double  tangent  planes,  then 

the  number  of  double  tangent  planes  is  twenty-seven,  which  is  therefore  also  the 
number  of  lines  upon  the  surfece. 


the  equation  of  one  of  the  triple  tangent  planes  to  be  w  =  0,  and  let 
w  =  0,  y  =  0,  be  the  equation  of  wny  two  triple  tangent  planes  intersecting  the  plane 
w  =  0  in  two  of  the  lines  in  which  it  meets  the  surface.  Let  3  =  0  be  the  equation 
of  a  triple  tangent  plane  meeting  w;  =  0  in  the  remaining  line  in  which  it  intersects 
the  surface.  The  equation  of  the  surface  of  the  third  order  is  in  every  case  of  the 
form  wP  +  kxyz  =  0,  P  being  a  function  of  the  second  order,  but  of  the  four  different 
planes  which  the  equation  s  =  0  may  be  supposed  to  represent,  one  of  them  such 
that  the  function  P  resolves  itself  into  the  product  of  a  pair  of  factors,  and  for  the 
remaining  three  this  resolution  into  factors  does  not  take  place.  This  will  be  obvious 
from  the  sequel :  at  present  I  shall  suppose  that  the  plane  s  =  0  is  of  the  latter  class, 
or  that  P  =  0  represents  a  proper  surface  of  the  second  order.  Since  x  —  0,  y^O,  z  =  0, 
are  treble  tangent  planes  of  the  surface,  each  of  these  planes  must  be  a  tangent 
plane  of  the   surface  of  the  second  order  P  —  0,  and  this  will  be  the  case  if  we  assume 

P^a^  +  y^  +  z^  +  u>' 

and    considering    x,    y,   z    and   w    as    each    of    them    implicitly    containing   an    arbitrary 
constant,  this  is  the  most  general  function  which  satisfies  the  conditions  in  question. 

We  are  thus  led  to  the  equation  of  the  surface  of  the  third  order; 

tr  ==  Mf  ja^  +  ?/S  +  ^3  +  jy2  + 
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I  have  found  that  by  expressing  the  parameter  k  in  the  particular  form 

or,  as  this  equation  may  be  more  conveniently  written, 

k  =  ^ r ;       a  =  Imn  +  = —  ,       8  =  Imn  -  ^—  ,  Q) 

2(p-a)'  Iran         '^  Imn  ^ ' 

the  equations  of  all  the  planes  are  expressible  in  a  rational  form.  These  equations  are 
in  fact  the  following :  [I  have  added,  here  and  in  the  table  p.  450,  the  reference 
numbers  12',  23',  &c.  constituting  a  different  notation  for  the  lines  and  planes.] 


W       """O 


(t) 

ui-0 

12. 

34 

5fi 

(J) 
w 

-K"-^)(»-3" 

;=0,     

.  1'2 

(•)) 

^-l(-3(-^ 

'  =  0,     

.  2'3 

(f) 

-K'-^l-S" 

;-0 

^'1 

<f) 
(g> 
(1) 

■tl' 

+  mi/-\ h  w  =  0, 

^+1    +^+^  =  0, 

W 

13 

.24 

..56 

elegant  form  is  obtaineti  by  writing  p  =  2q  +  a  ;    this  gives 

*  =  -.  (5  +  Imn)  (a  +  j^  )  .  ^^■ 
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(f)  I  +my  +  «,3  +  w  =  0,     24' 

(g)  la!  +  ^   +m  +  w  =  0 14.23.56 

(E)         h  +  my+   ~+'«/  =  0,     43' 

W  .+«i^»  =  0 12.35.46 

w  ^^""^'.y"-' - 

w  ^ +"'";:'; '""'°°-° "' 

(i)         «     + ^^v,  =  0 12.3G.45 

1  /          ^      2 
(?>         '     +  p-ff         '-' «^' 

®      ^   ^-T^^""-" «' 

®      -s<|b)»=+ii2'+"+'"-'' "O' 

2Z                1 
'^'">  ^~^(j)-^a)^'''^^  +  ^^'^'      *^' 

/     ^  1  2wi  „  ,,. 

(n)  j«  +  my-^^-^j.  +  «,.0.     4'6 

(T)  -^-T^"-^.3^  +  ~y  +  i»  +  »-0 15.26.34 

1                2/ 
W  i'=-I(^.)!'+-  +  "  =  '' "■^^■•'^ 

(H)  !«+-»-     -?-' — r2  +  o>-0,     14.25.36 

(I,)  -^5-—°''^+  *  +»«+'"  =  <'.       65' 

2m  m 

(■»,)  lx-''-':£^y+\z  +  w.0 46- 

(ii,)  ^^+mj,__V-|^^  +  «,  =  0,       4'5 
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16. 25. SI 

;'i/  +  iiz  +  TO-0 15.24.36 

3  +  w-O,     14.26.35 

m")]— ^-0 51' 

(n)         »»■--"»- +ii+ [ii;())-a)-2oi(l-n'  -   i")]-^=0 35' 

(r)         in«  +  ;;/-^'' -  +  [!»>()) -ii)-2»(l-i"   -)»■)]— !|^  =  0,   ...    13.25.46 


1         1  r  1    ,  ,      2  /         1        1\1     « 


(f)  -j^+--!'+;'+ii7.(p-»)-5(i-i-.-i)i;7f«-» w 


(q)        '-„_.Ji«_  +  l^+ri   (p_„)_2/i_l  _   1)1     »=o.... 16.23.45 


(P,)    -t:-%  +  «y+m.-5i^[i  (l-.«'-»-)(l>-«)-2»,.]^-::.^  =  0, 

(q,)    »-^--%+i.-5ij[».a-«--i-  )6,-.)-2„n-^=o. 


(;,)         ma,  +  ly 


P-'.       1 
2  ^mii 


In  fact,  representing  the  several  functions  on  tlie  left-hand  side  of  tliese  equations 
respectively  by  the  letters  placed  opposite  to  tiiem  respectively,  the  function  U  is 
expressible  in  the  sixteen  forms  following 

U  —  wH  +  ki;ys, 
=  wgg  +  k^sa:, 
—  whH  +  k^ivy. 
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=  w  11,   +  kyzx, 

=  wmm,  +  kzs.y, 

=  w  nn,  +  fcxy^, 

=  ■zw  1,1     +  fcyzic, 

—  w>ni,m  +  ^ixy, 

=  wn,n  +  Hys, 

=  tu  pp,  +  fe^yz, 

=  w  qq,  +  krizx, 

=  w  IT,  +  fcfxy, 

=  M)  pp,  +  i^yi, 

=  W  qq,  +  i'^zs, 

=  w  rf,   +  ^?xy, 


[76 


(being  the  forms   containing 
different  forme). 


The    forty-five    pknes   ■ 
following    manner : 


a.)  (»,  ,:,  f,  X,  X  ) 
>,)  (»,  .,  f,  z.  i  ) 

;»■)  (f ,  t,  0,  5,  p.) 


out   of  a   complete   system  of  one   hundred  and   twenty 
five    and    five    through    the    twenty-seven    Unes    in    the 


h)  (l.  g.  «.  q,  % 

■f,)  (f,  h,  e,  r,  r, 

'.<h)  (f.  *".  ^.  P.  P, 

^ts)  ('7,  g>  ^-  q.  q, 

<)  (f ,  h.  S,  r 


13. 


K)  (a;,  g,  h 

1 

I,  ) 

.34, 

(",)  <x 

m,,  n,  q„  r) 

..16 

(6.)  (J,  ii ,  r 

S 

s,) 

..  2i, 

(i.)  (J 

n,,l.   r,.  p) 

..    5 

fe)  («,  f  .  g 

S 

5,) 

..14, 

(',)  (^ 

1,  .  m,  p„  q) 

..    o' 

(at)  («.  g  ,  h 

1 

1,  ) 

...56, 

(a.)  (5 

S„  H,  q„  f) 

..36 

(6.)  (!/,  h,  f 

m 

'",) 

.    4, 

(i.)  (y 

E,,T,f„p) 

..26 

(«.)  (»,  f  ,  g 

1 

>o. 

-    4', 

(c.)  (5 

i,    ,  m,  p„  q) 

..  16 

(0.)  (X,  m,  n. 

q 

',)■ 

.35. 

(a.)(i 

m  ,  n,,  q,  r,) 

..45 

(6.)  (y,  n,  1, 

r 

p,)- 

.25. 

(*.)  (j 

»  .  1,  .  i  ,  P,) 

..    6 

(0.)  (2,  1  .  m. 

P 

q,)- 

.15, 

fe)  (i 

1  .«.„p,q,) 

..    6' 

where  each  line  may  be  represented  by  the  letter  placed  oppositive  to  the  system 
of  planes  passing  through  it.  The  twenty -seven  lines  lie  three  and  throe  upon  the 
forty-iive  planes  in  the  following  manner : 


(»)  «.v.. 

(f)     iiJiA, 

(1) 

"s&A, 

(p)     aAcs 

(«)     o,6a, 

(g)     &A«i, 

(m) 

hc,a^. 

(q)      h,c,a^ 

(9)     iJ>A, 

(h)     ca6.. 

(■>) 

CittA, 

(r)      CjOj&s 
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w 

ttiaA 

(f) 

0264C5, 

(1) 

kAc. 

(P) 

0.6.0. 

&) 

6.J,6. 

® 

6,C4as, 

(S) 

6,0.0. 

a) 

6^0. 

» 

c,c,c, 

(E) 

CsMj&s, 

(5) 

C4a.6. 

(i) 

0.036. 

(t) 

OlCMIs 

W 

ttldsO;, 

(1,) 

a.6.c. 

(P,) 

0.6^7 

w 

6,6,6, 

(j) 

6,6.6,. 

(m,) 

6.c.a, 

(q.) 

65O.07 

(?) 

CjCsC, 

» 

CiC,C,, 

(»,) 

0,0.6, 

W 

0,0.6, 

® 

a,Maaj, 

A) 

aAc. 

(P,) 

0.6A 

(J) 

6,6.6., 

(=,) 

64C.a. 

(5,) 

6^0. 

('-) 

CiCaC., 

(5,) 

0,11.6. 

ft) 

0.0.6. 

The  preceding  method  was  the  one  that  first  occurred  to  me,  and  which  appears 
to  conduct  most  simply  to  the  actual  analytical  expressions  for  the  forty-five  planes ; 
but  it  is  worth  noticing  that  the  relations  between  the  lines  and  planes  might  have 
been  obtained  almost  without  algebraical  developments,  if  we  had  supposed  that  P, 
instead  of  representing  a  proper  surface  of  the  second  order,  had  represented  a  pair 
of  planes.  This  would  have  conducted  at  once  to  one  of  the  one  hundred  and  twenty 
forms  U,  e.g.  U  =  wdS  +  k^r)^.  Or  changing  the  notation  so  as  to  include  k  in  one  of 
the  linear  functions,  U  =  ace  —  bdf,  and  it  is  indeed  obvious  d  priori,  by  merely  reckoning 
the  number  of  arbitrary  constants,  that  any  function  of  the  third  order  can  be  put 
under  this  form.  If  we  suppose  a^/jh  to  be  the  equation  of  one  of  the  triple  tangent 
planes  through  the  intersection  of  the  planes  a  and  b,  the  plane  a  =  /j.b  meets  the 
surface  in  the  same  lines  in  which  it  meets  the  hyperboloid  fice  —  df=0,  that  is,  the  two 
lines  in  the  plane  are  generating  lines  of  different  species,  and  consequently  one  of 
them  meets  the  pair  of  lines  cd  and  ef,  and  the  other  of  them  meets  the  pair  of 
lines  of  and  de  (whore  cd,  represents  the  line  of  intersection  of  the  planes  c  =  0,  d  =  0, 
&c.).  This  suggests  a  notation  for  the  lines  in  question,  viz.  each  line  may  be  repre- 
sented by  the  three  lines  which  it  meets,  or  by  the  symbols  ab.cd.ef  and  ab.cf.de. 
Or  observing  that  ix  has  three  values,  and  that  the  same  considerations  apply  mutatis 
mutamdis  to  the  planes  through  he  and  ca,  the  whole  system  of  lines  may  be  repre- 
sented   by    the    notation, 

ab,  ad,. 


cb, 

cd. 

"J, 

eb, 

cd. 

?/. 

{ab.cd.ef},. 

{ab.cd.ef),, 

{ab.cd.ef)., 

(ad.of.eb\, 

{ad.cf.eb),. 

{ad.cf.eh),. 

{af.ch.ed),, 

{af.cb.edy 

{af.cb.ed),. 

(ah.cf.ed\. 

{ai.cf.ed),. 

{ab.ef.ed),. 

(ad.eb.ef),, 

(ad.cb.ef),. 

{ad.cb.ef),. 

<o/.oi.o6)„ 

(af.ci.d,),, 

{af.cd.eb),, 
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where  the  last  eighteen  lines  have  been  divided  into  two  systems  of  nine  each.  The 
five    planes    through    (ab .  cd .  ef),    may    be    considered    as    cutting    the    surface    in 

ah;  (ab.cf.ed\, 

cd;  {af.cd.eb\, 

ef;  {ad.(^.ef\, 
{ad.ef.eb\;  {af.ch.ed\, 
(ad.cf.eb),;  (af.ch.ed%, 

(which  supposes  however  that  the  distinguishing  suffix^  1,  2,  3,  are  added  to  the 
different  planes  according  to  a  certain  rule).  And  similarly  for  the  lines  in  the  planes 
through  the  other  lines  represented  by  symbols  of  the  like  form.  The  five  planes 
through    ab    intersect    the    surface    in    the    lines 


ad, 

«/, 

(db.cd.ef),. 

(al.ef.ed), 

(ab.cd.e/),. 

(ab.of.ed). 

(ai.cd.ef),. 

(ab .  cf.  ed'y, 

through   the   other   lines  reprCBCiitcd  by    symbols    of   a  like 


and    similarly  for    the 
form. 

Observing  that  ^,  i;,  ^,  correspond  to  h,  d,  f,  and  iv,  0,  B,  to  a,  c,  e  respectively, 
ab  corresponds  to  the  intersection  of  w  and  ^,  i.e.  to  Oi,  &c;  also  (ab . cd . ef)i, 
{ah.cd.ef\,  (ab.cd.ef),  correspond  to  three  lines  meeting  Oi,  b^,  and  c,,  i.e.  to 
(tis,  (tj,  tta,  &o. ;  and  the  system  of  the  twenty-seven  lines  as  last  written  down  corre- 
sponds to  the  system, 


h 

h 

Ci 

<h 

a. 

b, 

h 

<h 

% 

a^ 

Os 

h 

h 

Cs 

c. 

The  investigations  last  given  are  almost  complete  in  themselves  as  the  geometrical 
theory  of  the  subject:  there  is  however  some  difUculty  in  seeing  a  priori  the  nature 
of  the  correspondence  between  the  planes  which  determines  which  are  the  planes  which 
ought  to  be  distinguished  with  the  same  one  of  the  symbolic  numbers,  1,  2,  3, 
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There  is  great  difficulty  in  conceiving  the  complete  figure  fornied  by  the  twenty- 
seven  lines,  indeed  this  can  hardly  I  think  be  accomplished  until  a  more  perfect 
notation  is  discovered.  In  the  mean  time  it  is  easy  to  find  theorems  which  partially 
exhibit  the  properties  of  the  system.  For  instance,  any  two  lines,  a^,  bi,  which  do 
not  meet  are  intersected  by  five  other  lines,  a,,  b^,  a^,  a?,  a,,  (no  two  of  which  meet). 
Any  four  of  these  last-mentioned  lines  are  intersected  by  the  lines  Oj,  h,  and  no  other 
lines,  but  any  three  of  them,  e.g.  %,  a,,  a»,  are  intersected  by  the  lines  cti,  b.^,  and  by 
some  third  line  (in  the  case  in  question  the  line  Ca).  Or  generally  any  three  lines,  no 
two  of  which  meet,  are  intersected  by  three  other  lines,  no  two  of  which  meet. 
Again,  the  lines  which  do  not  meet  any  one  of  the  lines  a^,  <h.  «8i  are  Oj,  a^,  h^,  61,  Ci,  c^: 
these  hnes  form  a  hexagon,  the  pairs  of  the  opposite  sides  of  which,  a^,  b^;  dj,  c,; 
63,  Ca,  are  met  by  the  pairs  tt,,  b^;  Cg,  a,  and  Oj,  b^,  respectively,  viz.  by  pairs  out  of  the 
system  of  three  lines  intersecting  the  system  a^,  (l,,  a,.  And  the  hnes  a,,  a?,  a^  may 
be  considered  as  representing  any  three  lines  no  two  of  which  meet.  Again,  consider 
three  hnes  in  the  same  triple  tangent  plane,  e.g.  a,,  b^,  Ci,  and  the  hexahedron  formed 
by  any  six  triple  tangent  planes  passing  two  and  two  through  these  lines,  e.g.  the 
planes  x,  y,  z,  |,  i?,  £■-  These  planes  contain  (independently  of  the  lines  a^,  bj,  Cj)  the 
twelve  lines  a^,  a„  a,,  a^,  b^,  b^,  b^,  69,  Cj,  c,,  c,,  c,.  Consider  three  contiguous  faces  of 
the  hexahedron,  e.g.  x,  y,  z,  the  lines  in  these  planes,  viz.  a^,  \,  d,  »,,  64,  Cj,  form  a 
hexagon  the  opposite  sides  of  which  intersect  in  a  point,  or  in  other  words  these  six 
hnes  are  generating  lines  of  a  hyperboloid.  The  same  property  holds  for  the  systems 
i".  V:  ?j  ?<  y>  ?i  ?'  V'  ^-  But  for  the  system  ^,  ij,  f,  the  six  lines  are  a^,  b^,  Cj,  and 
ttj.  &s,  Ca,  which  form  two  triangles,  and  similarly  for  the  systems  ^,  y,  z;  x,  1),  z;  and 
(c,  y,  f;  so  that  the  twelve  lines  form  four  hexagons  (the  opposite  sides  of  which  inter- 
sect) circumscribed  round  four  of  the  angles  of  the  hexahedron,  and  four  pairs  of  triangles 
about  the  opposite  four  angles  of  the  hexahedron.  The  number  of  such  theorems  might 
be  multiplied  indefinitely,  and  the  number  of  different  combinations  of  lines  or  planes 
to  which  each  theorem  applies  is  also  very  considerable. 

Consider  the  four  planes  as,  ^,  x,  x,  and  represent  for  a  moment  the  C(];iiations  of 
these  planes  by  x  +  Aw  =  (i,  x  +  Bvj  —  (i,  x  +  Cvi  =  i),  x  +  Dw  =  0,  so  that 

k\        ml  \       111  P  +  P  P-P 

By  the  assistance  of 

^  ■-  '■-  hnnW-H')  P"  <^  ~  °'  +  '"]  ['""  <*-">  +  ^"1 

it  is  easy  to  obtain 

{A-C){D-B)  _        p-fi  [I  (y  -  a)  +  2mii]  [m  (y  -  «)  +  2..q  [«(?-■.)  +  2i.>.] 
(A  -II){B-a)  %  +  ^  [m»  (fi  -  a)  +  2i]  l«i  (/)  -  «)  +  2mJ  [Im  (p  -  a)  +  2»]  " 
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which  remains  unaltered  for  cyclical  permutations  of  I,  m,  n,  i.e.  the  anharmonic  ratio 
of  X,  ^,  X,  X  is  the  same  as  that  of  y,  rj,  y,  y,  or  3,  £)  z,  i;  there  is  of  course  no 
correspondence  of  a:  to  1/  or  ^  to  17,  &c.,  the  correspondence  is  by  the  general  pro- 
perties of  anharmonic  ratios,  a  correspondence  of  the  system  x,  ^,  x,  x,  to  any  one  of 
the  systems  (;/,  j;,  y,  y),  or  (jj,  y,  y,  y),  or  (y,  y,  y,  ■>;),  or  (y,  y,  i;,  1/),  indifferently. 
The  theorems  may  be  stated  generally  as  follows :  "  Considering  two  lines  in  the  same 
triple  tangent  plane,  the  remaining  triple  tangent  planes  through  these  two  lines 
respectively   are   homologous  systems." 

Suppose  the  surface  of  the  third  order  intersected  by  an  arbitrary  plane.  The 
curve  of  intersection  is  of  course  one  of  the  third  order,  and  the  positions  upon  this  curve 
of  six  of  the  points  in  which  it  is  intersected  may  be  arbitrarily  assumed.  Let  these 
points  be  the  points  in  which  the  plane  is  intersected  by  the  Hnes  Ui,  &,,  a,,  bg,  c^,  a^; 
or  as  we  may  term  them,  the  points  Oi,  61,  a^,  b^,  Ce,  a.a('}  The  point  Ci  is  of  course  the 
point  in  which  the  line  aj}^  intersects  the  curve.  The  straight  lines  aj>^e,  biOgas,  c^a^i, 
and  (i,i)^i,  biC^e,  CiOsbe,  show  that  c*  and  64  are  the  points  in  which  aj>s,  and  a^fis  inter- 
sect the  curve,  and  then  be  and  Cs  are  determined  as  the  intersections  of  dgc,,  a^b^  with 
the  curve.  The  intersection  of  the  lines  b^  and  igC,  (which  is  known  to  be  a  point 
upon  the  curve  by  the  theorem,  every  curve  of  the  third  order  passing  through  eight 
of  the  points  of  intersection  of  two  curves  of  the  third  order  passes  through  the 
ninth  point  of  intersection)  is  the  point  a^  The  systems  a^,  64,  c,;  a^,  63,  c^;  a^,  b^,  C3, 
determine  the  conjugate  system  a^,  b^,  Ctj  (h,  h,,  c,;  Oj,  b^,  c^;  by  reason  of  the  straight 
lines  (XiajCtj,  bfij},,  CiCjCj;  Oia^a,,  bfi^y,  CiCeO,;  a,asCh,  &iMsi  CiCjC,,  viz.  a^  is  the  point  where 
Oiai  intersects  the  curve,  &c.  The  relations  of  the  systems  (a^,  i„  C4;  «s,  b^,  c^),  (a^,  b^,  c^; 
a„  by,  0,),  {(h,  h,  Cs',  (h>  bg,  Cs)  to  the  system  ai,  Ji,  c,;  a^,  63,  Cj;  Os,  hs,  c,  are  precisely 
identical.  It  is  only  necessary  to  show  how  the  points  a^,  h,  <k;  <h,  h,  C3  of  the 
latter  system  are  determined  by  means  of  one  of  the  former  systems,  suppose  the 
system  a^,  be,  c^;  a,,  b,,  c-,;  and  to  discover  a  compendious  statement  of  the  relation 
between  the  two  systems.  The  points  a^,  b^,  d;  a^,  \,  c^;  a,,  b^,  c^;  a^,  b^,  c^;  a,,  h,,  c,, 
are  a  system  of  fifteen  points  lying  on  the  fifteen  straight  lines  ai6iCi,  aj>^^,  aJbsC^, 
OiffljOs,  616263,  CiCijCs,  0,0^07,  b,bj},,  C1C9C7,  a^b^e,  bgii,as,  Csarbs,  aj>^,,  b,fi^j,  CjOe^?,  viz.  the  nine 
points  a,,  61,  c,;  a^,  6j,  c.;  Oj,  bs,  C3  are  the  points  of  intersection  of  the  three  Hnes 
<^6iCi,  01,6202,  afisps  with  the  three  lines  Oia^g,  6,62^,  C1C2C3,  and  the  remaining  six  points 
form  a  hexagon  a^^a^bfiT,  of  which  the  diagonals  a^a,,  bj?,,  c^c,  pass  through  the  points 
Oi,  61,  Ci,  respectively,  the  alternate  sides  a^,  c^a^,  and  b^th  pass  through  the  points 
Cs,  62,  ^2  respectively,  and  the  remaining  alternate  sides  ftfCe,  0^^,  and  ca,  pass  through 
the  three  points  0^,  &,,  C3  respectively.  The  fifteen  points  of  such  a  system  do  not 
necessarily  lie  upon  a  curve  of  the  third  order,  as  will  presently  be  seen :  in  the 
actual  case  however  where  all  the  points  lie  upon  a  given  curve  of  the  third  order, 
and  the  points  csi,  61,  e,;  a,,  6,,  Cj;  a,,  67,  &,  are  known,  a^,  b^,  c^;  «j,  63,  C3  are  the 
intersections   of  the   curve   with   63C,,  c^a,,  aj},,   b,Ce,   e^a^,   0765  respectively,   and   the   fact 

'  In  geoetal,  the  point  in  which  any  line  npon  the  anrtace  intereecta  the  plane  in  question  may  be  repre- 
sented by  the  symbol  of  the  line,  and  the  line  in  which  any  triple  tangent  plane  interseets  the  plane  in  question 
may  fae  topresBnted  hy  the  symbol  of  the  triple  tangent  plane:  thus,  a,,  6^^,  e^  are  points  in  the  line  ii,Vii  o"^  '^ 
the  line  lu,  <Se. 
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of  the  existence  of  the  lines  aJy^Ci,  aj>^s,  (i^^c,,  a-fi^-^,  hjbjis,  CiCji^  is  an  unmediate 
consequence  of  the  theorem  quoted  above  with  respect  to  curves  of  the  third  order-— 
a  theorem  from  which  the  entire  system  of  relations  between  the  twenty-seven  points 
on  the  curve  might  have  been  deduced  d  priori.  But  returning  to  the  system  of 
fifteen  points,  suppose  the  lines  Oi&iCi,  a^b^c^,  aj}^^,  and  a^a^,  bjiib;,  and  also  the  point 
dj  to  be  given  arbitrarily.  The  point  a^  lies  on  the  line  a,«.8,  suppose  its  position 
upon  this  line  to  be  arbitrarily  assumed  (in  which  case,  since  the  ten  points  a,,  a,,  Os, 
61,  ha,  ba,  Ci,  Ca,  Cj,  are  sufficient  to  determine  a  curve  of  the  third  order,  there  is  no 
curve    of   the    third    order    through    these    points    and    the    point    a,).      If    the    points 


bg,  Ce,  67,  c,  can  be  so  determined  that  the  sides  of  the  quadrilateral  h^^c^^,  viz. 
61167,  fejCa.  <^eC7.  <hbs  P^9s  through  the  points  61,  Oj,  c,,  a^  respectively,  while  the  angles 
&ai  ^1  Co.  C7  lie  upon  the  hues  a^c^,  a^,  a^b^  and  Oji,  respectively,  the  required  condi- 
tions will  be  satisfied  by  the  fifteen  points  in  question ;  and  the  solution  of  this 
problem  is  known,  I  have  not  ascertained  whether  in  the  case  of  an  arbitrary  position 
as  above  of  the  point  a-,,  it  is  possible  to  determine  a  complete  system  of  twenty- 
seven  points  lying  three  and  three  upon  forty-five  lines  in  the  same  manner  as  the 
twenty-seven  points  upon  the  curve  of  the  third  order;  but  it  appears  probable  that 
this  is  the  ease,  and  to  determine  whether  it  be  so  or  not,  presents  itself  as  an 
interesting  problem   for   investigation. 

Suppose  that  the  intersecting  plane  coincides  with  one  of  the  triple  tangent  planus. 
Here  we  have  a  system  of  twenty-four  points,  lying  eight  and  eight  in  three  lines ; 
the  twenty-four  points  lie  also  three  and  three  in  thirty-two  lines,  which  last-mentioned 
lines  therefore  pass  four  and  four  through  the  twenty-four  points.  If  we  represent  by 
a,  b,  c,  d,  a',  V,  c',  d'  and   a,   b,   c,   d,   a',   b',   c',   d',   the   eight   points,   and   eight   points 
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which   lie   upon   two   of   the  three   lines   (the   order  being    determinate),   the   systems   of 
four  lines  which  intersect  in  the  eight  points  of  the  third  line  are 


(<u»,     6b, 

<x  ,     lid), 

(o'a'. 

t'b'. 

c'c'. 

d'd') 

(Ob-,     6a', 

c'd,     d'c). 

(a'h, 

6'a, 

cd'. 

cic') 

(lie',     ea'. 

d\     6'd), 

(o'c, 

c'a  , 

6d', 

lib') 

{ad',     ds.'. 

6'o ,     c'b). 

(u'd. 

i'a. 

6o', 

A') 

the    principle    of  symmetry    made    use   i 


this  notation  (which  however  repreeenta  the 


actual   symmetry   of  the   system   very  imperfectly)  being  obviously  entirely  different  from 
that   of    the   ease   of   an    arbitrary   intersecting    plane.     The    transition    case    where    the 


intersecting  plane  passes  through  one  of  the  lines  upon  the  surface  (and  is  thus  a  double 
tangent  plane)  would  be  worth  examining.  It  should  bo  remarked  that  the  preceding 
theory  is  very  materially  modified  when  the  surface  of  the  third  order  has  one  or 
more  conical  points;  and  in  the  case  of  a  double  line  (for  which  the  surface  becomes 
a  ruled  surface)  the  theory  entirely  ceases  to  be  applicable.  I  may  mention  in  con- 
clusion that  the  whole  subject  of  this  memoir  was  developed  in  a  correspondence  with 
Mr  Salmon,  and  in  particular,  that  I  am  indebted  to  him  for  the  determination  of 
the  number  of  lines  upon  the  surface  and  for  the  investigations  connected  with  the 
representation  of  the  twenty-seven  linos  by  means  of  the  letters  a,  c,  e,  h,  d,  f,  as 
developed   above. 
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ON    THE    ORDER    OF    CERTAIN    SYSTEMS    OF    ALGEBRAICAL 

EQUATIONS. 

[From  the  Gamhndge  and  Dublin  Mathematical  Journal,  vol.  IV.  (1849),  pp.  132 — 137.(')] 

Suppose  the  variables  te,  y  ...  so  coimected  that  any  one  of  the  ratios  x:y:z,... 
or,  more  generally,  any  determinate  function  of  these  ratios,  depends  on  an  equation 
of  the  >!*''  order.     The  variables  «,  y,  z  ...  are  said  to  form  a  system  of  the  /i.""  order. 

In  the  case  of  two  variables  x,  y,  supposing  that  these  are  connected  by  an 
equation  U  —  0  (U  being  a  homogeneous  function  of  the  order  /i)  the  variables  form 
a  system  of  the  fj.^  order ;  and,  conversely,  whenever  the  variables  form  a  system  of 
the  /t*   order,   they   are   connected  by   an   equation   of  the   above   form. 

In  the  ease  of  a  greater  number  of  variables,  the  question  is  one  of  much  greater 
diiHeulty.  Thus  with  three  variables  x,  y,  z;  if  (a  be  resolvable  into  the  factors  ^',  ^u", 
then,  supposing  the  variables  to  be  connected  by  the  equations  i/'=0,  F  =  0,  TJ  and  F 
being  homogeneous  functions  of  the  orders  /t',  y,  respectively,  they  will  it  is  true 
form  a  system  of  the  /i"'  order,  but  the  converse  proposition  does  not  hold :  for  instance, 
if  ft  is  a  prime  number,  the  only  mode  of  forming  a  system  of  the  jH^  order  would 
on  the  above  principle  be  to  assume  ft'  =  /t,  ft"  =  1,  that  is  to  suppose  the  variables 
connected  by  an  equation  of  the  ^"'  order  and  a  linear  equation;  but  this  is  far 
from  being  the  most  general  method  of  obtaining  such  a  system.  In  fact,  systems  not 
belonging  to  the   class  in   question  may   be   obtained  by   the   introduction  of  subsidiary 

'  This  memoir  was  intended  to  appear  at  the  same  time  witli  Mr  Salmon's  "Note  on  a  Result  of  Blimi- 
natiOD,"  {Journal,  vol.  iii.  p.  169)  with,  which  it  is  very  much  connected. 
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variables  to  be  eliminated  :  the  simplest  exaanple  is  the  following  :  suppose  a,  b,  a',  b',  a",  b" 
to  be  Unear  fiinctions  (without  constant  terms)  of  w,  y,  z,  and  write 

(a^   +b7i    =0, 
J  tt'f  +  6'^  =  0 , 

equations  from  which,  by  the  elimination  of  f,  ij,  two  relations  may  be  obtained  between 
the  variables  x,  y,  z. 

Suppose,  however,  from  these  three  equations  x,  y,  z  are  first  eliminated ;  the  ratio 
^ :  j;  will  evidently  be  determined  by  a  cubic  equation ;  and  assuming  ^  :  ij  to  he  equal  to 
one  of  the  roots  of  this,  any  two  of  the  three  equations  may  be  considered  as  implying 
the  third ;  and  will  likewise  determine  linearly  the  ratios  w.y  -.z.  Hence  any  deter- 
minate function  of  these  ratios  depends  on  a  cubic  equation  only,  or  the  system  is 
one  of  the  third  order.  But  the  order  of  the  system  may  be  obtained  by  means  of 
the  equations  resulting  from  the  elimination  of  f,  17;  and  since  this  will  explain  the 
following  more  general  example  (in  which  the  corresponding  process  is  the  only  one 
which  readily  offers  itseli'),  it  will  be  convenient  to  deduce  the  preceding  result  in  this 
manner.     Thus,  performing  the  elimination,  we  have 

i  =  (ffl'&"  -  (i"&')  =  0,     i'  =  ((t"6-a&")  =  0,     i"  =  {a6'-a';.)  =  0. 

Here  the  equations  Z  =  0,  L'  —  0,  L"  =  0,  are  each  of  them  of  the  second  order, 
and  any  two  of  them  may  be  considered  as  implying  the  third.  For  we  have 
identically, 

ah  +  a'i'  +  al'L"  =  0,  (') 

so  that  L  =  0,  £'  =  0,  gives  a"L"  =  0,  or  L"  =  0,  Nevertheless  the  system  is  imperfectly 
represented  by  means  of  two  equations  only.  For  instance,  i  =  0,  L'  —  O  do,  of  them- 
selves, represent  a  system  which  is  really  of  the  fourth  order.  In  fact,  these  equations 
are  satisfied  by  a"  —  0,  b"  =  0,  (which  is  to  be  considered  as  forming  a  system  of  the 
first  order),  but  these  values  do  not  satisfy  the  remaining  equation  L"  =  0.  In  other 
words,  the  equations  L  —  0,  L'  ~0  contain  an  extraneous  system  of  the  first  order,  and 
which  is  seen  to  be  extrajieous  by  means  of  the  last  equation  L":  the  system  required 
is  the  system  of  the  third  order  which  is  common  to  the  three  equations  i  =  0, 
L'  =  0,  L"  =  0. 

Suppose,  more  generally,  that  x,  y,  s  are  connected  by  p  +  1  equations,  involving  p 
variables   f ,  17,  t,  -..  , 

a%  +hv  +c^  +  ...  =  0, 


1  Also  bL  +  b'L'  +  Ji"L"  =  0 :  but  since  by  the  elimination  of  L",  taking  into  : 
anil  L',  we  obtain  an  identical  equation,  tliese  two  relations  may  be  considered  as 
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or  what  comes  to  the  saino  by  the  equations  (equivalent  to  two  independent  relations) 

I  a,  a',  a",  ...fl.w      =0; 
h,  h',  b",...  6( 

(where  the    number   of   horizontal    rows  is  p).     Consider  x,   y,   s,   as   connected   by   the 
two   equations 

a,...  aiP-^J,  a'^"    =0,       a....  a'l'-^K  a^ 
.  hiP-'\  fc'J'-ii  6,...  b^"-' 

these  form  a  system  of  the  order  p'^,  but  they  involve  the  extraneous  system 
\\a,        b,    11=0.  ■ 


I  a''P-^\b''P~^\...  II 

Suppose  4>{p)  is  the  order  of  the  system  in  question,  then  the  order  of  this  last 
system  is  •p{p  —  l)  and  hence  <^ip)=p^  —  <^{p~^)'-  observing  that  0(2)  =  3,  this  gives 
directly   4>{p)  =  lp{p  +  V).     Henco   the   order  of  the   system   is  ip(p+l). 

Suppose  X,  y,  z,  connected  by  equations  of  the  form  17  =  0,  F=0,  W  =  0;  JJ,  Y,  W 
being  linear  in  ic,  y,  z,  and  homogeneous  functions  of  the  orders  m,  n,  p  respectively 
in  %,  1).  By  eliminating  x,  y,  z,  the  ratio  ^  :  t]  will  be  determined  by  an  equation  of 
the  order  m-\-n  +  p\  and  since  when  this  is  known  the  ratios  x :  y  :  z  are  linearly 
determinable,  we  have  m  +  n  +  p  for  the  order  fj,  of  the  system. 

Thus,  if  m  =  )i  =p  =  2,  selecting  the  particular  system 

af  +  26^  +  erf  =  0, 

6p  +  2c^  +  rfi?=  =  0, 

c|=  +  2d^ri  +  eif  =  0, 

it  is  possible  in  this  case  to  obtain  two  resulting  equations  of  the  orders  two  and 
three  respectively,  and  which  consequently  constitute  the  system  of  the  sixth  order 
without   containing   any   extraneous   system.     In   fact,   from   the   identical   equation 

e^ .  (a^  +  26|^  +  c^=) 
-  (4d|  +  2e7i)  (6p  +  2g^v  +  dy") 
+  (3c|  +  2dn)  (cf  +  U^  +  er)^) 

=  (ae  -  ibd  +  3c')  ^, 


Hosted  by 


Google 


ON   THE   OKDEB   OF   CERTAIN   SYSTEMS   OF    ALGEBRAICAL    EQUATIONS. 

+  {cd  -  be)  (if  +  2c|t,  +  dn') 
+  (hd  -  c')  (cp  +  2d^v  +  en'') 

=  (aoe  -  ad'  -1fe-c^+  thcd)  f , 


[77 


(ae  -^hd  +  ?>(?  =0, 

I  ace  —  ad^  —  b^e  -  c'  +  2bcd  ~  0 ; 
which  fonn  the  system  in  question,  and  may  for  shortness  be  represented  by  7  =  0,  J—0, 
The  three  equations  in  ^,  t]  may  be  considered  as  expressing  that 

a^  +  Sb^  +  dc^n"  +  di?'  =  0, 
6|'  +  3cfij  +  Sd^r,^  +  ej;=  =  0, 

have  a  pair  of  equal  roots  in  common ;  in  other  words,  that  it  is  possible  to  satisfy 
identically 

(A^  +  Sn)  (af  +  Sb^T)  +  3c^=  +  dn')  +  {A'^  +  B'n)  (6f  +  3c^  +  Sd^n"  +  ev^)  =  0- 

Equating  to  zero  the  separate  terms  of  this   equation,  and  eliminating  A,  B,  A',  B", 
we  obtain 

a  ,     36,     3c,     d     =0. 
6  ,     3c,     %d, 
%b,     3c,      d, 
3c,     Zd,     e  , 

It   is   not   at   first   sight    obvious   what    connection    these    equations    have   with    the 
two,  /=0,  J—0,  but  by  actual  expansion   they  reduce  themselves  to   the  following  five, 

3[2(ce-  d')I~-  3e/]-0, 

S[{be-  c(?)/-3(U]  =  0, 

[-  {ae  +  2bd  -  Sc')  I  +  9cJ]  =  0 , 

•S[(ad-  bc)I-SbJ]  =  0, 

3[2(ae-   ¥)I-3aJ]^0; 

which  are  satisfied  by  /  —  0,  J^  =  0.  By  the  theorem  above  given,  the  equations  are 
to  be  considered  as  forming  a  system  of  the  tenth  order;  the  system  must  therefore 
be  considered  as  composed  of  the  system  7  =  0,  J=0,  and  of  a  system  of  the  fourth 
order.     The   system   of  the   fourth   order  may   be   written  in   the   form 

2  (ac  ~  6=)  :  ad -bo  :  ae  +  2bd  -Sc"  :  be- cd  :  2  (ce  -  d^)  :  3/ 
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but   to  justify   this,  it   must   be   showQ  first   that   these   equations   reduce 

two  independent   equations ;    and   next   that   system   is   really   one   of   the    fourth    order. 

We   may  remark   in   the   first   place,   that   if 

u,    =  a|^  +  ib^'ij  +  Qc^rj"-  +  id^tj^  +  e-r/^ 

d^d^'~  \d^}  ' 

Thus  the  conditions  requisite  in  order  that   u   may  be   a   perfect   square,  are  given   by 
the   system 

2  (ac -  If)  :  (ad -be)  ■  ae  +  2bd - 3g^  :  be-cd  :  2 (_ce -  <P) 


or  these  equations  are  equivalent  to  two  independent  equations  only  (this  may  be 
easily  verified   »  posteriori) ;   and   by   writing   3/  in   the   form 

e{ac-  b"")  -  2d  {ad  —  hc)  +  c  {ae  +  2bd  -  3c')  -  2b  (be  '-cd)  +  a  (ce  -  d'), 

the  remaining  equations  of  the  complete  system  (3)  are  immediately  deduced ;  thus  the 
latter  system  contains  only  two  independent  equations.  (The  preceding  reasoning  shows 
that  the  system  (3)  expresses  the  conditions  in  order  that  the  equations 

ttf  +  Sb^  +  3c|»?=  +  dri^  =  0,     bl'  +  Scl^v  +  Sd^n^  +  e^f  =  0, 

may  have  a  pair  of  unequal  roots  in  common :  we  have  already  soon  that  the  equa- 
tions /=0,  .7=0  represent  the  conditions  in  order  that  these  two  equations  may  have 
a  pair  of  equal  roots  in  common.)  Finally,  to  verify  d  posteriori  the  fact  of  the 
system  (3)  being  one  only  of  the  fourth  order,  me  may,  as  Mr  Salmon  has  done  in 
the  memoir  above  referred  to,  represent  the  system  by  the  two  equations 


a(ce-d^)-e(c!c-  6=)  =  0,     e  {ad  -~  he)  -  2b  {ce  -  d^)  =  0, 
that  is,  by  ad'-eb^  =  0,     2bd?  -  Shoe  +  ode  — 0. 

These  equations  contain  the  extraneous  system  {a  =  0,  6=0)  and  the  extraneous 
systems  (6=0,  t^  =  0)  and  (dl  =  0,  e  =  0),  each  of  which  last,  as  Mr  Salmon  has  remarked 
from  geometrical  considerations,  counts  double,  or  the  system  is  one  of  the  i^  order  only. 

'  More  generally  whatever  ba  the   order  of  u,  if  u  eontam  a   square  faotor,  thia   square  faetor  may  easily 

,        ,  ,  .      cPurf'ii       /■  d=u\  = 

be  shown  to  occur  m  ■ -,  -t-«  -  \  -jitt 
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NOTE    ON    THE    MOTION    OF    BOTATION    OF    A    SOLID    OF 
EEVOLUTION. 


[IVom  the  Gamhridge  cmd  DuUm  Mathematical  Journal,  vol  iv.  (1849),  pp.  268—270.] 

Using  the  notation  employed  in  my  former  papers  on  the  subject  of  rotation 
(Cambridge  Math.  Journal,  vol.  iii.  pp.  224 — 232,  [6] ;  and  Cambridge  and  Dublin  Math. 
Journal,  vol.  I,  pp.  167 — 264,  [37]),  suppose  B  =  A,  then  r  is  constant,  equal  to  n 
suppose;   and   writing 

also  putting 

(where   7  is   an   arbitrary  constant)   the   values   of  p,   q,  r  are   easily   seen   to   be   given 
by   the   equations 

(p^M  sin  0, 

q==M  cos  $, 


(where  M  is  arbitrary).     And  consequently 

h  =A   [M^  +  n{n~v)], 
k--^A^{M'+     (n-vy). 
Also,  since  a'  +  b^  +  c'  =  k'^,  we  may  write 

3,  =  —  k  sin  i  cos  j, 
b=     fecoaicosj, 
c  =     k  svnj ; 
k  having  the  value  above  given,  and  the  angles  i,  j  being  arbitrary. 
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From  the  equations  (12)  and  (15)  in  the  second  of  the  papers  quoted,  we  deduce 

2v^k{k  +  A{n-v)  dnj  +  MA  cosj  cos  (8  +  i)], 

V  =  ~  vkMA  COS  j  sin  (d  +  i), 
(values  which  verify  as  they  should  do  the  equation  (19)).     Hence,  from  the  equation  (27), 
"writing  -=-  =(?(  =  -  dd,  we  have 

,Ii      ,,      'y  f  ,a        h  +  hi  sin  j  +  kMemj  eos  (0  + 1) 
2  tan-'  -r^B+  -  \d9  -, j-. /■     ■  ,   ,,. H 73--  -,.  . 

This   is  easily  integrated ;   but  the  only  case  which  appears  likely  to  give  a  simple 
result  is  when  the  quantity  under  the  integral  sign  is  constant,  or 

A  (k  +  hi  sin  j)  =  k{k  +  A{n-  v)  sin  j}, 
or 

Ah  —  k''  +  Akv  sin  j  =  0 ; 

A(n-v)  +  kBmj  =  0: 


that  is, 
whence 


A(r,-„)  .     AM         ,       .     -().-») 


Observing  that  ^tt—j  is  the  inclination  of  the  axis  of  2  to  the  normal  to  the  invariable 
plane,  this  equation  shows  that  the  supposition  above  is  not  any  restriction  upon  the 
generality  of  the  motion,  but  amounts  only  to  supposing  that  the  axis  of  z  (which  ia 
a  line  fixed  in  space)  is  taken  upon  the  surface  of  a  certain  right  cone  having  for 
its  axis  the  perpendicular  to  the  invariable  plane.  Eesuming  the  solution  of  the  problem, 
we  have 

2  tan-  5  =  8  +  4^, 
k  vA 

which  may  also  be  written  under  the  form 

,  H 


^'-S)' 


2  tan- -J  =8.  +  ^.. 


il  —  k  tan  \  ( ^1  +  "T )  ~  ^  *^^  V^' 
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Substituting  these  values, 

a  =  —  MA  sin  i,    b  =  MA  cos  i,    c  =  ~A(n  —  v), 
2v  =  A^M-'  {1  +  cos  {S  + 1')}  =  2M'A'  cos'  i  (f  +  *") ; 

and  substituting  in  the  equations  (14)  the  values  of  X,  fi,  p  reduce  themselves  to 
[k  tan  -yp- cos  ^  (0  -  i)  +  A  (n  -  v)  sin  1(0  -  i)], 


[p=        tanH^  +  0; 
where,  recapitulating,  $  =  vt  +  y,  ^-yjf^-j  +  Si. 

I  may  notice,  in  connexion  with  the  problem  of  rotation,  a  memoir,  "  Specimen 
Inauguralo  de  motu  gyratorio  corporis  rigidi  &c.,"  by  A.  S.  Rueb  (Utrecht,  1834),  which 
contains  some  very  interesting  developments  of  the  ordinary  solution  of  the  problem, 
by  means   of  the   theory   of  elliptic   functions. 
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ON  A   SYSTEM    OF    EQUATIONS    CONNECTED   WITH   MALFATTI'S 
PROBLEM,   AND   ON  ANOTHER  ALGEBRAICAL   SYSTEM. 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  iv.  (1849),  pp.  270 — 275.] 

Consider  the  equations 

bf  +  cz'  +  tfyz  =  e'-a  (be  -  p) , 
cz"  +  (m^  +  ^gzm  =  &%  {ca-g'') , 
aa!'  +  bf  +  2hce^j  =  e^c{ab-  h") ; 

or,  as  they  may  be  more  conveniently  written, 

by"  +  e^  +  yyz  =  e%E, 
cz'  +  aai^  +  2gzx  =  ff'Jm, 
aas^  +  bf  +  2hay^e"clE,. 

The  second  and  third  equations  give 

(£r=GC  -  A^S)  a;^  -  b^f  +  c'^^z^  +  2og€z!v  -  2UMxy  =  0 , 
hence  [{g-QL  —  A^33)  ^^  —  bhS&y  +  ogfEz]"  —  33®  (—  igy  +  ohzf  —  0,  and  consequently 

(/®  -  m&)  X  -  bsim  (gs/(£'  +  Avas)  y  +  cvec  ov®  +  h>^is)  z^o-. 

dividing  this  "by  g/^Q^  +  h^/M,  and   writing   down   the   system   of  equations   to  -which    the 
equation   thus   obtained   belongs, 

{g'^(S'-h>^)x-  Va3^+  cVffl.2  =  0, 

aVa  'c  +  C^Va  -/V®)  y-  rW<&  z  =  0, 

-  aVa    ^+  iv^  y  +  (/VaS  -  S'v'a)  2  =  0. 
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Hence  also 

(  wa + ivffl -/vot)  y  -  (  jva-/va3+oV8i)2-o, 

(- jrVa  +/VJ9  +  c^/«)  z  ~  (    oVa  +4VSS  -yV8t)«  -  0. 
(    ova-tVJ3+yV«):i-(-Sva  +  iVJS+/V«)</  =  0; 
these  equations  may  be  written 

\  {  jFva  -  C5VJ3  -  ?tv« + \/(aJ8a)i  [{cs + v<aa)!  y  -  {s + v(a*i)t  ^i  -  o, 
y  I-  jFva +«5,/JS-?^va+ v<aafla)!  [!M + v(aJ8)i « -  { jf + v(J8ffl)i »]  -  o, 
i  (-  jF\'a  -  ffivJs + i^va + v(aJ38E)i  [|jf + v(JSffl)) «-{«;  +  v(«t»)!  rf  -  o ; 

wliere,  as  usual, 

K~aho~-  ap  -  hg""  -  ch^  +  2fgh  ; 
(in  fact  the  coefficient  of  y  in  the  first  equation  is 

as  it   should   be,   and   similarlj  for   the   coefficients   of  the   remaining  terms).     We   have 
therefore 


Lf  +  v(SBffl))  «.-{©+ v(«ta))  </ = i?i 

or,  what  comes  to  the  same  thing, 

!,2.is(jF+v(a8e)i, 

2».Jslffi+\/((!tH)|, 
Now 

« (ffi + ^/(9a)}  ij^ + v(aJ3))  =  ijf  +  v<asa)i  i*  -/y*  +A'(Js«t)  -  yV(«a)  -  tvcaafl)], 
4  (SS + v(aa3))  {jf  +  v(S9«)i  - 1<5  +  v(«ia)i  (dfc  -/jt  -Mjsa) + svcca)  -  k^imm. 
c  (jf  +  v(j8ffl)H«i + V(eta)i  =  I?? + v(aiB)i  (ofc  -/^i  -/v(js<!t)  -  Mffla) + msjs)). 

[as  readily  appears  by  writing  the  first  of  these  equations  under  the  form 

o  (« + v(aa)!  m + ■JiSM)]  =  (JF + v(JB«i)}  (»a  -/jf  +/v(J8»)  - 

and  comparing  the  rational  term  and  the  coefficients  of  "/(SS®),  VC®^),  ^{^33)}. 
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Hence,  observing  the  values  of  ijz,  zx,  xy,  we  find 

"" = £ ''''"  "fn''  +A'(J3«)  -  Mota)  -  h^{«m. 

Hence,  forming  the   value   of   any  one   of  the    functions   hy''  +  C3^  +  "^fy^,    cz''  +  aa?  +  ^gan/, 
aa? -Vhy^  +  2Aa;y,  we  obtain  s  =  &^;   or  we  have 

«? =£  H»  -A''  +/v(Jiiffl)  -  sv'(aa)  -  W(aa8)i, 

y  =  I  He  -fgh  -//(iSffl)  +  sV(ffl9)  -  MSffl)!, 


y^-ie'{jf  +  v(jsat)i, 
M-io-lffi  +  vcsa)), 
.<«,=i9-lp}+v(aj»)). 

It  may  be  remarked  that  the  equations 

h  y^-Vc  z^+^f  yz^L, 

c'  !?  +  a' a?  +  tg'  yz  =  M, 

a"  a?  +  h"y''  +  2h"xy  =  N, 

in  which  the  coefficients  are  supposed  to  be  such  that  the  functions 

Jf  (a'V  +  &'y  +  Wxy)-N{c'  s=  4-  aV  +  Sjf'^a), 

N{b  f  +  c  3'  +  2/ 1/«)  -  L  {a"^  +  6'y  +  2A"i/s), 

i  (o'  ^  +  aV  +  2£f'i/3)~if  (6  1/^  +  c  ^+  ^fyz), 

are   each   of  them   decomposable  into  linear  factors,  may  always  be  reduced  to  a  system 
of  equations  similar   to   those   which   have  just   been   solved. 

Suppose 

/  =  -'  =  ''-?-\/(<MSwi)='-' 

and  write  -JX,  VF,  \IZ  instead  of  «,  y,  z.     The  equations  to  be  solved  become 

SF+cZ  +2ri/(FZ).(i+c)r, 
cZ  +  (jZ  +  ir^iZX )  =  (c  +  II)  )•, 
aJT  +  6F  +  2i-V(XF)  =  (o  +  J)  r, 
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y    •=  J  («  +  S  +  c!-»-  +  V('''  +  «')  +  V(r"  +  4")-V(<-"  +  c")l, 
z     =|^{a  +  ?>  +  c-r~  VC*^  +  «')  -  V<'-'  +  6')  +  V(*-'  +  c')}, 

V(yz)=il>--(.  +  V(r- +«■)), 

V(xj)=i(^-C+V('-  +  C->1, 

a  system  of  formulse  which  contain  the  soiution  of  the  problem  "In  a  given  triangle 
to  inscribe  three  circles  such  that  each  circle  touches  the  remaining  two  circles  and 
also  two  sides  of  the  triangle."  In  fact,  if  r  denote  the  radius  of  the  inscribed  circle, 
and  a,  b,  c  the  distances  of  the  angles  of  the  triangle  from  the  points  where  the  sides 
are  touched  by  the  inscribed  circle  (quantities  which  it  is  well  known  satisfy  the  con- 
dition r"  =  — —5 ),  also  if  x,  v,  z  denote  the  radii   of  the   required   circles,  there  is   no 

a  +  b  +  o'  ''  ^ 

difficulty  whatever  in  obtaining  for  the  determination  of  z,  y,  z,  the  above  system  of 
equations.  The  problem  in  question  was  first  proposed  and  solved  by  an  Italian 
geometer  named  Malfatti,  and  has  been  called  after  him  Malfatti's  problem.  His  solu- 
tion, dated  1803,  and  published  in  the  10th  volume  of  the  Transactions  of  the  Italian 
Academy  of  Sciences,  appears  to  have  consisted  in  showing  that  the  values  first  found 
for  the  radii  of  the  three  circles  satisfy  the  equations  given  above,  without  any  indi- 
cation of  the  process  of  obtaining  the  expressions  for  these  radii.  Further  information 
as  to  the  history  of  the  problem  may  be  found  in  the  memoir  "Das  Malfattische 
Problem  neu   gelost   von   0.   Adams,"  Winterthur,   1846, 

In   connexion   with   the   preceding   investigations   may  be  considered  the  problem  of 
determining   I   and   m   from   the   equations 

Aim  +  ey-^Him  +  eyi    +(B  +  l)i^  =0; 

which  express  that  the  function 

f '  [/"  +  (lie  +  myf,  {U  =  Aa?  +  •HIxi^  +  By% 

has  for  one  of  its  factors  a  factor  of  U+af,  and  for  the  other  of  its  factors  a  factor 
of   U-\-y\     There   is   no   difficulty  in   solving  these   equations;   and   if  we   write 

K^AB~H\    ^,^^J(-K~B),     ^,^'^{-K~A), 
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the   result   is   easily   shown   to   be 

I  :  m  :  8  =  A(B  +  II  +  a,)  :  B{A+H  +  ^^)  :  {H+^,){H +  ^^)- AB. 

But  the  problem  may  be  considered  as  the  problem  for  two  variables,  anaiogoua 
to  that  of  determining  the  conic  having  a  double  contact  with  a  given  conic,  and 
touching  three  conies  each  of  them  having  a  double  contact  with  the  given  conic ; 
and   in   this   point   of  view   I   was   led   to   the   following  solution.     If  wo   assume 

Bl  -  Hm  =  1/,     -HI  +  Am  =  v. 


or, 

what 

is  ths  sai 

:ae  tiling, 

Kl 

^Au 

+  Hv, 

Km. 

=  s»  +  . 

tkei 

a  putting 

V  = 

.Au-  + 

2Hiiv 

+  B,f, 

the 

two 

equations 

become  after 

some 

reduction 

(«- 

-KSf 

— , 

'Iks' 

-i\ 

(«- 

-Key 

=  -„, 

?("-(?«■ 

-i\ 

Hence,  writing  Kff'  +  -^  V  =  —  s^  we  liave 

u-Ke  +  ^r,s,     v-KS  +  ^,.s,    V  +  JSr*  +  Jj-s"  -  0  ; 
and  substituting  tliese  values  of  u,  v  in  the  last  equation, 

^  (j<r« +«,«)■+ 2-ff  (jr« + «,s)  (jr« + xj,») +£  (ze +  <»,>)•+ z* +&•- 0, 

or  reducing, 

KVIA+iH+B+l)  +  iKSsl(A  +  H)^,  +  {ri+B)„.]+.f(A^,-  +  2ff^,^,  +  B^/  +  K).0; 

whence 

[K$(A  +  m+B  +  J)  +  ,l(A  +  H)^,  +  (H  +  B)^,]J 

=  s'l{(A+S)^,  +  (U+B}w,f-{A+2H+B  +  l){A,^,-+2H^,^,  +  B^/  +  K)], 

-«■(- Z  (i^i -»,)■- (4  or,"  +  2i?»,>», +  £«,")- -B"  (^  +  2i3"+ B  + 1)1, 

=  s-i-{A  +  K)^^-(B  +  K)^j--K(A  +  2H+B  +  l)  +  aiK-H)^,^,l 

-  s'  {2a,'^/  -  K(A  +  2S  +  B  +  1)  +  2(K  -  H)v,^,], 

-«•(«,«'■  + if -if)": 
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and  therefore 

Ke{ji+2B:+B  +  l)  +  s{{A+  H)  ^,  +  {II  +  B)  wj  =  s  (^,w,  +  K-ff), 
giving 

K$(A+2H  +  B  +  l) 


^,^,-{A  +  H)^,-{H  +  B}^,  +  K-H- 
But 

Kl  =  Au  +  Hv=iA+II)Ke  +  (A^,  +  H^,)s,    Km^(H+B)  K8  +  {H^,  +  B^,)s, 
and  substituting  the  above  value  of  s,  we  obtain,  after  some  simple  reductions, 
I  :  m  :  0^{-aT,^,  +  K -H)  {A+H-^,)  :  {vt,^,  +  K  -  R)  {B  + Il-^ur,) 

a  result  which  presents  itself  in  a  very  different  form  from  the  one  previously  obtained : 
if,   however,   the   terms  of  this   proportion   be   multiplied   by   the   factor 


(A  +  2H  +  B  +  1)K 

they  become   (as  they   ought   to   do)  identical  with   those  of  the  former  proportion,  and 
the  identical  equations  to  which  this  process  gives  rise  are  not  without  interest. 
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80. 


SUE,    QUELQXJES    TRANSMUTATIONS    DES    LIGNES    COURBES. 


[From   the   Journal  de  MatMmatiques  Pures  et   A-ppliqv,ies   (Liouville),  torn.  xiv.  (1849) 
pp.  40—46.] 


Je   suppose   qu'une   eourbe   queleonque   soit   representee   par  uno  (Equation  homogfene 


entre  trois  variables  a>,  y,  z,  et  je  me  propose  d'examiner  (ei 
droites  et  aux  coniques)  ce  que  signifient  les  transmutations 


L 

n. 
III. 


1==-.        ^  =  -.         ?=-. 


!  faisant  attention  qu'aux 


ees  quantity  ^tant  prises  dans  chaque  cas  pour  de  nouvelles  eoordonn^es.  Les 
th^or^mes  auxquels  on  se  trouve  conduit  comprennent  les  th^orfemes  qu'obtient  M.  Wil- 
liam Roberta  par  sa  m^thode  g^nerale  de  transmutation  en  ^cri vant  n  —  \,  n=2.  {Vmr 
sa  Note  sur  ce  sujet,  t.  XIii.  [1848]  de  ce  Journal,  page   209).^ 


I.     Soit 


^^'^x,     i\^'Jy,     f=v9! 


Je   supposerai  ici   et   partout    dans   ce    m^moirc   que   PQfl    soit    le    triangle    form^ 
los   droites 

a^  =  0,     ;/  =  0,     3  =  0. 


^  M   Willnm  Eoberts  a  bien  -vouln  i 
i^os  qui   devaieut  s  y  trou\ei      cela 


lets 


jasB^  4  Dublin,  V.S.TA  t 
et  je  Im  urimmuniquai,  p<: 
Sa  Terra  dans  la  sniW  tiv 
=  \,  «=:2,  reapeotneraent  i 


:ette  Note  eut  pani  des 
jiiurs  apiSa,  la  deuxidme 
i  bont  la  piemi^re  et  la 
que  la  troisi^me  est  auEsi 
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Cela  pose,  en  considerant  les  nouvcUes  coordonnees  |,  tj,  ^,  on  voit  tout  de  suite 
qu'un    syatfeme    d'^quations    tiilles    que 

correspond  a  un  point;    qu'une  equation  lineairo   quelcontjue 

AI  +  Bv  +  C'C^O 

correspond  k  une  conique  qui  touche  les  trois  c&t^s  du  triangle  PQR  (on,  si  Ton  veut, 
inscrite  k  ce  triangle);   et  qa'une  ^uation  quelconque  du  second  ordre 

<tf  +  bri'  +  e^'  +  yXv  +  %??+  2A»;?  =  0 

correspond  a  une  courbe  du  quatrieme  ordre  qui  touche  les  trois  c6t^s  du  triangle  PQR, 
chaque  c&te  deux  fois.  Et  r^ciproquement,  de  telles  coniques  et  de  telles  courbea  du 
quatrifeme  ordre  peuvent  toujours  se  repr^senter  par  une  Equation  lineaire  ou  par  une 
Equation  du  second  ordre  entre  les  coordonnees  |,  ij,  ^. 

On  deduit  de  \k  cette  propriety  g^ndrale : 

"Tout  th^orfeme  descriptif  qui  se  rapporte  k  des  points,  k  des  droites,  et  k  des 
coniques,  conduit  k  un  tli^orfeme  qui  se  rapporte  d'une  maniere  analogue  a  des  points, 
k  des  coniques  qui  touchenb  chacune  trois  droites  fixes,  et  k  des  eourbes  du  quatrifeme 
ordre  qui  touclient  chacune  ces  trois  droites  fixes,  deux  fois  chaque  droits." 

En  Bupposant  que  les  coefiicients  g,  k  se  reduisent  a  zero,  I'^quation 

est  celle  d'une  conique  tangente  aux  deux  droites  PQ,  PR,  et  la  courbe  du  quatrieme 
ordre  se  r^duit  k  deux  coniques  ^gales  et  superposees  I'une  a  I'autre.     De  la: 

"Tout  th^or^me  descriptif  qui  se  rapporte  a  des  points,  a  des  droites,  et  a  une 
conique,  conduit  k  un  th^or^me  qui  se  rapporte  d'une  manifere  analogue  k  des  points,  k 
des  coniques  qui  touchent  chacune  trois  droites  fixes,  et  k  une  conique  qui  touche  deux 
de  ces  droites  fixes." 

En  particulier,  en  supposant  que  los  deux  droites  fixes  que  la  conique  touche 
soient  les  deux  droites  tangentes  k  cette  conique  qui  passent  par  un  des  foyers,  et 
que  la  troisifeme  droite  fixe  soit  a  I'infini: 

"Tout  th^oreme  descriptif  qui  se  rapporte  k  des  points,  a  des  droites,  et  k  une 
conique,  conduit  a  un  theorfeme  qui  se  rapporte  d'une  manifere  analogue  k  des  points, 
k  des  paraboles  qui  ont  pour  foyer  commun  un  point  fixe,  et  a  une  conique  qui  a 
aussi  ce  point  fixe  pour  un  de  ses  foyers." 

II,     Soit  a  present 

1  =  3^,     v  =  y\     ?  =  ^- 

Un  systeme  d'equations  telles  que 

^  :  ^  :  f-«  :  /3  :  7 
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correspond  k  quatre  points  qui  formeront  ec  que  Ton  peut  nommtr  un  systeme  symftnqie 
par  rapport  aux  points  P,  Q,  R,  ou  tout  aimplement  nn  ^ysi&me  symet/tique  On  voit 
eans  peine  que  les  quatre  points  d'un  mfenie  sjst^me  '.jm^tiique  sunt  tela  que  le 
quadrilatfere  form^  par  cee  quatre  points  a  pour  points  de  concours  des  diagonales  et 
des  c6t^s  opposfe  les  points  P,  Q,  R.  Pour  ne  pas  mterrompie  la  suite  des  raisonne 
ments,  il  convient  d'entrer  dans  quelques  ddtaila  iLlatifs  i  ct  sujet  Nous  iiommeions 
courhe  symdtrique  par  rapport  aiix  points  P,  Q,  R  ou  siniplement  combe  symehique 
toute  courbe  lieu  d'un  systfeme  sym^trique.  Cela  pos^  il  j  a  uue  infinite  de  coniques 
syna^triques ;  savoir,  toute  conique  par  rapport  a  laquelle  les  points  P  Q  R  sont  des 
points  conjugues  (cela  veut  dire  par  rapport  a  laquelle  lun  quelcon^ue  de  ces  points 
a  pour  polaire  la  droite  rtien^e  par  les  deux  autics)  est  une  conique  symetnque 
Remarquons  qu'une  courbe  sym^trique  du  quatriemc  ordre  peut  se  r^dune  a  un  sjstfeme 
de  deux  coniques  telles,  que  les  points  de  chaque  sjatfeme  ^jm^trique  de  la  couibe 
soient  partag^s  deux  k  deux  sur  les  deux  coniques  En  effet  consideioiis  une  com  jue 
telle,  que,  par  rapport  h,  cette  conique,  le  point  P  ait  pour  polaire  la  dioite  QR 
II  est  facile  de  construire  une  autre  conique  telle,  que  I'ensenible  des  deux  coniques 
soit  une  courbe  sym^trique.  Pour  cela,  nienons  une  transversale  quelconque  PMN  qui 
rencontre  la  conique  donn^e  aux  points  M,  N:  soient  M',  N'  les  points  de  rencontre 
des  droites  QM,  NR  et  des  droites  QN,  MR;  le  lieu  des  deux  points  M,  N'  (lesquels 
seront  en  ligne  droite  avec  le  point  P)  sera  la  conique  dont  il  s'agit.  Nous  dirons 
que   les   deux   coniques   sont   des   coniques  suppl^mentaires. 

En  revenant  k  notre  but  actuel,  une  Equation  lin^ire  quelconque 

correspond  a  une  conique  symi^trique.     Une  equation  du  second  ordre  quelconque 

a^  +  bv'  +  cr  +  yv^  +  ^gK^  +  2A|^  =  0 

correspond  k  une  courbe  symetrique  du  quatri^me  ordre.  Et  r^ciproquement,  toute 
conique  symetrique,  ou  toute  courbe  symetrique  du  quatrieme  ordre,  peut  se  repri5senter 
par  une  Equation  lin^aire,  ou  du  second  ordre,  avec  les  coordonndca  |,  ij,  ^.  De  1^  cette 
propriety  g^n^rale : 

"Tout  th^or^me  descriptif  qui  se  rapporte  a  des  points,  k  des  droites,  et  a  des 
coniques,  conduit  k  un  theorfeme  qui  se  rapporte  d'une  manifere  analogue  k  des  systfemes 
symetriques  (par  rapport  k  trois  points  fixes),  a  des  coniques  sjon^triques,  et  k  des 
courbes  sym^triques   du   quatrifeme   ordre." 

Dans  ce  theorfeme  on  peut,  si  I'on  veut,  considdrer  I'un  des  points  d'un  systeme 
symetrique  comme  representant  le  systfeme,  et  substituer  aux  mots  systemes  symetriqties 
(par  rapport  a  trois  points  fixes),  le  mot  points. 

En  supposaut  que  dans  la  courbe  du  quatrieme  ordre  on  ait  a  !a  fois 

ao  —  g^  =  0,     oh  —  h!'  —  0, 

il   est   facile   de   voir    que    la   courbe    du    quatri&me    ordre    se    reduit   k   deux    coniques 
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En  effct,  CCS  conditions  etant  remplies,  en  r^tablissant  les  valeurs  de  f,  17,  f,  on 
obtient  une  equation  qui  ae  divise  en  deux  Equations,  telles  que 

o^  +  B''/  f  7^  -  Si/3  =  0,     ««=  +  ^y^  +  72^^  +  &yz  =  0, 
qui   appartiennent,   eomme   on   le   voit   sans   peine,  a   une   paire   de   coiiicjues   supplemen- 
taires. 

De  la,  en  rcmarquant  qu'il  est  permis  de  faire  abstraction  de  Tune  de  ces  coniques  : 

"Tout  thdorcmc  qui  se  rapporte  k  des  points,  a  des  droites,  et  k  une  conique, 
conduit  h  un  th^or^me  qui  se  rapporte  d'une  maniere  analogue  h,  des  points,  a  des 
coniques  sym^triques  (par  rapport  k  trois  points  fixes),  et  a  une  conique  telle,  que, 
par  rapport  S.  cette  conique,  I'un  des  trois  points  fixes  a  pour  polaire  la  droite  ment^e 
par  les  deux  autrea  points  fixes." 

Suppoaons  en  particulier  que  les  deux  points  fixes  dont  nous  venous  de  parler 
soient  les  points  oil  la  droite  k  I'iafini  est  reneontr^e  par  un  cercle  qui  a  pour  centre 
le  troisifeme  point  fixe;  ce  troisifeme  point  fixe  sera  le  centre  tant  des  coniques  syme- 
triques  par  rapport  a  ces  trois  points  fixes,  que  de  la  conique  par  rapport  k  laquelle 
le  troisifeme  point  fixe  a  pour  polaire  la  droite  menee  par  les  deux  autres  points 
fixes,  De  plus,  les  asymptotes  de  I'une  quelconque  des  coniques  sym^triques  fonneront 
avec  les  droites  iraaginaires  asymptotes  du  cercle  un  faiaeeau  harmonique,  et  de  1^  les 
asymptotes  de  la  conique  dont  il  s'agit  seront  a  angle  droit,  ou,  autrement  dit,  cette 
conique   sera   une   hyperbole   ^quUatfere.     De   \k   enfin  r 

"Tout  th^oreme  descriptif  qui  se  rapporte  a  des  points,  k  des  droites,  eb  a  nne 
conique,  conduit  k  un  th^oreme  qui  se  rapporte  d'une  manifere  analogue  k  des  points, 
a  des  hyperboles  equitateres  et  concentriques,  et  a  une  conique  concentrique  avec  les 
hyperboles." 

ITT,     Soit  enfin 

^--    -'-Ty     ^%-- 

Cette  supposition  conduit  k  I'une  des  methodes  de  transmutation  donnees  par  M.  Steiner 
parmi  les  observations  generales  qui  forment  la  conclusion  de  son  ouvrage  intitule : 
Systematische  Entwickelung  &c.,  [Berlin,  1832],  methode  qu'obtient  M.  Steiner  au  moyen 
de  la  theorie  de  I'hyperboloide  gauche.  Je  la  reproduis  ici  tant  pour  en  faire  voir  la 
thtJorie   analytique    qa'k    cause    de    son   analogic   avec   les   methodes    I.    et   IT. 

II   est   Evident   d'abord   qu'un  systfeme   d'^quations   telles   que 
?  :  ^  :  ?=a  :  ^  :  7 
correspond  a  un  point ;    de  mSme,  tine  equation  lineaire  quelconque,  telle  que 

correspond  a  une  conique  qui  passe  par  les  trois  points  P,  Q,  R,  ot  une  equation 
quelconque   du   second   ordre,   telle   que 

a^'  +  bfi'  +  c^'  +  2/v^  +  2ff^^  +  2h^ti  =  0, 
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correspond  a  une  coiirbe  du  quafcriiiim;  ordrc  qui  a  les  trois  points  P,  Q,  R  pour 
points  doubles.  R^eiproquement,  de  telies  coniques  et  de  telles  courbes  du  quatriense 
ordre  peuvent  toujours  se  repr^senter  par  des  ^quatians  lin^aires  et  par  des  Equations 
du   second  ordre.     De   \k : 

"Tout  th^orfeme  descriptif  qui  se  rapporte  k  des  points,  a  des  droites,  et  k  des 
coniques,  conduit  k  un  th^orfeme  qui  se  rapporte  d'uiie  manifere  analogue  k  des  points, 
El  des  coniques  qui  passent  par  trois  points  fixes,  ct  a  des  coiu'bcs  du  quatrieme  ordre 
qui   ont  ces   trois  points   fixes   pour   points   doubles." 

En  supposant  que  Ton  ait  k  la  fois  a  =  0,  b  =  0,  la  courbe  du  quatrieme  ordre  se 
reduit  a  una  conique  qui  passe  par  les  deux  points  Q,  R  (ou,  si  Ton  veut,  au  systeme 
fomi^  de  cette  conique  et  des  droites  PQ,  PR).     De  \k: 

"  Tout  tb^jr^me  descriptif  qui  se  rapporte  a  des  points,  k  des  droites,  et  a  une 
conique,  conduit  k  un  th^orfeme  qui  se  rapporte  d'une  manifere  analogue  a  des  points, 
k  des  coniques  qui  passent  par  trois  points  fixes,  et  k  une  conique  qui  passe  par 
deux   de  ces  points  fixes," 

On  ne  peut  pas  particulaiiser  ce  tbeoreme  de  maniere  a  obtenir  des  theoremes 
int^ressants.  Mais,  en  prenant  les  polaires  r^ciproques  des  deux  thfSorcmcs  qui  viennent 
d'etre  obtenus,  on  a  ces  proprie'tes  nouvelles : 

"Tout  th^oreme  descriptif  qui  se  rapporte  k  des  droites,  k  des  points,  et  a  des 
coniques,  conduit  k  un  tb^orfeme  qui  se  rapporte  d'une  maniere  analogue  it  des  droites, 
a  des  coniques  qui  touchent  chacuiie  trois  droites  fixes,  et  k  des  courbes  de  la 
quatrieme  clasae  qui  touchent  chacune  ces  mSmes  droites  fixes,  deux  fois  chaque  droite  ;" 

et: 

"Tout  theoreme  qui  se  rapporte  a  des  droites,  k  des  points,  et  a  une  conique, 
conduit  a  un  th^orfeme  qui  se  rapporte  d'une  manifere  analogue  k  des  droites,  k  des 
coniques  qui  touchent  chacune  trois  droites  fixes,  et  k  une  conique  qui  touche  deux 
de   ces   droites   fixes." 

De    l^,    comme    dans    la    m^thode    I. ; 

"  Tout  theoreme  qui  se  rapporte  a  des  droites,  k  des  points,  et  a  une  conique, 
conduit  k  un  theoreme  qui  se  rapporte  d'une  maniere  analogue  k  des  droites,  k  des 
paraboles  qui  ont  pour  foyer  commun  un  point  fixe,  et  a  une  conique  qui  a  ce  mSme 
point   fixe   poiir  un   de   ses   foyers ; " 

tb^orfeme  que  Ton  doit  comparer  avec  le  troisieme  theorfeme  que  donne  la  m^thode  I. 

Pour  completer  cette  th^orie,  nous  aurions  dli  ajouter  les  deux  theoremes  polaires 
r^ciproques  du  premier  et  du  deuxifeme  tb^orfeme  que  donne  la  m^ttode  I, ;  mais  cela 
se  fait  sans  la  moindrc  peine.  Quant  au  premier  et  au  dcuxifeme  th^orfeme  que  donne 
la  m^thode  II.,  les  polaires  reciproques  de  ces  deux  theoremes  ne  conduiscnt  k  rien 
de   nouveau. 
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81. 


ADDITION     AU    MEMOIEE    SUE    QUELQUES    TRANSMUTATIONS 
DES    LIGNES    COUEBES. 


[From   the   Journal   de   Matk^matiqves  Pvres   et  Appliqu^es  (Liouville),   torn,  xv,  (ISoO), 
pp.  351—356;  continued  from  t.  xiv.  p.  46,  80.] 

Je  me  propose  de  r^samor  ici  !a  tb^orie  des  courbes  du  quatrieme  ordre,  auxquelles 
donne  lieu  la  premifere  de  mes  ra^thodes  de  transmutation  appliqn^e  a  une  conique 
quelconque. 

L'^quation  d'une  telle  eourlie  est  de  la  forme 

ax  +  by  +  cz+  %f'Jyz  +  2^  \lzx  +  2^  ^xy  =  0, 

et  nous  avons  d^j^  vu  que  cette  courbe  a  pour  tangent  ee  doubles  les  trois  droites 
ie  =  0,  y  =  0,  z=0  (droites  que  nous  avons  representees  par  QR,  RP,  PQ).  Pour  trouver 
les  autres  propri^t^s  de  la  courbe,  mettons  I'^quation  sous  la  forme 

^    !^    A 

gh'    hf   gk 
equation  devient 

et  de  la,  en  mettant 
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I'l^cjiiation  de  la  courbe  preud  cette  forme  trfes  sirople 

en  se  souvenant  toujours  que  les  quantity  x,  y,  z,  la  satisfont  a  I'^qiiation  lin^aire  qui 
vient  d'etre  donn^e.     Je  repr^senterai  dana  la  suite  cette  Equation  line'aire  par 

aa;  +  /3y  +  7^  +  Sw  =  0. 

II   est   Evident   que   la   droite   w  ~Q,   dc   mSmc   que    les    droites   QB,   RP,  PQ,   est 

tangente   double   de   la    courbe.     De    plus,   ces    quatre    droites    soiit   te   systfeme  compiet 

des  tangentes  doubles,  car  la  courbe  a,  comme  nous  allons  le  voir,  trois  points  doubles: 
en  effet,  la  forme  rationnelle  de  I'^quation  est 

(ic^  +  y'^  +  z^  +  v/  —  %yz  —  2zx  ~  lixnj  —  2ccw  —  22/jy  —  2zwy  —  Qiwysw  =  0, 

et,  au  moyen  de  I'ldentit^ 

(cc+yy(s  +  wy~i6xym  =  (^-yy{z+wy+(x+yy(z-wy-(x-yy(2-wy, 

cette  Equation  rationnelle  se  transforme  en 

[(«=-!/)■- (^ -■»)■]•-*  ("t  +  J  -  2 -»>[(■«  + j)  (2 -•»)■- C'' +  »)(.«- j)'l  -  0, 

laquelie  fait  voir  que  le  point  {x  =  y,  z  —  w)  est  un  point  double ;  de  IJl  aussi  les 
points  (ce  =  z,  w—y),  (a;  =  w,  y  =  z)  sont  dea  points  doubles.  Remarquons  en  passant 
qu'en  supposant  que  les  coefficients  a,  /3,  7,  S  restent  ind^termin^s,  lea  droites  x  =  y, 
x^z,  x  =  w  seront  des  droites  quelconques  par  les  points  (3^  =  0,  y  =  0),  (x=Q,  2  =  0), 
(x  =  Q,  w  =  0)  respectipement,  et  ces  droites  une  fois  connues,  les  droites  y  =  z,  z^w, 
w=  y  seront  d^termin^es,  la  premifere  au  moyen  des  points  (7  =  0,  2  =  0),  {y  =  x,  z  =  x), 
la  deuxifeme  au  moyen  des  points  (z=0,  w  =  0),  (z  =  x,  w  =  x),  et  la  troisifeme  au  moyen 
des  points  (w  —  0,  y  =  (S),{w  =  x,  y  =  x);  et  les  trois  droites  ainsi  d^termin^es  se  couperont 
n^cessairement  dans  im  meme  point.     Cela  revient  au  theoreme  soivant : 

"  Les  trois  points  doubles  d'une  courbe  du  quatriemc  ordre  avec  trois  points  doubles 
sont  les  centres  d'un  quadrangle  dont  les  cSt^s  passent  par  les  angles  du  quadrilatfere 
form^  par  les  tangentes  doubles  de  la  courbe." 

Cette  propri^t^  des  courbes  du  quatrieme  ordre  dont  il  s'agit  {je  veux  dire  celle 
d'avoir  troia  points  doubles)  aurait  dii  faire  partie  du  th^orfeme  g^n^ra!  donn^  aupara- 
vant  pour  cette  premiere  methode  do  transmutation. 

En  supposant  que  la  conique  a  transmuter  passe  par  le  point  P,  on  aura 

et  il  suit  de  la  que  le  point  double  (x  =  w,  y  =  w),  identique  dans  co  cas  avec  ki 
point  P,  se  change  en  point  de  rebroussement,  et  en  m^me  tomps  que  les  droitea  PQ, 
PR   ne   sont   plus    des    tangentes    doubles    proprement    dites,   mais  se    r^duisent   a,   des 
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tangentes  simples  qui  passent  par  le  point  de  rcbrouBscmeiit.  Ajoutous  que  la  taiigente 
au  point  de  rebroussement  est  la  droite  a:=  w. 

En  supposant  que  la  coniquc  k  transmuter  passe  a  la  fois  par  les  deux  points 
P  et  Q,  nous  aurons 

a  +  S  =  0,     /3  +  5  =  0. 

Ici  lea  deux  points  doubles  (a;  =  w,  j/  =  3),  {y  =  w,  x  =  £),  identiques  dans  ce  cas  avec  les 
points  P,  Q,  deviennent  des  points  de  rebroussement,  les  droites  QR,  UP,  PQ  ne  sont 
plus  des  tangentes  doubles  proprement  dites,  mais  les  droites  RP,  PQ  sont  les  tangentes 
simples  qui  passent  par  les  deux  points  de  rebroussement  respectivement,  et  la  droite  PQ 
est  la  droite  menee  par  les  deux  points  de  rebroussement.  Ajoutons  que  les  tangentes 
aux  deux  points  de  rebroussement  respectivement  sont  les  droites  a>  =  w  et  1/  =  w. 

On  sait  qu'un  cercle  quelconqne  peut  s'envisager  comme  conique  qui  passe  par 
deux  points  fixes,  savoir  [les  points  eirculaires  a  I'uifini,  c'est-iL-Kjire]  lee  points  oil 
I'infiui,  consid^r^  comme  droite,  est  rencontr^  par  les  deux  droites  imaginaires  aux- 
quelles  se  reduit  un  cercle  ^vanouissant  quelconque.  En  nommant  cee  droites  les 
axes  imaginaires  de  leur  point  d'intersection,  prenons  pour  les  droites  PQ,  PR  les 
axes  imaginaires  d'lin  point  quelconque  P,  et  pour  la  droite  QR  I'infini.  Cela  ^tant, 
un  cercle '  quelconque  sera  transmute  dans  une  conrbe  du  quafcrifeme  ordre  ayant 
deux  points  de  rebroussement  aux  points  oil  Tinfini  est  rencontr^  par  les  axes  imagi- 
naires du  point  P,  ou,  ce  qui  est  la  m^me  chose,  d'un  point  quelconque,  et  ayant 
de  plus  un  point  double.  Et  le  point  P,  comme  point  d'intersection  de  deux  axes 
imaginaires  tangents  de  la  conrbe,  est  un  foyer  de  Ja  courbe  (voyez  le  Memoire  de 
M.  Pllicker:  Ueber  soiche  Punkte  die  hei  Curven  hohern  Ord/nimg  als  der  zweiten  den 
Brennpunkten  der  Kegelschnitte  entspreckev.  Journal  de  M.  Crelle,  t.  X.  [1833]  pp.  84 — 91). 
Cela  suffit  pour  faire  voir  que  la  courbe  est  un  lima^on  de  Pascal  ayant  le  point  P 
pour  le  foyer  qui  n'est  pas  le  point  double.  En  effet,  prenant  pour  vrai  le  tb^orfeme ; 
"Les  ovales  de  Descartes  out  deux  points  de  rebroussement  aux  points  ofi  I'infini  est 
rencontr^  par  les  axes  imaginaires  d'un  point  quelconque^,"  comme  cela  revient  k  huit 
conditions,  et  qu'un  ovale  de  Descartes  peut  etre  d^tennin^  de  maniere  k  satislaire  a 
six  conditions  (ce  qui  fait  en  tout  quatorze  conditions,  nombre  des  conditions  qui 
d^terminent  une  courbe  du  quatrifeme  ordre),  toute  courbe  du  quatrifeme  ordi'e  avec 
deux  points  de  rebroussement,  tels  que  nous  venons  de  les  mentionner,  sera  un  ovale 
de  Descartes,  et  si,  de  plus,  la  courbe  du  quatrifeme  ordre  a  un  point  double,  elle 
se  r^duira  en  lima^on  (cas  particulier,  comme  on  sait,  des  ovales  de  Descartes).  Done, 
en  r^sum^,  tout  cercle  est  transmute  dans  un  limaijon  ayant  un  point  fixe  pour  le 
foyer  qui  n'est  pas  le  point  double,  th^orfeme  qui  se  rapporte  k  la  m^thode  de 
M.  Roberts  pour  le  cas  n  =  ^.  L'on  doit  cependant  remarquer  que  cette  me'thode  est 
due  a  M.  OhasleK.  En  effet,  on  trouve  dans  la  Note  cit^e  de  VAper^  kistorique, 
non  senlnment   la   propii^te   des  dioites    dr    se   transmuter   en   des   paraboles,   mais    aussi 

'  M  Chasles  a  rpnarque  ••a  pasi-aiit  (N)te  XXI  de  VAper^u  historiqve  [Bmselles,  1S39])  que  16S  ovaiea 
de  Descailes  Oat  deux  points  conjuouea  imai^maircs  k  linfini,  theorfime  moins  complet  que  celui  que  je  viens 
d'CKoncei      Puui  I1  demi.ii'ftiatjoii  di  th  iieoie  complet    voyeK  la  Note  a  la  suite  de  ce  memoire. 
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celle  des  cerclcs  de  se  traiismuter  en  des  ovaJes  de  Descartes  (seulement  M,  Chasles 
paralt  ne  pas  avoir  remarque  que  ces  ovales  ^taient  n^cessaireraent  dea  lima5ons),  et 
c'eat  la  lecture  de  cette  Note  qui  m'a  appris  cette  th^orie  de  la  transmutation  des  cercles. 

En  supposant  que  la  conique  h  transmuter  passe  par  les  trois  points  P,  Q,  B, 
nous  aurons 

a  +  S  =  0,     /3  +  S  =  0,     7  +  2  =  0; 

les  points  doubles,  identiquea  (dans  ce  cas)  avec  les  points  P,  Q,  R,  deviennent  des 
points  de  rebroussement,  et  les  droites  QB,  MP,  PQ,  au  lieu  d'etre  des  tangentes 
doubles,  sont  tout  simplement  les  droites  qui  paesent  chaeune  par  deux  points  de 
rebroussement.  Ajoutons  que  les  tangentes  de  la  courbe,  aux  trois  points  de  rebrousse- 
ment respectivement,  sont  les  droites  ai  —  w  —  0,  ^— w=0,  s-w  —  0. 

II  y  a  encore  un  cas  particulier  Et  considerer,  savoir  celui  ou  la  conique  k 
transmuter  est  telle  que,  par  rapport  it  cette  conique,  les  points  Q  et  i^  sont  situes 
chacun  dans  la  polaire  de  I'autre ;  on  a  alors  /=  0,  cas  qui  ^cliappe  h  I'analyse  ci-devant 
employee.  On  voit  sans  peine  que  les  deux  points  doubles  {y  =  w,  x^z),  (z  =  w,  y  =  z) 
deviennent  ici  ideutiques,  ce  qui  donne  lieu  k  un  point  d'osculafcion.  La  droite  QR 
et  la  droite  w  =  0  ne  sont  plus  dea  tangentes  doubles  proprement  dites,  mais  ces 
droites  deviennent  I'une  et  I'autre  identiques  avec  la  tangente  au  point  d'osculation. 


Nots  sur  les  ovales  de  Descartes. 

De  I'e'quation  de  ces  ovales, 

^/(^^-~-af  +  f  =  m  V^M^  +  n, 
on  tire  d'abord 

(1  —  m^}  (iC^  +  7/^)  —  2ax  +  a^  —  n^  =  Imn  No?  +  'if, 
puis 

(1  —  wFf  {x^  +  i/y  —  4ft  (1  —  m^)  jc  {x"^  + }/) 

+  2  [a^  (1  -  m^)  -  n^  (1  +  m^)]  {x'  +  y^)  +  4aV  -  ^a  (a'  -n')x  +  {a'  -  nj  =  0. 

Pour  trouver  la  nature  de  la  courbe  a  rinfini,  mettons  x  +  yi=^,  x  —  yi  =  i),  ^  =  v'— 1, 
et  introduisons  la  qnantite  ^  de  manifere  a  rendre  I'^quation  homogfeuc.     Gela  donne 

(1 -«.')•  |>'-2<i(l-m>)({  +  ,)|,f 

+  2  [aHl-m')-"^! +»'■)]  E^f  +  o'Cf +  -))■?•- 2«(»=-»')(f +  •))?  +  (»■ -"-yf-O; 

ce  qui  fait  voir,  sans  la  moindre  peine,  qu'il  y  a  des  points  de  rebroussement  aux 
points  (1  =  0,  ?=0),  (ij  =  0,  i^=0),  savoir,  aux  points  oil  I'intini,  consider^  comme  droite, 
est  reneontr^  par  les  droites  x  •Vyi  =  0,  x  —  yi  =  0,  qui  sont  les  axes  imaginaires  du 
point  w~0,  y~0. 


Hosted  by 


Google 


480  ADDITION    AU   MilMOIRE   SUE   QUELQUES   TRANSMUTATIONS    &C.  [81 

Nous  pouvons  remarcj^uer,  en  passant,  quo  I'^quation 

(1  -  m=)  (af  +  f)  -  2as!  +  {a'  ~  if)  =  2mn  Va^  +  f, 

conduit,  avec    beaucoup    de    faciliti^,  a    une    autre   propri(ite,   doniidc  par    M.    Chasles   dans 
la  Note  deja   citee.     En  effet,  en  mettant 


cettc  Equation  se  transforme  en 

(1  -  m'^)  {x^-  +  if)  -  %a'x  +  {a!"  -  n'")  -  2m'n'  Va;=  +  y^, 

et  par  la  on  voit  que  I'dquation  primitive  pout  so  transformer  en 

^((5  —  a'y  +  y''=^m'  ~Jaf  -\-y^  +  n', 

c'est-a-diro,  il  y  a  toujours  un  troisieme  foyer  de  la  courbe. 

II   nc   resto   qu'4   demontrer   que   la  transformee   (selon   la   m^thode   de   M,    Chasles) 
d'un  cercle  est  toujours  un  lima^on.     Soit,  pour  cela, 

r=  -  2ar  cos  ^  +  S  ==  0 

r^quation  du  cercle ;  en  mettant  Vmr  au  lieu  de  r,  et  ^5  au  lieu  de  6,  cette  equation 
devient  mr—  2([  vW  cos  ^^  +  S  =  0,  ce  qui  donne  {mr  +  Sf  =  2ahnr{\  +  cos  6),  ou,  en 
mettant    rcosB—a:    et  en  reduisant  a  ime  forme  rationnelle, 

[w?  {sc'  +  'f)  +  h^-  2a?mxJ  -  im"  (8  -  a")  (.if  +  f)  =  0, 

ce  qui  appartient  (ividemment  a  un  ovale  de  Descartes,  En  mettant  ;(/  =  0,  i' Equation 
dcvicnt 

[m^x'  +  2m  (8  -  2a')  x  +  g']  (ma;  -  Sf  =  0, 
c'est-a-dire   le   point   rnx  —  8  =  0,  y  =  0  est  point   double,  ou  la   courbe    est  le   limayon  de 
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ON  THE   TRIADIC   ARRANGEMENTS    OF   SEVEN   AND  FIFTEEN 
THINGS. 


[From  the  Philosophical  Magazine,  vol.  xxxvii.  (1850),  pp.  50—53.] 

There  is  no  difficulty  in  forming  with  seven  letters,  a,  h,  c,  d,  e,  f,  g,  a  system 
of  seven  triads  containing  every  possible  duad ;  or,  in  other  words,  such  that  no  two 
triads  of  the  system  contain  the  same  duad.     One  such  system,  for  instance,  is 

die,  ode,  afg,  hdf,  beg,  cdg,  cef; 
and  this  is  ohviously  one  of  six  different  systems  ohtained  hy  permuting  the  letters 
a,  b,  0.  We  have  therefore  six  different  systems  containing  the  triad  abc;  and  there 
being  the  same  number  of  systems  containing  the  triads  abd,  abe,  ahf  and  abg 
respectively,  there  are  in  all  thirty-five  different  systems,  each  of  them  containing 
every  possible  duad.  It  is  deserving  of  notice,  that  it  is  impossible  to  arrange  the 
thirty-five  triads  formed  with  the  seven  letters  into  five  systems,  each  of  them  possessing 
the  property  in  question.  In  feet,  if  this  could  be  done,  the  system  just  given  might 
be  taken  for  one  of  the  systems  of  seven  triads.  With  this  system  we  might  (of 
the  systems  of  seven  triads  which  contain  the  triad  abd)  combine  either  the  system 

ahd,    acg,     aef,     hoe,     bfg,     dcf,    deg, 
or  the  system 

ahd,     acf,     aeg,    beg,     bef,     dee,     dfg; 

(but  any  one  of  the  other  ahd  systems  would  be  found  to  contain  a  triad  in 
common  with  the  given  abc  system,  and  therefore  cannot  be  made  use  of:  for  instance, 
the  system  abd,  acg,  aef,  hcf,  beg,  dee,  dfg  contains  the  triad  heg  in  common  with 
the  given  ahc  system):  and  whichever  of  the  two  proper  abd  systems  we  select  to 
combine  with  the  given  ahc  system,  it  will  foe  found  that  there  is  no  abe  system 
which  does  not  contain  some  triad  in  common,  either  with  the  abc  system  or  with 
the  ahd  system. 
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The  order  of  the  letters  in  a  triad  has  heen  thus  far  disregarded.  There  are 
some  properties  which  depend  upon  considering  the  triads  obtained  by  cyclical  per- 
mutations of  the  three  letters  as  identical,  but  distinct  from  the  triads  obtained  by 
a  permutation  of  two  letters,  or  inversion.  Thus  abc,  bca,  cab  are  to  be  considered 
as  identical  inter  se,  but  distinct  from  the  triads  ach,  da,  hoc,  which  are  also  identical 
inter  se.  I  write  down  the  system  (equivalent,  as  far  as  the  mere  combination  of  the 
letters   is   concerned,   to   the   system   at  the   commencement   of  this   paper) 

ade,    afg,     bdf,     bge,     cdg,    .cef,     cba, 

derived,  it  is  to  be  observed,  from  a  pair  of  triads,  ade,  afg,  by  a  cyclical  permutation  of 
the  e,  f,  g,  and  by  successively  changing  the  a  into  h  and  into  c,  the  remaining  triad 
of  the  system  being  the  letters  a,  b,  c  taken  in  an  inverse  order.  Let  it  be  proposed 
to  derive  the  system  in  the  same  maimer  from  any  other  two  triads  of  the  system ; 
for  instance,  from  the  triads  acb,  ade.     The  process  of  derivation  gives 

acb,    ade,    gcd,    geb,    foe,    fbd,    fga,  (^) 

which  is,  in  fact,  the  original  system.  But  attempt  to  derive  the  system  from  the 
two  triads  ebg,  efc,  the  process  of  derivation  gives 

ebg,     efc,     dhf,     dcg,     abc,     agf     ade, 

which  is  not  the  original  system,  inasmuch  as  the  triads  dbf  dcg,  abc,  agf  are  in- 
versions of  the  triads  bdf,  cdg,  cba,  afg  of  the  original  system.  The  point  to  be 
attended  to,  however,  is,  that  both  triads  of  the  pair  dbf,  dcg,  or  of  the  pair  abc, 
agf,  are  inversions  of  the  triads  of  the  corresponding  pair  in  the  original  system ; 
the  pair  is  either  reproduced  (as  the  pair  efc,  dbf),  or  there  is  an  inversion  of  both 
triads.  Where  there  is  no  such  inversion  of  the  triads  of  a  pair,  the  system  may 
be  said  to  be  properly  reproduced ;  and  where  there  is  inversion  of  the  triads  of  one 
or  more  pairs,  to  be  improperly  reproduced.  There  is  no  diiEculty  in  seeing  that  the 
system  is  properly  reproduced  from  a  pair  of  triads  containing  in  common  any  one 
of  the  letters  a,  b,  c  or  d,  and  improperly  reproduced  from  pairs  of  triads  containing 
in  common  any  one  of  the  letters  d,  e  or  f.  It  is  owing  to  the  reproduction,  proper 
or  improper,  of  the  system  from  any  pair  of  duads  that  it  is  possible  to  form  a 
system  of  "  octaves "  analogous  to  the  quaternions  of  Sir  William  Hamilton ;  the 
impossibility  of  a  corresponding  system  of  fifteen  imaginary  quantities  arises  from  the 
circumstance  of  there  being  always,  in  whatever  manner  the  system  of  triads  is 
formed,  an  inversion  of  a  single  triad  of  some  one  or  more  pairs  of  triads  containing 
a  letter  in  common.  When  the  system  is  considered  as  successively  derived  from 
different  pairs,  the  system  is  not  according  to  the  previous  definition  reproduced  either 
properly  or  improperly.  A  system  of  triads  having  the  necessary  properties  with 
respect   to   the   mere   combination   of  the   letters   (viz.   that   Q/S7   and   aSe  being  any  two 

ed   so  as   to   reproduce  the   originsj   system   30   far  as   the  mei:e 
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triEida  having  a  letter  in  common,  there  shall  be  triads  such  as  ^0S,  i^ye,  and  17^6, 
iryS)  may  easily  be  found ;  the  system  to  be  presently  given  of  the  triads  of  fifteen 
things  would  answer  the  purpose.     And  so  would  many  other  systems. 

Dropping  the  consideration  of  the  order  of  the  letters  which  form  a  triad,  I  pass 
to  the  case  of  a  system  of  fifteen  letters,  a,  b,  c,  d,  e,  f,  g,  h,  i,  j,  k,  I,  m,  n,  u 
It  is  possible  in  this  case,  not  only  to  form  systems  of  thirty-five  triads  contaming 
every  possible  duad,  but  this  can  be  done  in  such  manner  that  the  system  ot  thirty- 
five  triads  can  be  arranged  in  seven  systems  of  five  triads,  each  of  these  systems 
containing  the  fifteen  letters'.  My  solution  is  obtained  by  a  process  of  denvation 
from  the  arrangements  ab.cf.dg.eh  and  ab.od.ef.gk  as  follows;   viz.  the  triads  are 

lad    mag    nae     oah 
Ice      mch     ncd    ocg 
Igb     mhd    ngf    ofd 
Ihf    mfe     nkb    ohe 
and   a   system   fonned   with   i,  j,   k,    I,   m,  n   0,   which   are   then   arranged   in   the   form 
JTno     ilm     jln       ijk        kmn 
kaf     fnag    oah 
ncd     mdh    kbc     ocg     •mch    Ice       icf 
tnef    keg      ieh     jfb      ohe      ofd      jde 
jgh      Ikf      nfg     kkd    idg      nkb      Ibg 

an  arrangement,  which,  it  may  be  remarked,  contains  eight  different  systems  (such  as 
have  been  considered  in  the  former  part  of  this  paper)  of  seven  letters  such  as  t,  j, 
k,  I,  m,  n,  0 ;  and  seven  of  other  seven  letters,  such  as  i,  j,  k,  a,  b,  c,  f{^).  The 
theory  of  the  arrangement  seems  to  be  worth  further  investigation. 

Assuming  that  the  four  hundred  and  fifty-five  triads  of  fifteen  things  can  be 
arranged  in  thirteen  systems  of  thirty- five  triads,  each  system  of  thirty-five  triads 
containing  every  possible  duad,  it  seems  natural  to  inquire  whether  the  thirteen 
systems  can  be  obtained  from  any  one  of  them  by  cyclical  permutations  of  thirteen 
letters.  This  is,  I  think,  impossible.  For  let  the  cyclical  permutation  be  of  the  letters 
a,  b,  c,  d,  e,  f,  g,  h,  i,  j,  k,  I,  m.  Consider  separately  the  triads  which  contain  the 
letter  n  and  the  letter  0;  neither  of  these  systems  of  triads  contains  the  letter, 
whatever  it  is,  which  forms  a  triad  with  n  and  o.  Hence,  omitting  the  letters  n,  o, 
we  have  two  different  sets,  each  of  them  of  six  duads,  and  composed  of  the  same 
twelve  letters.     And  each  of  these  systems  of  duads  ought,  by  the  cyclical  permutation 

'  The  problem  was  proposed  by  Mr  Eirkman,  and  liaa,  to  my  knowledge,  esoited  some  attention  in  the 
form  "To  make  a  school  of  fiiteen  young  ladies  wali  together  in  threes  every  day  foe  a  week  so  that  eaci 
two  may  walk  together."  It  will  he  seen  from  the  text  that  I  am  uncertain  as  to  the  existence  of  a 
solution  to  the  further  problem  suggested  by  Mr  Sylvester,  "  to  maie  the  sohool  wait  every  week  in  the 
quarter  so  that  eaoh   three   may  walk  together." 

^    [I  have  somewhat  altered  this  sentence  so  as  to  espresa  more  clearly  ivhat  appeared  to  be  the  meaning  of  it.] 
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in   question,   to   produce   the   whole   system   of  the   seventy-eight   duads   of   the   thirteen 
letters.     Hence  arranging  the  duads  of  the  thirteen  letters  in  the  form 


f-fg-gh  -hi  .ij  .jk  .kl  .Im.ma 
g  .fh.gi  .  kj  .  ik  .jl  .  km  .la  ,mb 
h  .fi  .  gj  .hk  Al  .jm  .ka  .lb  .mc 
'  -fj  -g^  -^l  ■i'fn  .ja  ,kb  .Ic  .  md 
j  .fk  . gl  . km .ia  .jb  .kc  .Id  .me 
h  .fl  .  gm  .ha  .ib  .jc  .  kd  ,le  .  mf 


and  consequently  the  duads  of  each  set  ought  to  be  situated  one  duad  in  each  hue. 
Suppose  the  sets  of  duads  are  composed  of  the  letters  a,  b,  c,  d,  e,  /,  g,  h,  i,  j,  k,  I, 
it  does  not  appear  that  there  is  any  set  of  six  duads  composed  of  these  letters,  and 
situated  one  duad  in  each  line,  other  than  the  single  set  al,  bk,  cj,  di,  eh,  fg;  and 
the  same  being  the  case  for  any  twelve  letters  out  of  the  thirteen,  the  derivation  of 
the  thirteen  systems  of  thirty-five  triads  by  means  of  the  cyclical  permutations  of 
thirteen  letters  is  impossible.  And  there  does  not  seem  to  be  any  obvious  rule  for 
the  derivation  of  the  thirteen  systems  from  any  one  of  them,  or  any  priina  fade 
reason  for  believing  that  the  thirteen  systems  do  really  exist,  it  having  been  already 
shown  that  such  systems  do  not  exist  in  the  case  of  seven  things. 
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ON    CTJEVES    OF    DOUBLE    CUBVATUBE    AND    DEVELOPABLE 
SURFACES. 


[From  the  Cambridge  wid  Dublin  Mathematical  Jmrnal,  vol.  V.  (1850),  pp.  18 — 22.] 


This  is  translated  witii  some  slight  alterations  from  the  Memoir  in  LiouvlUe,  t.  s.   (1845)  pp.  345 — 250,  ; 
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ON    THE    DEVELOPABLE    SURFACES    WHICH    ARISE    FROM 

TWO    SURFACES    OF    THE    SECOND    ORDER. 


[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  v.  (1850),  pp.  46 — 57,] 

Ant  two  surfaces  considered  in  relation  to  each  other  give  rise  to  a  curve  of 
intersection,  or,  as  I  shall  term  it,  an  Intersect  and  a  circumscribed  Developable^  or 
Envelope.  The  Intersect  is  of  course  the  edge  of  regression  of  a  certain  Developable 
which  may  be  termed  the  Intersect -Developable,  the  Envelope  has  an  edge  of  regression 
which  may  be  termed  the  Envelope -Curve.  The  order  of  the  Intersect  is  the  product 
of  the  orders  of  the  two  surfaces,  the  class  of  the  Envelope  is  the  product  of  the 
classes  of  the  two  surfaces.  When  neither  the  Intersect  breaks  up  into  curves  of  lower 
order,  nor  the  Envelope  into  Developables  of  lower  class,  the  two  surfeces  are  said  to 
form  a  proper  system.  In  the  case  of  two  surfaces  of  the  second  order  (and  class) 
the  Intersect  is  of  the  fourth  order  and  the  Envelope  of  the  fourth  class.  Every 
proper  system  of  two  surfaces  of  the  second  order  belongs  to  one  of  the  following 
three  classes: — A.  There  is  no  contact  between  the  surfaces;  B.  There  is  an  ordinary 
contact;  C.  There  is  a  singular  contact.  Or  the  three  classes  may  be  distinguished 
by  reference  to  the  conjugates  (conjugate  points  or  planes)  of  the  system.  A.  The  four 
conjugates  are  all   distinct ;    B.   Two   conjugates  coincide ;    C.   Three  conjugates  coincide. 

To  explain  this  it  is  necessary  to  remark  that  in  the  general  ease  of  two  surfaces  of 
the  second  order  not  in  contact  (that  is  for  systems  of  the  class  A)  there  is  a  certain 
tetrahedron  such  that  with  respect  to  either  of  the  surfaces  (or  more  generally  with 
respect  to  any  surface  of  the  second  order  passing  through  the  Intersect  of  the  system 

'  The  term  'Developable'  is  used  as  a  substantive,  aa  the  reciprocal  to  'Curve,'  which  means  curve  of 
double  curvature.  The  same  remark  applies  to  the  use  of  the  term  in  the  compound  InteraeGt-Developable. 
For  the  signifioation  of  the  term  'singular  contact,'  employed  luwer  down,  see  Mr  Salmon's  memoir  'On  the 
Classification  of  Carves  of  Double  Curvature,'  [same  volume]  p.  33. 
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or  inscribed  in  the  Envelope)  the  angles  and  faces  of  the  tetrahedron  are  reciprocals 
of  each  other,  each  angle  of  its  opposite  faoe,  and  vice  versd.  The  angles  of  the 
tetrahedron  are  termed  the  conjugate  points  of  the  system,  and  the  faces  of  the 
tetrahedron  are  termed  the  conjugate  planes  of  the  system,  and  the  term  conjugates 
may  be  used  to  denote  indifferently  either  the  conjugate  planes  or  the  conjugate  points. 
A  conjugate  plane  and  the  conjugate  point  reciprocal  to  it  are  said  to  correspond  to 
each  other.  Each  conjugate  point  is  evidently  the  point  of  intersection  of  the  three 
conjugate  planes  to  which  it  does  not  correspond,  and  in  like  manner  each  conjugate 
plane  is   the   plane   through   the  three  conjugate  points  to  which  it  does  not  correspond. 

In  the  case  of  a  system  belonging  to  the  class  B,  two  conjugate  points  coincide 
together  in  the  point  of  contact  forming  what  may  he  termed  a  double  conjugate 
point,  and  in  like  manner  two  conjugate  planes  coincide  in  the  plane  of  contact  (that  is 
the  tangent  plane  through  the  point  of  contact)  forming  what  may  be  termed  a  double 
conjugate  plane.  The  remaining  conjugate  points  and  planes  may  be  distinguished  as 
single  conjugate  points  and  single  conjugate  planes.  It  is  clear  that  the  double  conju- 
gate plane  passes  through  the  three  conjugate  points,  and  that  the  double  conjugate 
point  is  the  point  of  intersection  of  the  three  conjugate  planes:  moreover  each  single 
conjugate  plane  passes  through  the  single  conjugate  point  to  which  it  does  not  corre- 
spond and  the  double  conjugate  point;  and  each  single  conjugate  point  lies  on  the 
line  of  intersection  of  the  single  conjugate  plane  to  which  it  does  not  correspond  and 
the   double   conjugate   plane. 

In  the  case  of  a  system  belonging  to  the  class  (0),  three  conjugate  points  coincide 
together  in  the  point  of  contact  forming  what  may  be  termed  a  triple  conjugate  point, 
and  three  conjugate  planes  coincide  together  in  the  plane  of  contact  forming  a  triple 
conjugate  plane.  The  remaining  conjugate  point  and  conjugate  plane  may  be  distin- 
guished as  the  single  conjugate  point  and  single  conjugate  plane.  The  triple  conjugate 
plane  passes  through  the  two  conjugate  points  and  the  triple  conjugate  point  lies  on 
the  line  of  intersection  of  the  two  conjugate  planes;  the  single  conjugate  plane  passes 
through  the  triple  conjugate  point  and  the  single  conjugate  point  lies  on  the  triple 
conjugate  plane. 

Suppose  now  that  it  is  required  to  find  the  Intersect -Developable  of  two  surfaces 
of  the  second  order.  If  the  equations  of  the  surfaces  be  T  =  0,  T'  =  0  (T,  T'  being 
homogeneous  functions  of  the  second  order  of  the  coordinates  ^,  t/,  if,  w),  and  tv,  y,  z,  w 
represent  the  coordinates  of  a  point  upon  the  required  developable  surface :  if  more- 
over U,  U'  are  the  same  functions  of  w,  y,  z,  w  that  T,  T'  are  of  ^,  t},  f,  &>  and 
X,  Y,  Z,  W;  X',  F,  Z',  W  denote  the  differential  coefficients  of  U,  U'  with  respect 
to  X,  y,  z,  w;  then  it  is  easy  to  see  that  the  equation  of  the  Intersect -Developable 
is   obtained   by   eliminating   ^.   17,    if,   to   between   the   equations 

T  =  0,     T'  =  0, 

X|-^Fi,-l-2?4-  W"«  =  0, 
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If,  for  shortness,  we  suppose 

F  ^YZ'  -  YZ,     L  -  XW  -  X'W, 

G  =ZX'  -  ZX,     M  =  YW  -  F  W, 

H  =  XY-X'Y,    N^ZW  -Z'W, 

(values  which  give  rise  to  the  identical  equation 

LF+MG  +  NH^O), 

then,  X,  fx.,  v,  p  denoting  any  indeterminate  quantities,  the  two  linear  equations  in 
f,   jj,    f,   w   are   identically   satisfied   by   assuming 

f  =       .       MfL-Mv-vFp, 

1)  ^-NX      .     +Lv  +Gp, 

f  =     Mx-Zfj.      .      +Sp, 

^^~FX-Gft-Bv       . 

and,  substituting  these  values  in  the  equations  T  =  0,  T'  =  0,  we  have  two  equations ; 

AX^  +  Bf>?  +  Cv'  +  2Fiiv  +  2GvX  +  2ff  V  +  27;  V  +  "^M  jip  +  2N'vp--  0, 
A'X-  +  Ffi?  +  C'v^  +  'i.Fiiv  +  2G'vX  +  2H'Xf>.  +  2L'Xp  +  2J/>/3  +  2N'vp  =  0, 

which  are  of  course  such  as  to  permit  the  four  quantities  X,  p.,  v,  p  to  be  simul- 
taneously eliminated.  The  coefficients  of  these  equations  are  obviously  of  the  fourth 
order   in  x,  y,  z,  w. 

Suppose  for  a  moment  that  these  coefBcients  (instead  of  being  such  as  to  permit 
this  simultaneous  elimination  of  X,  p.,  v,  p)  denoted  any  arbitrary  quantities,  and  suppose 
that  the  inde terminates  X,  p,  v,  p  were  besides  connected  by  two  linear  equations, 

aX-vb  p-\-cv-¥dp  =  (i, 
a'X  +  h'p  +  c'v  +  rf'p  =  0 ; 

then,  putting 

ha'  —  b'c  —f,  ad'  —  a'd  =  I  , 

ca'  —  c'tt  =  g,  hd'  —  b'd  =  m, 

ah'  —  a'b  —  h,  cd'  —a'd  =  ra , 

{values  which  give  rise  to  the  identical  equation  lf+  mg  +  nh  —  0),  and  effecting  the 
elimination  of  X,  p.,  v,  p  between  the  four  equations,  we  should  obtain  a  final  equation 
□  =  0,  in  which  □  is  a  homogeneous  function  of  the  second  order  in  each  of  the 
systems  of  coefficients  A,  B,  &c.,  and  A',  B',  &c.,  and  a  homogeneous  function  of  the 
fourth   order   (indeterminate   to  a  certain  extent  in  its  form  on  account  of  the  identical 
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equation  lf-\-  mg  +  nk  =  (>)  in  the  coefficients  /  g,  k,  I,  m,  n  {').  But  re-establishing  the 
actual  values  of  the  coefficients  A,  B,  Sue,  A',  R,  &c.  (by  which  means  the  fiinction 
□  becomes  a  function  of  the  sixteenth  order  in  a>,  y,  z,  w)  the  quantities  /,  g,  h,  I,  m,  n 
ought,  it  is  clear,  to  disappear  of  themselves;  and  the  way  this  happens  is  that  the 
function  D  resolves  itself  into  the  product  of  two  factors  M  and  '*',  the  latter  of 
which  is  independent  of  f,  g,  k,  I,  m,  n.  The  factor  ilf  is  a  function  of  the  fourth 
order  in  these  quantities,  and  it  is  also  of  the  eighth  order  in  the  variables  x,  y,  z,  w : 
the  factor  ^  is  consequently  of  the  eighth  order  in  a:,  y,  z,  w.  And  the  result  of 
the  elimination  being  represented  by  the  equation  NP  =  0,  the  Interaect-Developable 
in  the  general  case,  or  (what  is  the  same  thing)  for  systems  of  the  class  (A),  is  of 
the  eighth  order.  In  the  case  of  a  system  of  the  class  (S)  the  equation  obtained  as 
above  contains  as  a  factor  the  square,  and  in  the  case  of  a  system  of  the  class  {€') 
the  cube,  of  the  linear  function  which  equated  to  zero  is  the  equation  of  the  plane 
of  contact.  The  Intersect- Developable  of  a  system  of  the  class  {B)  is  therefore  a 
Developable  of  the  sixth  order,  and  that  of  a  system  of  the  class  (0)  a  Developable 
of  the  fifth  order.  The  elimination  is  in  every  case  most  simply  effected  by  supposing 
two  of  the  quantities  X,  (j,,  v,  p  to  vanish  (e.g.  v  and  p):  the  equations  between  which 
the  elimination  has  to  he  effected  then  are 

AX'+B/j.^  +  2HXfi^0, 

A'\'  +  B'fi?  -f  SiTV  =  0  ; 

and  the  result  may  be  presented  under  the  equivalent  forms 

{AF  +  A'B -  %HHJ  -4<(AB-H^)  (A'B'  -  H"')  =  0, 

and  (AB'  -  A'Bf  +  4  (AH'  -  A'H)  (BH'  -  B'H)  =  0, 

the  latter  of  which  is  the  most  convenient.  These  two  forms  still  contain  an  extraneous 
factor  of  the  eighth  order  in  x,  y,  z,  w,  of  which  they  can  only  be  divested  by  sub- 
stituting the  actual  values  of  A,  B,  II,  A',  B,  H'. 

A.     Two   surfaces   forming   a   system   belonging   to  this  class  may  be  represented  by 
equations  of  the  form 

aic''  +  h  y^  +  c  2''  +  dw"  =  0, 
a'a?  +  by  +  cV  -I-  d'w^  -  0, 

'  I  believe  the  result  ot  the  elimiuation  is 

ivhetc,  it  we  write  'uA+u'j!'  =  A,  &c,.  tlie  tjuantities  P,  Q,  R  are  given  bj  the  equation  [identioal  with  respect  to  ii,  u'j 
Pn"--t-2Qiiii'  +  Ru.-^^(Aa''-\-  ...)(Aa'^  +  ...)-{Aaa'  + ...)'' 

=  u^  {{BC~ F') /^+  ...}  +vu' {{BC  +  B'0^2FF')  P+  ...}  +u'mB'C- - F") p  +  ...', 

a  theorem  connected  with  that  given  in  the  second  part  of  my  memoir  'On  Linear  Trajisformations '  (Jowiuil. 
vol.  I.  p.  109)  [see  14,  p.  100].  I  am  not  in  posaesaion  of  any  verification  a  posteriori  of  what  is  subsequently 
stated  as  to  the  resolution  into  factora  of  tlie  function  d  and  the  forma  of  these  factors. 

C.  62 
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where  x  —  0,  y  —  0,  s  —  0,  and  w  =  0,  are  the  equations  of  the  four  conjugate  plauen. 
There  is  no  particular  diiBeulty  in  performing  the  operations  indicated  by  the  general 
process   given   above ;   and  if  we   write,   in   order   to   abbreviate, 

ho'  —  b'o  —f,  ad'  —  a'd  =  I , 
era'  —  c'a  —  g,  bd'  —  b'd  —  m, 
ah'  —  a'h  =  h,     cd'  —  c'  d  =  n , 

(values  which  satisfy  the  identical  equation  lf+mg  +  nh  —  0),  the  result  after  all 
reductions   is 

+  2mnfh^a^^:^  +  2nlh^fy*z'^a?  +  IVmfg^^x^f 
-  '2imMghii)^f^  -  2n^^kfu/'s^a?  -  ^Pm^fgvfa^y^ 
4-  2fing^^a^s!hu^  +  2grth^^i/hihi)^  +  ^hl^Z'yhii^ 

+  2  {mg  -  nh)  (nh  -  If)  (If-  mg)  ^f^w^  =  0, 

which  is  therefore  the  equation  of  the  Intersect-Developable  for  this  case.  The  discussion 
of  the  geometrical  properties  of  the  surface  will  be  very  much  facibtated  by  presenting 
the  equation  under  the  following  form,  which  is  evidently  one  of  a  system  of  six 
different   forms, 

{m{g^-\- nw') {hy^  -g^  +  ^w')  -  I i-fy"  +  niiP)  (-  hx^-\  fz-'  +  wiw^)^ 

-  4<fglm3?y^  (hy^  ~-gz^  +  Ivf)  {-  hd'  +/^  +  viw')  =  0. 

B.    Two  surfaces   forming  a   system   belonging   to   this  class  may  be  represented  by 
equations  such  as 

aa?  +  by^  +  cz'-\-'2.mw  =  0, 
a'x""  +  b'y''  +  cV  +  'i.n'zw  =  0, 

in  which  x  =  (i,  y=0  are  the  equations  of  the  single  conjugate  planes,  z=0  that  of 
the  double  conjugate  plane  or  plane  of  contact,  w  =  0  that  of  an  indeterminate  plane 
through  the  two  single  conjugate  points.     If  we  write 

be'  —  b'c  =/,  an'  —  an  —p, 
ca'  —  c'a  =  g,  bn'  —  h'n  —  q, 
ah'  —  afb  —  h,     an'  —  c'n  =  r, 

(values  which  satisfy  the  identical  equation  pf+  qg  +  rk  =  0),  the  result  after  all  reduc- 
tions  is 

s-'AV  +  2pr^A  (rk  -  qg)  z'a?  -  ^r'h  (pf-  rh)  z^ 
_l_  iipiqi^k^s,^)  —  ipq^r^h'^y\u 

+p^(rh-  qg'f  ^V  -Vq^ipf-  rKf  zy  +  2^  (4r=A=  -  fgpq)  z'afy'' 
+  ip'q  (rh  -  qg)  zxHv  +  ip^zy*w  —  ip'^q'  (qg  —  pf)  sc^y'w 
+  ip^^a.'ho^  +  ip^q'y'w^  +  Sp^^x^w^  +  ip^qrh'ii^y^  +  4-pq'rk^a^y*  =  0, 
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which  is  therefore  the  equation  of  the  Intersect-Developable  for  systems  of  the  ease 
in  question.     The  equation  may  also  be  presented  under  the  form 

{5  (px''  +  Tz"^')  Qiy"  —  gs^  -f  2pzw)  —p  (qy"  +  rz^)  (—  ha,"  -Vf^  +  Iqswf^^ 

+  ^p^ifa?f  (%' —g^  +  2pzw)  (-  kx^+f:^  +  2qzw)  =  0, 

which  it  is  to  be  remarked  containa  the  extraneous  factor  z\  The  following  is  also 
a  form  of  the  same  equation, 

('■  (99  -Pf)  ^  -ff^i^  +  g<t^f  +  2^  {pi>?  +  qf)  w'}' 

-  ^pq  {pa?  +  qf  +  rs')  {r  (hy^  -  g^)  (fi'  -ha?)  +  tpq  (gx^  -fy^)  zw]  =  0. 

G.  Two  surfaces  forming  a  system  belonging  to  this  class  may  he  represented  by 
equations  of  the  fomi 

aa?-'rhy''  +  'if  yz  +  'inzw  =  Q, 
aV  +  h'f  +  %f'yz  +  2n'zw  =  0, 

in  which  bn'  —  b'n  =  0,  af  —  a'f—  0.  In  these  equations  ic  =  0  is  the  equation  of  a 
properly  chosen  plane  passing  through  the  two  conjugate  points,  y=0  is  the  equation 
of  the  single  conjugate  plane,  z  =  0  that  of  the  triple  conjugate  plane,  and  ^  =  0  is 
the  equation  of  a  properly  chosen  plane  passing  through  the  single  conjugate  point. 
Or  without   loss   of  generality,   we   may  write 

a  (a?-  2yz)  +  0  (f-  2zw)  =  0, 
a'  (a?  -  %yz)  +  8'{f-  2zw)  =  0, 

where  x,  y,  z  and  w  have  the  same  signification  as  before^.  The  result  after  all  reduc- 
tions is 

4s%'  +  \%fz^m  +  ^■fz  -  ^iii^yzw  —  ixY  +  8i(^  =  0, 

which  may  also  be  presented  under  the  forms 

z  iy"  -  2zwf  -  4y  (y^  -  2ziv)  {u?  -  2yz)  +  8w  (a;=  -  2yzf  =  0, 

and  z  0y^  +  2zwf  —  4«^  {y^  —  2xHv  +  6yzw)  =  0. 

[In  these  three  equations  and  in  the  Ktt  two  equations  of  p  49'"i  as  origin-illv 
pimted    there  waj-  b^    mistake     tu  mti.i  hange  of  the  letters  r  anl    ;] 

1  Of  coiroe  m  working  out  the  eqviitioii  of  the  Interseot-Develoi  able  it  is  s  mi  lee  t  emil  v  tht  ojiatun 
r^  Sy  =0  )i'-i  !D  =  0  These  equations  belonj  to  two  oonee  which  pass  throi^h  the  Inteisect  anl  hai  then 
vertiOM  m  the  tuple  ooiijagate  point  and  =mRle  conjugate  point  reepfotively  I  havo  not  alluded  to  thtse  coneH 
m  tlie  test  as  the  theory  of  them  does  not  oome  witiiin  the  plaai  of  tho  preient  memoir  the  immediate 
objeot  of  whioh  is  to  eshibit  the  equations  of  certain  deielopalle  suifaoes — but  these  coues,  are  convenient 
in  the  pie  ent  caaa  ss  luiaishing  tlie  easiest  means  ot  deiinmg  the  planes  i=0  1  —0  If  we  repiesent  loi 
a  moment  the  single  conjugate  point  by  f>  and  the  tnple  con  ug%te  pomt  by  T  (and  the  cone';  thiough  these 
points  by  the  same  letters)  then  the  pomt  T  is  a  pomt  u]  on  the  cone  'i  and  the  tnple  congngate  plane 
whioh  touelies  the  cone  S  alonft  the  line  TS  touches  the  cone  T  along  "ome  generating  line  TV  Let  the 
other  tangent  plane  thiough  the  line  Ts  to  the  cone  T  be  TM  \  here  M  maj  represent  the  p  int  where 
the  geneiatint  line  in  quest  on  meeta  the  cone  S  and  we  maj  consider  JW  aa  the  [Oint  of  interBeotion  ut 
the  line  TM  with  the  tangent  jlane  thr  i^h  the  line  IM  to  the  cone  5  then  the  plane  TVBI  is  the 
plajip  represented  by  the  eiiiation  =0  and  the  plane  SJUV  is  that  lepiesentel  ly  the  cqiati  a  =0  We 
nay  adl  tliit  j  =  0  is  the  ejuition  o±  the  ilme  iSl/    ■ind     =11  that  of  the  jlane  TSV 
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Proceeding  next  to  the  problem  of  finding  the  envelope  of  two  surfaces  of  the  second 
order,  this  is  most  readily  effected  by  the  following  method  communicated  to  me  by 
Mr  Salmon.  Retaining  the  preceding  notation,  the  equation  U+kV^O  belongs  to  a 
surface  of  the  second  order  passing  through  the  Intersect  of  the  two  surfaces 
U=0,  V  =  0.  The  polar  reciprocal  of  this  surface  U+kW^O  is  therefore  a  surface 
inscribed  in  the  envelope  of  the  reciprocals  of  the  two  surfe«es  U  =  0,  U'  =  0,  and 
consequently  this  envelope  is  the  envelope  (in  the  ordinary  sense  of  the  word)  of  the 
reciprocal  of  the  surface  11+  klF^O,  k  being  considered  as  a  variable  parameter.  It 
is  easily  seen  that  the  reciprocal  of  the  surface  If+kU'—O  is  given  by  an  equation 
of  the   form 

A  +  3B(t  +  SCk'  +  DL"  -  0, 

in  which  A,  B,  C,  D  are  homogeneous  functions  of  the  second  order  in  the  coordi- 
nates a:,  y,  z,  w.  Differentiating  with  respect  to  k,  and  performing  the  elimination,  we 
have  for  the  equation  of  the  envelope  in  question, 

(AD  -  BC)'  -  4  (AC  -  B=)  (BD  -  C=)  =  0  ; 

or  the  envelope  is,  in  general  or  (what  is  the  same  thing)  for  a  system  of  the  class 
{A),  a  developable  of  the  eighth  order.  For  a  system  of  the  class  (£)  the  equation 
contains  as  a  factor,  the  square  of  the  linear  function  which  equated  to  zero  is  the 
equation  of  the  plane  of  contact ;  or  the  envelope  is  in  this  case  a  Developable  of 
the  sixth  order.  And  in  the  case  of  a  system  of  the  class  {G)  the  equation  contains 
as  a  factor  the  cube  of  this  linear  function ;  or  the  envelope  is  a  developable  of  the 
fifth   order  only. 

A.  We  may  take  for  the  two  surfaces  the  reciprocals  (with  respect  io  a!'  -{-  y"^  +  z'  +  vf  —  0) 
of  the  equations  made  use  of  in  determining  the  Interaect-Developable.  The  equations  of 
these  reciprocals  arc 

hcd^x'^  +  cda'i^  +dahz^  +  abGW^=  0 , 

b'o'd't^  +  c'd'a'y^  +  d'a'b'z^  +  a'b'c'ufi  —  0 ; 

and  it  is  clear  from  the  form  of  them  (as  compared  with  the  equations  of  the  surfaces 
of  which  they  are  the  reciprocals)  that  a;  =  0,  y  =  0,  z  =  0,  w  =  0,  are  still  the  equations 
of  the   conjugate  planes.     We  have,  introducing  the  numerical  Victor  3  to  avoid  fractions, 

3  1(6  +  kV)  (c  +  kc')  (d  +  kd')  ic=  +  (c  +  kc')  (d  +  kd')  {a  +  ka')  y' 

-\-(d  +  kd')  (a  +  ka')  (b  +  kb')  2^  +  (a+  ka')  {h  +  kb')  (c  +  kn')  w"] 
^A  +  SBk  +  SCk^  +  Bk^  which  determine  the  values  of  A,  B,  C,  D. 


We  have  in  fact 


A  =  3  {bcdx'^  +  cday^  +  dabz^  +  abcW) 

B  =     {b'cd  +  hc'd  +  bcd')ay'  + 

0  =    (bc'd'  +  b'cd'  +  b'c'd)  x''  + 

D  =  3  (b'o'd'a?  +  c'd'a'y^  +  d'a'b'z"^  +  a'b'c'w^) 
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and  these  values  give  (with  the  same  signitication  as  before  of  f,  g,  h,  I,  -m,  n) 
2(AC-B=)-.la=  +Bb-'   +Cc'  +2Fbc  +20Ga  +2Eab   +2Lad  +2Mbd   +2Ncd  +Dd\ 
2  (BD  -  C^)  =  Aa"  +  Bb'^  +  Oc'^  +  2Fb'c'  +  2Qc'a'  +  2Ha'h'  +  2Lafd'  +  2il/6'd'  +  2Nc'd'  +  Bd'\ 
AD  -  BC  =  Aaa'  +  Bbb'  +  Gcc'  +  F{bc'  +  Vc)  +  (?  (ca'  +  c'a)  +  H{ab'  +  a'b) 

+  L(ad/  +  a'd)  +  M(bd'  +  b'd)-{-N(cd'-\-c'd)  +  Ddd\ 

where  A  =  ny  +  mV  +  piv*  +  2/?ks%=  -  2fity^  11/'  + 2 

B  =  P^'  +  jiV  +^^  +  Ignx^  -  2gls^  w^  -t 
C  =  mW  4  iy  +  A'w/*  +  2%=M^  -  ^hmxhff'  -\ 
D  =/W  +gY  +  AV  -  S^fAj/^s^  -  2hfz^x'    - 

G  =  m'a'a; 
H  =  m'a?i/« 
L  =f^ahif, 
M.  =  g'yhv^ 

aiid  then  4  (AC  -  B^  (BD  -  C^  -  (AD  -  BC)= - 

{BC  -  F^)f'  +  (OA  -G^)f  +  (AB  -  H^)  K'  +  {AD  -  L^  P  +  {BD  ~  M^)  m^  +  (CO  -  iV=)  ?i? 

+  2((?if-.^^)(f^  +2(HF~B6  )hf  +2{FG  ~CH)fg 
-2{MN-DF)mn-2{NL  -DQ)nl  -2{LM-DH)lm 
+  2{AM-LH)lk  +  2  {BN  ~ NF  )mf  +  2  {GL  -NG)ng 
-2{AN-LG)lg  -2{BL  -  MH)mh-^{GM -NF)nf 
+  2{NH-MG)lf   +2{LF  -  NH)mg +  2{MQ~LF  )nh. 

Substituting  the  values  of  A,  B,  &c.,  in  this  expression,  the  result  after  all  rediictiong  is 

-I-  2gPn.  {mg  -  nk)  fs?    +  2hmH  (nk  -  If)  ^a?   +  %fn^m  {If-  mg)  rt^f 

-  2hPm  {mg  -  nh)  f^  -  2fmhi  {nk  -  If)  ^af  ~  2gnH  {If-  mg )  xY 
+  2/=mji  {mg  -  nh)  afvj^  +  2 fid  {nh  -  If)  fvfi  4-  thHm  (If-  mg)  sV 
-2f^gk{mg-nk)af^ -2fg^h{nh-lf)y'^  -%fgh?  (lf-mg)zHi/< 
+/=  {Pf^  —  Qghmn)  v/'a/'  +  g^  (mY  —  Qhfnl)  ivY  +  ^^  ("^'''^  ~  ^imfg)  VJ*^ 
+  1?  (Pp  —  Gghmn)  y*z*    +  m"  (my  -  Ghfnl)  z^af  +  n"  {71%'  -  Qlmfg)  s?%f 

+  2gh.  {ghmn  -  dfH")  viY^  +  WQ^M  ~  ^fm')  ■"^^"^  +  Vff  ifgl^  ~  3^^')  «^^>'" 
J-  2hm  (ghmn  -  SfH")  ^a^w'  +  2fh  {hftd  -  Zfm")  x^'w'  +  2gl  {fglm  -  3/^V)  y^zhi? 

-  2gn  (ghm  -  SfH')  y^a^'  -  2hl  (hjkl  -  83^=)  a^yW  -  2fm.  {fglm  -  3feV)  a7*zV 
-2mn,{ghmn-SfH')a^'s'  -2fd(kfnl  -Sg^^)y'zW  -2lm(fglin.-Sh'n')  s'xy 
-2{mg-  nh)  {nh  -  If)  (If-  mg)  a^^^sW  =  0, 
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which  is  therefore  the  equation  of  tho  envelope  for  this  case.  The  ecjuation  may  also  be 
presented  under  the  form 

vfi®  +  (mnx^  +  nly^  +  hn^-f  (/V  +  gY  +  ^V  -  2£rAi/V  -  SA/a^a^^  -  2fgai'f)  =  0  ; 

and  there  are  probably  other  forms  proper  to  exhibit  the  different  geometrical  properties 
of  the  surface,  but  with  which  I  am  not  yet  acquainted. 

B.  Here  taking  for  the  two  surfaces  the  reciprocals  of  the  equations  made  use 
of  in  determining  the  Intersect -Developable,  the  equations  of  these  reciprocals  are 

n'  b a."  +  n'' ay^  -  ab  c  iif  +  lin  ab sw  ^  0, 
n'^b'x'  +  n"^a'y'^  —  a'h'c'vf  +  In'a'b'zw  —  0, 

which  are  similar  to  the  equations  of  the  aurfticea  of  which  they  arc  reciprocal,  only 
s  and  w  are  interchanged,  so  that  here  x  —  0,  )/  =  0  are  the  single  conjugate  planes, 
s  =  0  is  an  indeterminate  plane  passing  through  the  single  conjugate  points,  and  w  =  0 
is  the  equation  of  the  double  conjugate  plane  or  plane  of  contact. 

The  vahu;s  of  A,  B,  C,  D  are 

A  =  3  (ji'63^    +  r^ay^  ~  ahcw^  +  2nabs:w), 

B=     {^nn'b  +7i'b')af+ 

C=     (2nn'b'  +  n%)w''+ 

D  =  3  (n'^'fiV  +  n'^ay  -  alh'c'v?  4-  ittlalb'sw). 

Hence,  using  f,  g,  h,  p,  q,  r  in  the  same  sense  as  before,  we  have  for 
2  (AC  -  B'),  2  (BD  -  C^),  (AD  —  EC)  expressions  of  the  same  form  as  in  the  last  case 
(;),  q,  r  being  written  for  I,  m,  n),  but  in  which 

A  =     fHv*  +  ^f^v^  -I-  Qqry'-vf  -  ifqgiv^ 

B  =     ^%*  +  4pViu^  +  8pr^v'^  +  gpzuf, 

C  =     h?vf, 

D  =     Iq^af  +  2phf  +  4<h!'^vf  +  ipqafiy^  —  Sqltafzw  +  Sphy^ew  +  tghy'^w''  +  Ifhi^d'vfl, 

F  =  -  fyhifi, 

G  =  —  ifx'^vf, 

H=     0, 

L=      2pqf;iw. 

M  =     2pg3^2w, 

N  =  -  ^li'ew'  . 
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The  substitution  of  these  values  gives  after  all  reductions  the  result 

+  4  (r'h^  ~  Gpqgf)  h^i^vf  +  2  {<fff  +  2prfk)fha~W  +  2  (p'p  +  2qrgh)ghy^W 

—  16  (pf—  qg)  3*^1^  —  4i  {q^^  —  ipy  -  Qpqfg)  qhx^m>^  —  4  {fff  —  ^.^ff'  —  6pqfg)ph/sw'' 
+  16pVfeV«;=  -  8  (pf+  4-qg)  q^ha^zhv''  -  8  (g^i  +  Apf)pq^kf^w^ 

+  (ff  +  Spr/h)  5'ic%)=  +  (pff^  +  %qrgh)ffuf  +  2  {lOr^h"  -  pqfg)pqa?fw'^ 

-  \Qffh>?^w  +  16pYA^3«OT 

+  4  (4p/+  ^qg)p^a!'mi  -  4  (4ggf  +  5pf)p^qy*zw  -  4  (p/~  qgjjfq^xysw 

+  ^f^^  +  k'fff^  4-  8pYiK=j^=«=4-  4^2Va;^+  ip'gri/"  +  12j)=9Vic'^  +  12^Yra^j*  =  0  ; 

which  is  therefore  the  equation  of  the  envelope  for  this  case.  This  equation  may  bo 
presented   under   the   form 

%v^  +  4p9  (5^'  +  p'jff  {qra?  +  "rp-f  +  pqz^')  =  0, 

and  there    are    probably    other    forms    which    I    am    not    yet    acijuainted    with. 

Q.  The  reciprocals  of  the  two  surfaces  made  use  of  in  determining  the  Intersect- 
Developable,  although  in  reality  a  system  of  the  same  nature  with  the  surfaces  of 
which  they  are  reciprocals,  are  represented  by  equations  of  a  somewhat  different  form. 
There  is  no  real  loss  of  generality  in  replacing  the  two  surfaces  by  the  reciprocals  of 
the  cones  x-  =  lyz,  y''  —  2stv ;  or  we  may  take  the  two  conies 

(«^- 22/3  =  0,  w  =  0)  and  (f'-2m  =  0,  !v  =  0), 

for  the  surfaces  of  which  the  envelope  has  to  be  found,  these  conies  being,  it  is 
evident,  the  sections  by  the  planes  w  =  0  and  x  =  0  respectively  of  the  cones  the 
Intersect-Developable  of  which  was  before  determined.  The  process  of  determining  the 
envelope  is  however  essentially  different:  supposing  the  plane  ^x  +  Jiy  +  ^z+ww  —  O  to  be 
the  equation  of  a  tangent  plane  to  the  two  conies  (that  is,  of  a  plane  passing  through 
a  tangent  of  each  of  the  conies)  then  the  condition  of  touching  the  first  conic  gives 
^  — 2t;£^  =  0,  and  that  of  touching  the  second  conic  gives  7]^  —  2^ci)  =  0.  We  have  therefore 
to  find  the  envelope  (in  the  ordinary  sense  of  the  word)  of  the  plane  ^m -v  ijy  +  ^z  +  oy/ii  =  0, 
in  which  the  coefficients  ^,  i),  ^,  w  are  variable  quantities  subject  to  the  conditions 

f-2^?=0,     ^^-2ra,  =  0. 

The  result  which  is  obtained  without  difficulty  by  the  method  of  indeterminate 
multipliers,  [or  more  easily  by  writing  ^  :  y  :  ^  :  iu  =  2d'  :  26^  :  d'  :  2]  is 

8y'z  -  ^2fi:hv  +  S2z'vi''  -  27ic%  +  21xh^zw  -  ^ri-hf  =  0, 

which  may  also  be  written  under  the  form 

82  (j/=  -  2zivf  -  a?  14i/'  +  9  (Zx^  -  %yz)  iu  ]  -=  0. 

[Another  form,  containing  the  factor  w,  is  ^  {y'^  +  2zvSf  —  (2y^ +  2'Jx''-u>~'Myztvf^{).'\ 
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NOTE  ON  A  FAMILY  OF  CUEVES  OF  THE  FOUETH  OEDER. 

[From  the  Cambridge  and  Dublin  Matliematical  Journal,  vol.  v.  (1850),  pp.  148 — 152.] 

The  following  theorem,  in  a  slightly  different  and  somewhat  less  general  form,  is 
demonstrated  in  Mr  Hcam's  "Researches  on  Curves  of  the  Second  Order,  &c.",  Lond.  1846: 
"  The  locus  of  the  pole  of  a  line,  u  +  v  +  vj  —  0,  with  respect  to  the  conies  passing 
through  the  angles  of  the  triangle  (m  =  0,  ii  =  0,  Jii  =  0),  and  touching  a  fixed  line 
aw  -I-  yS)j  +  7W  =  0,  is  the  curve  of  the  fourth  order, 

^  {a.u{v  +  w-  u)]  +-J  {&v{w  +  u--o)]+>J  [r^wiu  +  v-  w)]  =  0  ;  " 
the   difference   in   fact   being,  that   with   Mr  Heam   the   indeterminate   line  w  +  jj  +  w  =  0 
is  replaced  by  the  Une  oo ,  so  that  the  poles  in  question  become  the  centres  of  the  conies. 

Previous  to  discussing  the  curve  of  the  fourth  order,  it  will  be  convenient  to 
notice  a  property  of  curves  of  the  fourth  order  with  three  double  points.  Such  curves 
contain  eleven  arbitrary  constants :  or  if  we  consider  the  double  points  as  given,  then 
five  arbitrary  constants.  From  each  double  point  may  be  drawn  two  tangents  to  the 
curve  ;  any  five  of  the  points  of  contact  of  these  tangents  determine  the  curve,  and 
consequently  determine  the  sixth  point  of  contact.  The  nature  of  this  relation  will  be 
subsequently  explained ;  at  present  it  may  be  remarked  that  it  is  such  that,  if  three 
of  the  points  of  contact  (each  one  of  such  points  of  contact  corresponding  to  a 
different  double  point)  lie  in  a  straight  line,  the  remaining  three  points  of  contact  also 
lie  in  a  straight  hne.  A  curve  of  the  fourth  order  having  three  given  double  points 
and  besides  such  that  the  points  of  contact  of  the  tangents  from  the  double  points 
lie  three  and  three  in  two  straight  lines,  contains  therefore  four  arbitrary  constant*. 
Now  it  is  easily  seen  that  the  curve  in  question  has  three  double  points,  viz.  the 
points  given  by  the  equations 

(m  =  0,  V - w  =  0),     (u  =  0,  w - w  =  0),     {w^O,  u-v^O), 
points    which    may   be    geometrically    defined    as   the    projections    from    the    angles   of    the 
triangle   (m  =  0,  v  =  0,  w  =  Q)   upon   the  opposite   sides,  of  the   point   {u  =  v  =  w)   which  is 
the   harmonic   with   respect   to   the   triangle   of   the   given   line    u+v  +  w  =  Q.     Moreover, 
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the  lines  m  =  0,  v  =  0,  w  =  0  (being  lines  which,  as  we  have  seen,  pass  through  the 
double  points)  touch  the  curve  in  three  points  lying  in  a  line,  viz.  the  given  line 
au  +  ^v  +  yw  —  (}.  Hence  the  curve  in  question  is  a  curve  with  three  double  points, 
such  that  the  points  of  contact  of  the  tangents  from  the  double  points  lie  three  and 
three  in  two  straight  lines.  Considering  the  double  points  as  given,  the  functions 
u,  V,  w  contain  two  arbitrary  ratios,  and  the  ratios  of  the  quantities  a,  /3,  7  being 
arbitrary,  the  equation  of  the  curve  contains  four  arbitrary  constants,  or  it  represents 
the  general  curve  of  the  class  to  which  it  has  been  stated  to  belong. 

As  to  the  investigation  of  the  above-mentioned  theorem  with  respect  to  curves  of 
the  fourth  order  with  three  double  points,  the  general  form  of  the  equation  of  such 
a  curve  is 

a      b       c      tf     tq     Vi     ^ 

-^  +  -,  +  ^  +  --+  —  +  —  =*>. 

!c^     f     s^     yz     zx     xy 

where    the   double  points  are  the  angles  of  the  triangle  (3^=0,  y  —  d,  e  —  (i).     Tt  may  be 
remarked  in  passing,  that  the  sis  tangents  at  the  double  point  touch  the  conic 
aa?  +  %^  +  cs^  -  2/1/s  -  'igxz  —  Ikxy  =  {). 

To  determine  the  tangents  through  (y  =  0,  s  =  0),  we  have  only  to  write  the 
equation  to  the  curve  under  the  form 

\a)     y     zj      t     ^'      yz 
the  points  of  conta^it  are  given  by  the  system 

aha. 

-  +  -  +    ^  =  0, 
X      y        z 

y'     z''      yz 

the  latter  equation  (which  evidently  belongs  to  a  pair  of  lines)  determining  the  tangents. 
The  former  equation  is  that  of  a  conic  passing  through  the  angles  of  the  triangle 
a;  =  0,  2/  =  0,  ^  =  0 :  since  the  tangents  pass  tlirough  the  point  {y=(i,  s  =  0)  they 
evidently  each  intersect  the  conic  in  one  other  point  only.  The  equation  of  the 
tangents  shows  that  these  linos  are  the  tangents  through  the  point  ^  =  0,  2=0  to  the 
conic  whose  equation  is 

aA^'a?  +  b&y"  +  cOz-"  +  2fBGyz  +  'iffCAzw  +  2hABxy  =  0. 

To  complete  the  construction  of  the  points  of  contact  it  may  be  remarked,  that 
r.he  equations  which  determine  the  coordinates  of  these  points  may  be  presented  under 
the  form 

Ax^{A  ]x, 
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whence  also 


NOTE    ON    A    FAMILY   OF    CtTEVES    OF    THE    FOURTH    ORDER. 
aAx  +  hBy  +  gCz  = 
hAx  +  hBy+fJi^ 


gAx+fBy  +  cCz^ 


Kx, 


or   writing   for   shortness   ^,  jj,  J^  instead   of  the   Unear   functions   forming   the   first 
of  these  equations  respectively,  we  have 

?        _'J_     1. 


from   which   it   follows   at   ■ 
of  contact  is 


v'(-aff)      G 
that   the   equation   to   the   line    forming   the   two    points 


?      ij       t 
and  this   may  again   be   considered   as   the  line  joining  the  points  {^  =  0,   ^+T^  +  y^=0) 

and  {ii=^,  ?  =  0). 

Now    ^=0,   t;=0,    £^=0,   are   the   polars   of    the   double    points    (or    angles    of    the 

triangle   ic  =  0,  i/  =  0,  z  =  0)  with   respect   to   the   last-mentioned   conic.     The   equation   of 

the  line  joining   the  point  (^  =  0,  ir=±0)  with   the   point   (i?  =  0,  f=0),  is  easily  seen   to 

be    GBy  —  GHz  =  0 ;    from   which   it    follows^   that   the    lines   forming   ea«h   double   point 

with   the   intersection   of   the   polars   of   the   other   two   double  points   meet   in   a   point, 

the  coordinates  of  which  are  given  by 


1 


1 


1 


^  ^  A'F-  BG  •  m 

and   the   polar  of  this   point   is   the   line    =  +  ^  +  -^ 
is   thus   determined ;    and  we   have   already  seen   how   this 


0.     The   constrTiction   of   this   line 
to    the    construction    of 


the  lines  joining  the  points  of  contact  of  the  tangents  from  the  double  points.  In 
fact,  in  the  figure,  if  0^7  be  the  triangle  whose  sides  are  |^  =  0,  ■*?  =  0,  ^  —  0,  and 
A,  B,  C  the  points  of  intersection  of  the  aides  of  this  triangle  with  the  line 


f  +  'H 


H 
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the  lines  in  question  are  Act,  B^,  Cy.  Moreover,  the  points  of  contact  upon  Aa  aro 
harmonics  with  respect  to  A,  a,  and  in  like  manner  the  points  of  contact  on  Bff,  Cy  are 
respectively  harmonics  with  respect  to  B,  j3  and  to  0,  7.  This  proves  that  if  three 
of  the  points  of,  contact  are  in  the  same  straight  line,  the  remaining  three  are  also 
in  the  same  straight  line ;  in  fact,  we  may  consider  three  of  the  points  of  contact 
as  given  by 


1 

,  ;  ?.V(-«if) 

G 

-H, 

f 

1  -  (-      -f 

■J(~hK) 

H, 

f 

,  :  f.         F 

-a 

,/(-»/(•); 

and  the  condition  that  these  may  be  in  the  same  line  is 

VC-  a)  v'(-  b)  V(-  c)  +  Gil  V(-  a)  +  HF  V(-  h)  +  FG  v'{-  0}  =  0, 

which   remains   unaltered   when   the  signs   of   all   the   roots    are   changed.     The   equation 

just    obtained    may    be    considered  as    the    condition    which    must    exist    between    the 
coefficients  of 

a      b  c      2/     2g     2h     ^ 


L   order  that   this  curve   may  be   transformable  into   the    form 

^{au  (v  +  w-u)]+  V(y5w  (w  +  u  -  v)]  +  ^/{yw  {u  +  v 


Hosted  by 


Google 


[86 


ON     THE    DEVELOPABLE    DERIVED    FROM    AN    EQUATION     OF 
THE    FIFTH  ORDER. 

[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  v.  (1860),  pp.  152 — 159.] 

MoBiUS,  in  hia  "  Barycentrische  Caleul,"  [Leipzig,  1827],  has  considered,  or  rather 
suggested  for  consideration,  the  family  of  curves  of  double  curvature  given  by  equations 
such  as  X  :  y  :  z  :  w  =  A  ;  B  :  G  :  D,  where  A,  B,  C,  D  are  rational  and  integral 
functions  of  an  indeterminate  quantity  (.  Observing  that  the  plane  Ax  +By  +  Cz  +  Dw  —  0 
may  be  considered  as  the  polar  of  the  point  determined  by  the  system  of  equations  last 
preceding,  the  reciprocal  of  the  curve  of  MSbins  is  the  developable,  which  ia  the 
envelope  of  a  plane  the  coeiEcients  in  the  equation  of  which  are  rational  and  integral 
functions  of  an  indeterminate  quantity  t,  or  what  is  equivalent,  homogeneous  functions 
of  two  variables  |,  i;.  Such  an  eqxiation  maybe  represented  by  0'=a|"  +  mp~'ij+ ...  =  0, 
(where  a,  b,  &a  are  linear  functions  of  the  coordinates) ;  and  we  are  thus  led  to  the 
developables  noticed,  I  believe  for  the  first  time,  in  my  "  Note  sur  les  Hyper-deter- 
minants," CreUe,  t.  xxxiv.  p.  148,  [54].  I  there  remarked,  that  not  only  the  equation 
of  the  developable  was  to  be  obtained  by  eliminating  J,  17  fi'om  the  first  derived 
equations  of  17=  0 ;  but  that  the  second  derived  equations  conducted  in  like  manner 
to  the  edge  of  regression,  and  the  third  derived  equations  to  the  cusps  or  stationary 
points  of  the  edge  of  regression.  It  followed  that  the  order  of  the  surfece  was  2(n—J), 
that  of  the  edge  of  regression  3  (ra  —  2),  and  the  number  of  stationary  points  4  (n  -  3). 
These  values  lead  at  once,  as  Mr  Salmon  pointed  out  to  me,  to  the  table, 
m  =  3  (ii  -  2), 

r  =2(n~l}, 

a  =0, 

^  =  4(«-3), 

g  =^{n-l){n-n 

k  =^ (9n' -  53m  +  80), 

^  =  2  (n  -  2)  (m  -  3), 

1/  =2(«-l)(«-3), 
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where  the  letters  in  the  first  column  have  the  same  signification  as  in  my  memoir 
in  Liouville,  [30],  translated  in  the  last  number  of  the  Journal.  The  order  of  the  nodal 
line  is  of  course  2(n~2)  (n~-S);  Mr  Salmon  has  ascertained  that  there  are  upon  this 
line  6  (n  —  3)  (n  —  4}  stationary  points  and  ^(n-3)(n  —  4)  (n  -  5)  real  double  points, 
(the  stationary  points  lying  on  the  edge  of  regression,  and  with  the  stationary  points 
of  the  edge  of  regression  forming  the  system  of  intersections  of  the  nodal  line  and 
edge  of  regression,  and  the  real  double  points  being  triple  points  upon  the  surface). 
Also,  that  the  number  of  apparent  double  points  of  the  noda!  line  is 

in  -  3)  (2n'  -  18n^  +  57n  -  65). 

The  case  of  f/^  a  function  of  the  second  order  gives  rise  to  the  cone  ac  —  b-  =  0. 
When  U  ia  a.  function  of  the  third  order,  we  have  the  developable 

4  {ac  -  ¥}  (bd  -  c^)  -  (ad  ~  b'Sf  =  0, 

which  is  the  general  developable  of  the  fourth  order  having  for  its  edge  of  regression 
the  curve  of  the  third  order, 

ac—  b^  —  0,    bd  —  c^  —  0,    ad  —  bc=0, 

which  is  likewise  the  most  general  curve  of  this  orfer :  there  are  of  course  in  this 
case  no  stationary  points  on  the  edge  of  regression.  In  the  case  where  U  is  of  the 
fourth  order  we  have  the  developable  of  the  sixth  order, 

(ae  -  ibd  +  Sc^y  -  27  (ace  +  Ibcd  -  acP  -  b'e  -<fy=0- 

having  for  its  edge  of  regression  the  curve  of  the  sixth  order, 

ae  —  ibd  +  3c^  =  0,     ace  +  2licd  —  ad^  —  b^e  —  c^  =  0, 

with  four  stationary  points  determined  by  the  equations 

a_b_c_d 
b      c     d     e' 

The  form  exhibiting  the  nodal  line  of  the  surface  has  been  given  in  the  Joivmal 
by  Mr  Salmon.  I  do  not  notice  it  here,  but  pass  on  to  the  principal  subject  of  the 
present  paper,  which  is  to  exhibit  the  edge  of  regression  and  the  stationary  points  of 
this  edge  of  regression  for  the  developable  obtained  from  the  equation  of  the  fifth  order, 

fT  =  af « +  m^'r,  +  lOc^Y  +  lOii^'^^  +  fie^*  +  /y  =  0 ; 

viz.  that  represented  by  the  equation 

P  =0  =  (!*/'' +  160a'ce/=  +  ...  •-4000^>Ve^ 

[I  do  not  reproduce  here  this  expression  for  the  discriminant  of  the  binary  quintic] 
a  result  for  which  I  am  indebted  to  Mr  Salmon. 
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To   effect   the   reduction  of  this  expression,  consider  in  the  first  place  the  equations 
which   determine   the   stationary  points   of    the    edge   of   regression.     Writing 
^  :  )?  the  single  letter  (,  these  equations  are 

af  +  2ht  +  c  =  0, 

bf  +  2ct  +  d^0, 

ce'  +  2dt  +  e=0. 

df +2e(+/  =  0, 

wiite  for  shortness 

A  =  2  (hf~  ice  +  Sd'), 

5=      af-'Sbe+2cd, 

C  =  2{ae-ihd  +  SG% 

and  let  a,  3^,  Sy,  B  represent  the  terms  of 

i|  a,     h,     c,     d 

;  h,    c,     d,     e 

li  c,     d,     e,    f 

viz.  a^hdf-  be^  +  2cde  -  c'f    -  d\ 

Sff^adf-ae'  -bcf  +bde    +cV  -cd^, 

3ry  ^  acf  -  ade  -  Pf  +  bd!'    +bce~-<fd, 

S  =  ace  -  ad^  -  b^e    +  2bcd  -  <f  ; 

it    is    obvious    at    first   sight   that    the    result    of   the    elimination    of    t    from 
quadratic  equations  is  the  system  (equivalent  of  course  to  three  equations), 


The   system   in   question  may  however   be  represented   under  the   more   simple   form 
(which  shows  at  once  that  the  number  of  stationary  points  is,  as  it  ought  to  be,  eight), 

A^O,     5=0,     0  =  0; 
this  appears  from  the  identical  equations, 

(2c(  4-  Sd)  (bf  +  2ci  +  d) 
-  {2bt  +  4c)  (c(^  +2dt  +  e) 

+  b{dt^  +  2et  +  f}^^A; 
(2ti  +  3*^)  {af  +  2bt  +  c) 
-  c  (bt^  +  2c(  +  d) 
~  (2at  +  36)  (ci^  +  2dt  +  e) 

+  a{de'  +  2et+f)  =  Bi 
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(2bt  +  ^c)  {af?  +  2,bt  +  c) 

-  (2(xi  +  46)  {hP  +  let  +  d) 

-<ra{ct^  +  Mt  +  e)  =  ^G, 

[formuliE  the  first  and  third  of  which  are  readily  deduced  from  an  equation  given  in 
th(!  Note  on  HyperdeterminaiitB  above  quoted).  The  connexion  between  the  quantities 
A,  B,  C  and   a,  0,  y,  B,  is  given  by 

Aa-2Bb  +  0a  =-6S, 
Ab-iBc  +  Cd^-Gj, 
Ac  -  2Bd  +  Ge  =-  6/3, 
Ad-2Be  +  Gf^-6a. 

The  theory  of  the  stationary  points  being  thus  obtained,  the  next  question  is  that  of 
finding  the  equations  of  the  edge  of  regression.  We  have  foe  this  to  ehminate  (  from 
the  three  cubic  equations, 

a^  +  Sbf  +  3ct-\-d  =  0, 

bf  +  Scfi  +  Sdt  +  e  =0, 

ct'+ddt'  +  3et+f=0: 
treating  the  quantities  f,  t",  f,  f  as  if  they  were  independent,  we  at  once  obtain 

/3i  +  a  =  0,     8f  +  7  =  0,     yt^~a.  =  0,     8f^-jS  =  0; 
or  as  this  system  may  be  more  conveniently  written, 

/?f  +  a  =  0,     7(  +  /3  =  0,     S(+7  =  0. 

But  the  most  simple  forms  are  obtained  from  the  identical  equations, 
/( {at^  +  36f=  +  Zct  +  d), 
~-{Set+f){bf  +  3cff+3dt  +  e), 
+  (2dt  +  e)  (ci?  +  Sdf  +  Set  +/)  =  i?(Bt+A): 

{U  +  c)  (»('  4-  Zhf  4-  3c(  +  d), 
-  {at  +  36)  (b1?  +  3ct^  +  Sdt  +  e), 
+        a        (ct'  +  Mt^  +  Set  +/)=      Ct  +  B: 
equations  which,  combined  with  those  which  precede,  give  the  complete  system 
/3t  +  a  =  0,    7(+y3  =  0,     S(  +  7  =  0,     Bt  +  A^O,     Ct  +  B==0: 
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or    the    equations    of    the    edge    of    regression    are    given    by    the 

system 

(equivalent    of 

course  to  two  equations), 

a,     0,    7,     A,     B     =0. 

0,     7,     S,     B,     G 

The  simplest  mode  of  verifying  A  posteriori  that  the  edge  of  I'egression  is  only  of 
the  ninth  order,  appears  to  be  to  consider  this  curve  as  the  common  intersection  of 
the  three  surfaces  of  the  seventh  order : 

A'a  -  SA^Bb  +  SAB'c  -  B'd  =  0, 
A'h  - ?,A^Bc  +ZA&d~ B'e  =  0, 
A^c-'iiA^Bd-i-^A&e  --B'f=0, 

(which  are  at  once  obtained  by  combining  the  equation  Bt^  A  —  0  with  the  cubic 
equations  in  t).  It  is  obvious  from  a  preceding  equation  that  if  the  equations  first 
given  are  multiplied  hy  fA,  -SeA+/B,  2dA  —  eB,  and  added,  an  identical  result  is 
obtained.  This  shows  that  the  curve  of  the  forty-ninth  order,  the  intersection  of  the 
first  two  surfaces,  is  made  up  of  the  curve  in  question,  the  curve  of  the  fourth  order 
^  =  0,  B  =  0  (which  reckons  for  thirty-six,  as  being  a  triple  line  on  each  surface),  and 
the  curve  which  is  common  to  the  two  surfaces  of  the  seventh  order  and  the  surface 
2dA  -eB  =  0.     The  equations  of  this  last  curve  may  be  written, 

e  (af-  3&e  +  2cd)  -  id  (bf-  ice  +  Sd')  =  0, 
e'a  -  Q^db  +  12e<Pc  -  Sd"  =  0, 
^b  -  G^do  +  ied'  =  0  ; 
or,  observing  that  these  equations  arc 

/  (ae  -  ibd)  -  3    (be"  -  6ced  +  id")  =  0, 
e^  (ae  -  ihd)  ~  2d  (be"  -  Qced  +  id')  =  0, 
e  {be"  -  Qced  +  id^)  =  0 ; 
the  last-mentioned  curve  is  the  intersection  of 

ae  —  ibd  =  0, 

he^  —  Heed  +  4#  =  0, 

where  the  second  surface  contains  the  double  line  e  =  0,  d  =  0,  which  is  also  a  single 
line  upon  the  first  suriace.  Omitting  this  extraneous  line,  the  intersection  is  of  the 
fourth,  order;  and  we  may  remark  that,  in  passing,  it  is  determined  (exclusively  of  the 
double  line)  as  the  intersection  of  the  three  surfaces 

ae  -4.M  =  0, 

be^  ~  6ced  +  id'  =  0, 

a'd  —  Qabc  +  ib^  —  0, 
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being  in  fact  of  the  species  iv.  4,  of  Mr  Salmon's  paper,  "  On  the  Classification  of 
Curves  of  Double  Curvature"  [Journal,  vol  v.  (1850),  pp.  23 — 46].  But  returning  to 
the  question  in  hand ;  since  49  =  9  +  4  +  36,  we  see  that  the  curve  common  to  the 
three  surfeces  of  the  seventh  order,  or  the  edge  of  regression,  is,  as  it  ought  to  be,  of 
the  ninth  order.  It  only  remains  to  express  the  equation  of  the  developable  surface  in 
terms  of  the  functions  A,  B,  C,  a,  ;3,  7,  S,  which  determine  the  stationary  points  and 
edge   of   regression ;   I    have   satisfied   myself  that   the   required   formula   is 

a  ^  (AC -B')'- 1152  [A  (/3S  -r^')-B (aS  ~^y)  +  C(arf-  ^)}  =  0, 

where  the  quantities  a,  0,  7,  S  may  be  replaced  by  their  values  in  A,  B,  C;  and 
it  will  be  noticed  that  when  this  is  done,  the  terms  of  □  are  each  of  them  at  least 
of  the  third  order  in  the  last-mentioned  functions. 

I  propose  to  term  the  family  of  developables  treated  of  in  this  paper,  '  planar 
developables.'  In  general,  the  coefficients  of  the  generating  plane  of  a  developable  being 
algebraical  functions  of  a  variable  parameter  t,  the  equation  rationalized  with  respect 
to  the  parameter  belongs  to  a  system  of  n  different  planes;  the  developable  which  is 
the  envelope  of  such  a  system  may  be  termed  a  '  multiplanar  developable,'  and  in  the 
particular  ease  of  n  being  equal  to  unity,  we  have  a  planar  developable.  It  would  be 
very  desirable  to  have  some  means  of  ascertaining  from  the  equation  of  a  developable 
what  the  degree  of  its  'planarity'  is. 

P.S,— At  the  time  of  writing  the  preceding  paper  I  was  under  the  impression  that 
the  only  surface  of  the  fourth  order  through  the  edge  of  regression  was  that  given 
by  the  equation  AO  —  B'—O;  but  Mr  Salmon  has  since  made  known  to  me  an  entirely 
new  form  of  the  function  □,  the  component  functions  of  which,  equated  to  zero,  give 
six  different  surfaces  of  the  fourth  order,  each  of  them  passing  through  the  edge  of 
The  form  in  question  is 


S[J^LL'  +  64<MM'  -  64:NN', 
where 

L  -      (ty^  +  225iV  -  S2ace''  -  32W/+  480i(^=  +  4800=0  -  3iabef+  "iGacdf-  V2bc-f 

~  11ad?e  -  820bcde  -  320c=(^, 
L' =    3ay^-456V    +  Giac^' +  GWdf  -  22abef  ~  12acdf  -  mbc^f 

-  ZQad'^e  +  20bode. 
M  =  lObcd' -  18ad^  -  15b(fe  +  32acde  +  Qb'cf  -Qao'f  +2abdf  +  a?ef  -9a6e=, 
Jlf'=10c'rfe-18e"/  -15bd?e +^2hcdf +  %ade^  -Qb'ef  +  2acef  +  abp  ~Oa<P/, 
if  =10&=d'-15&=ce  -12(tc(;^  +  18iic=e  +  abde  -  2«=e^  +  6i'/  -9abcf  +5a^d/, 
N'^lQ<fe'' -15bd^  -12c-'df  +  18bd'/+  beef  -2b'/-'  +6ae'  -Qadef  +3acp, 
where  it  should  be  noticed  that 

L  +  SI' = -10  (AC -&). 
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The    expressions    of  i,  //,  if,  M',  N,   N'    as    linear  fnnctions    of   A,    H,    ('   {also 
to  Mr  Salmon)  are 

L'  =  {-7m+   ihd+    •.id')A+{^af+robe-\^cd)B  +  {-1hf+    4ce  +    3#)0, 

M  ^■^{hc-ad)A  +-A{ae  -  c^)  B  +    (cd  -  af)  C, 

i/'=    (cd-o/)A  +  S{b/--d')B  +  S(de-of)C, 

iV"  =  3  (6^  - ao)  A  +  ^ (ad -hc)B+   (bd-ae)  0, 

N'  =    (ce -bf)A  +  ^  {cf  -de)B  +  ti(^-  df) G. 

I    propose    resuming    the    subject    of    thcBe    forms,   and    the    general    theory,   in    a 
sequent  paper.     [This  was  never  written.] 
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87. 

NOTES    ON    ELLIPTIC    FUNCTIONS    (FROM    .JACOBI). 

[From  thf  Cambridge  and  Dublin  Mathernaticfil  Jomiial   vol    v   (1850)   pp   201^204.] 

Theof    Nutr'i    iie    idbil    liaofelatimia    from    Jacobi'a  N  t                u               1!  n'   ^'  d      Tanalyse 

dea  ionctions  elliptnineB   a  Valgebie  '   [Crdle,   t.   vii.   (1831)  pp    41—43]    a  I  t    ni  tl  allit  1     tic   notice 

by  him  of   tile  thud    supvlenietit    to    Logendre'R    "  TMo  d       t      t    n  11  pt  i  [       '  t           .    (1832) 
pp.  413—417]. 
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[From  the  Cambridge  and  Dublin  Mathematical  Journal,  vol.  v.  (1850),  pp.  204 — 206.] 

The  following  is  a  demonstration  of  a  formula  proved  incidentally  by  Mr  Boole 
{Journal,  vol.  ii.  [1S47]  p.  7),  in  a  paper  "On  the  Attraction  of  a  Solid  of  Revolution 
on  an  Externa!  Point." 

Let 


then,  assuming 


(.so  that  x  =  ±\  gives  ^=±1),  we  obtain 


(i  -  myy       ' 


1  -  ir(/ 

Assume  therefore 

ia  +  {n  —  imai)  (m  —  inot)  —  0, 
whence 


(A-  =  1  +  -m^  +  n'  —  2m.'  —  2n^  —  2m'»= ), 
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(1 -'■"</)■ 


(1  -  myf  ' 


ir.      /I      !  +  «'      U' ^y 

V    (i  -  (n  -  im^nl-,  ■/[(!  ~y'){l-(m-  im)'  f\] ' 

Vli-{»-i»>«)-jJ.V[(i-j-)li-(«.-ii«)-y)]- 

l-m"  +  ij-+A 

re  —  *ma  = ^r , 

2ii 

1  +  m^  -  w^  +  A 

l-(n-.ma)"--^j;,     (A+l~m"  +  n-), 
l  +  "-"2^.(^  +  l— ■-»■>■ 
•  Q^  1    A  +  1  -  m^  -  )i= 


!-(■«-  imaf     tn?  A  +  1  -  m=  +  «' 

^  J^  (1  -  m^  -  w'  +  A)  (t  -  m'^  +  ft^  -  A)  ^  2(l  +  »t— »^  +  A; 
„i=  (1  _  m=  +  ,1^  +  A)  (1  -  m^  +  m=  -  A)  "    4«7.= 

;ouBeqiiently 

^  =  l./|2(i-^..-..  +  A)i/;  ,f^.,_„.^^..   n- 

Write 

,      IH-  m=  -  m=  +  A  4#i 


^ f        <*?         . 

X-  vKi  +m)'-»'i  A  v((i- j-)(i-i-y)! ' 

where  A.  and  &  are  connected  by  the   relation   that  exists   for   the   transforrnatioD   of  the 
second  order,  viz. 
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as  may  be  iiii mediately  verified  ;    hence,  asBuming 

which  gives 

f' dji  _   __  _  A  r  __    ^^ 

we  find 

dz 


U^- 


""''-""'^Vy-'-H-aT^-^')}' 


VRl  +  m)^ 

that  is 

[' dx  ^^r ^ 

j_,  V[(l  -;^0  |l  -"(ma:  +  w)}=]         J  „  V(T- ^=)  [((1 +m)=-m=j"- 

Wiiting  here 


f"''  de _  T" d4 


then  linally 

h-J[a'  +  {2  +  irco&ey]  ~j„  V(a^  +  l■=^-^'-2arcos0)• 
the  feiiiiula  in  question. 
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[Fioui  the  Camhidge  and  Dublin  Mathematical  Journal,  vol.  v.  (I80O),  pp.  217—226.1 

In  a  Mtcr  publihhed  in  1846  in  LtouvtUe's  Journal  (t.  xi.  p.  341)  Jacobi  says, 
"  II  y  a  qudtorze  ans,  je  mc  '-uia  pos^  le  problerae  de  chercher  I'attraction  d'un  ellip- 
soide  homogent!  exercee  sur  un  point  ext^iienr  quelconque  par  une  m^thode  analogue  k 
celle  employee  pai  Maclaurm  par  rapport  aux  points  situ^s  dans  les  axes  principaux, 
J'y  suia  parvenu  pai  tioi^  substitutions  cons^eutivea.  La  premiere  eat  une  transforma- 
tion de  coordonn^es;  par  la  seconde  le  radical  V(l  — m^  sin'^cos^-^  — )i°sin*;Ssin^-^)  qui 
entre  dans  la  double  int^grale  transform^e  est  rendu  rationnel  au  moyen  de  la  double 
substitution 

m  sin  /3  cos  ifr  =  sin  jj  cos  d,    m  sin  yS  sin  -"^  =  sin  )j  sin  $ ; 

la  troisi^me  eat  encore  une  transformation  de  coordonnees.  La  recherche  du  sens 
g^om^trique  de  cea  trois  substitutions  m'a  conduit  k  approfondir  la  th^orie  des  surfaces 
confoeales  par  rapport  auxquelles  je  d^couvris  quantity  de  beaux  th^oremes  dont  je 
communiquai  quelques-uns  des  principaux  k  M,  Steiner.  Consid^rons  I'ellipsoide  confocal 
mene  par  le  point  attir^  P  et  le  point  p  de  rellipsoide  propos^,  conjugu^  a  P. 
Soient  Q  et  q  deux  autres  points  conjugu^s  quelconques  situ^a  respeetivement  sur 
Tellipaoide  ext^rieur  et  interieur.  Menons  de  P  un  premier  cone  tangent  k  I'ellipsoide 
int^rieur,  de  p  un  aecond  cone  tangent  a  I'ellipaoide  exterieur.  Ce  dernier,  tout  imagi- 
naire  qn'il  est,  a  aes  trois  axes  r^els  (ainsi  que  sea  deux  droites  focales).  La  premiere 
substitution  ramfene  lea  axes  de  Tellipsoide  a  ceux  du  premier  c6ne  (c'est  la  substitution 
employee  par  Poisson,  mais  que  j'avaia  ant^rieurement  trait^e  et  m^nie  ^tendue  a  un 
nombre  quelconque  de  variables  dans  le  ra^moire  De  hinis  Fwnctionibus  homogeneis  <fcc. 
[Crelle,  t.  xil.  (1834)  pp.  1 — 69]).  Par  la  seconde  substitution  les  angles  que  la  droite 
Pq  forme  avec  les  axes  du  premier  c6ne  sont  laments  aux  angles  que  la  droite  pQ 
forme  avec  les  axes  du  second.  Par  la  demi^re  substitution,  on  retoume  de  ces  axes 
aux  axes  de  I'ellipsoide.  La  seconde  substitution  r^pond  k  un  th^orfeme  de  g^om^trie 
remarquable,  aavoir  que  '  Lea  coainus  des  angles  que  la  droite  Pq  forme  avec  deux  des 
axes  dn  premier  c6ne  sont  en  raison   constante   avec  les   cosinus  dea  angles  que  !a  droite 
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[89 


ces    deux   axes  sont  lea  tangents  situ^s 

et    de    moindre    eourbure    de    chaque 

I'ellipsoide.'      Tout    cela  aemble   difficile 


pQ   forme   avec   deux   des  axes   du   second 
respectivement    dans    les    sections    do   plus 
ellipsoide,   le   troisieme   axe   etant   la   normale 
k   ^tablir   par  la   synthfese." 

The   object   of  this  paper  is  to  develope  the  above  method  of  finding  the  attraction 
of  an  ellipsoid. 

Consider  an  exterior  elHpsoid,  the  squared  semiaxes  of  which  are  /+  u,  g  +  u,  h  +  u\ 
and  an  interior  ellipsoid,  the  squared  semiaxes  of  which  are  f+u,  g  +  u,  h  +  a.  Let 
w,  p,  q  be  the  eUiptic  coordinates  of  a  point  P  on  the  exterior  ellipsoid,  the  elliptic 
coordinates  of  the  corresponding  point  P  on  the  interior  ellipsoid  will  be  u,  p,  q,  and 
if  a,  h,  c  and  a,  b,  c  represent  the  ordinary  coordinates  of  these  points  (the  principal 
,  we  have 

_(/+»)(/+ 9)  (/+■■) 
-         (4_/)(J,_y)         ■ 


_(u+f)(,i+g)(u 


.    (f+^)(f+q)(f+') 

(f-s)  (/-!')     • 

,,,    ig  +  t')  (9  +  1)  (}+•■) 

to-*)  (9-/)     ■ 

„      (h  +  u){h  +  q){h  +  r} 

(k-g)(h-f)       ■ 

I  form  the  systems  of  equations 

.     (»+/)(«  +  y)(»  +  i) 

(5-r)(,-„)        ■ 

,,    ■(r+/)(r  +  9)(r  +  h) 
".             (r-«)(r-j)        ■ 

f+u- 

/3 

_    0,6 

P 

S  +  l 

'"=f^r- 

»■' 

S  +  r 

/+«■ 

5 

5,5 
g  +  u 

? 

g  +  i 

?' 

~g 

+  r 

(S_5)(S_r)        • 

_(g+/)(i  +  ff)fa+t) 
(g-rXj-ii) 

(r+f)(r+g)(T+h) 
(r-u)(r-q) 


_       Onfi 

h  +  u' 

h  +  q' 

~  k  +  r' 
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And  then  writing 

7  -  ;3Zi  +  ^'7,  +  ^"Z, ,  Y  =  IBX,  +  ^%  +  &'% , 

Z  =^yX,+  r/Y,  +  i'Z„  Z  ==~'yX,+  y'Y,  +  i%, 

if  X,  Y,  Z  are  the  cosines  of  the  inclinations  of  a  line  PQ  to  the  principal  axes  of 
the  ellipsoids,  X,,  Fi,  Zi  will  be  the  cosines  of  the  inclinations  of  this  line  to  the 
principal  axes  of  the  cone  having  P  for  its  vertex,  and  circumscribed  about  the  interior 
ellipsoid.  In  like  manner,  X,  Y,  Z  being  the  cosines  of  the  inclinations  of  a  line  PQ 
to  the  principal  axes  of  the  ellipsoids,  X,,  F,,  Z^^  will  be  the  cosines  of  the  inclinations 
of  this  line  to  the  principal  axes  of  the  cone  having  P  for  its  vertex  and  circumscribed 
about  the  exterior  ellipsoid.  Assuming  that  the  points  Q,  Q  are  situated  upon  the 
exterior  and  interior  ellipsoids  respectively,  suppose  that  Xi,  Fj,  Z^  and  Xi,  F,,  Z^  arc 
connected  by  the  equivalent  systems  of  equations. 


y   \u-u      u~q      u  —  rj 


II  X,"        Yf        Zi 


Z3\v. 


'  X;      Yf      z, 


then  it  will  presently  be  shown  that  the  points  Q,  Q  are  corresponding  points,  which 
will  prove  the  geometrical  theorem  of  Jacobi.  Before  proceeding  further  it  will  be 
convenient   to   notice   the   formulas 

Xa         Yh         Zo    _u-ul X-fi^        FA  Z^Cy  \ 

(  Xa^.yb_       Zo   Y     u-uf   X^  Y^  Z"  \ 

_u—u,lXf  J^.H\^?±. 

a,=    U  - «  w  -  2     u-r)      ai'' 

C.  65 
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and  the  corresponding  ones 


Xa        Yb        Zc      u-u/Xa       YA       Za\ 

I  X'a        Yb         Zoy     u-ul ^^     J^        Z'  \ 
l/+»  +  ff  +  i  +  r+»J  +"o,'A/+»  +  j,  +  ,.  +  t  +  ,ij 

_ u-i  /J^       Yi_       z;-  \  _  X^ 
ai'    \u-u      u-q     u ~ r)      a,'  ' 

The   coordinates   of   tlie    point  Q  are   obviously   a  +  pX,   b  +  pY,  c  +  pZ  (where  p^PQ): 
substituting  these  values  in  the  equation  of  the  interior  ellipsoid,  we  obtain 

,  /    X-  r>  2-  \      „    /  Zo         Yb         Zo   \      I    a'  b'  C         ,\      „ 

reducing   the    coefficients    of  this    equation    by    the    fonni.il£e    first    given,    and    omitting    a 
factor      _  ^   ,  we  obtain 

\7i,^X''        (X-^a^        FA        Z,r.,y]    ^     „    {X,a,        FA        Z,c,\      ,       , 


«i'X|'   ^„_  \J  X^a,    ,    FA       jZ.C  \ 
l  —  q     u  —  r) 


(,r^r-ic^— +  :^+^ 


which  is  easily  transformed  into 


aX  ~7iX  +  (/+»)''.r.-(/+f.)i.y-.    (/+«)_eA -(/+ii)c.g. ■ 
'  '     '  '  /+«  /+'■ 

and  this  form  remaining  unaltered  when  u  and  i*  are  interchanged,  it  follows  that  if 
PQ^p,  then  p^p,  which  is  a  Itnown  theorem.  The  value  of  p  or  ^  may  however  be 
expressed  in  a  yet  simpler  form ;   for,  considering  the  expression 

_X_ X a_    f  oA      Mf,       tlZ.l 


_X X       ^ «_    (oA      Mf,       0^1  S         (a,X.kY,       i,Z,l 

Af+i)     V(/+«)     V(/+ii)l/  +  »V+5     Z+r)      V(/+ «){/+« +7+^ +/^( 

L  X  -  „  y  +  <=f  +  "iMVH/juaii', ,  (/+..)6^, -(/+■■)  eg) 
I '  '    '  f+1  f+r       '  )• 


=  ii-»V(/+«)   v(/+»)l 
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;  that 


_^ A.    ,^lf       « 5_     X 

V(/+i)    V(/+")       pW(/+s)    V(/+«)/' 


ind  similarly 


F Y       ^_\f      _h    __         b       \ 

__z ?_-^_\{ 1 ^-V 

which  are  in  fact  the  equations  which  express  that  Q  and  Q  are  corresponding  points. 

It  is  proper  to  remark  that  supposing,  as  wo  are  at  liberty  to  do,  that  P,  P  are 
situate  in  corresponding  octants  of  the  two  ellipsoids,  then  if  the  curve  of  contact  of 
the  circumscribed  cone  having  P  for  its  vertex  divide  the  surface  of  the  interior 
ellipsoid  into  two  parts  if,  M,  of  which  the  former  lies  contiguous  to  P :  also  if  the 
curve  of  intersection  of  the  tangent  plane  at  P  divide  the  surface  of  the  exterior 
ellipsoid  into  two  parts  M,  N,  of  which  M  lies  contiguous  to  the  point  P ;  then  the 
different  points  of  M,  M  correspond  to  each  other,  as  do  also  the  different  points  of 
N,  N. 

We  may  now  pass  to  the  integral  calculus  problem.  The  Attraction  parallel  to 
the   axis   of  x   is 


.  _  f    xdxdydz 

^'C'  +  t  +  ^f 


the  limits  of  the  integration  being  given  by 

(»  +  ")■  ,  &  +  >)'  ,(»  +  ?)"_  1  . 
f+i    +   s  +  u  +'h  +  u       '■ 

or  putting 

x^rX,     y^rY,     z^rZ, 

where  A',  Y,  Z  have  the  same  signification,  as  before,  we  have 

dxdyde  =  i^drdS, 

and  then  A  ^  fXdrdS^jpXdS. 

where  p  has  the  same  signification  as  before :  it  will  be  convenient  to  leave  the  formula 
in  this  form,  rather  than  to  take  at  once  the  difference  of  the  two  values  of  p,  but 
of  course  the  integration  is  as  in  the  ordinary  methods  to  be  performed  so  as  to 
extend   to   the   whole   volume  of  the   ellipsoid.     The  expression  dS  denotes  the  differen- 
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tial   of  a  spherical   surface   radius   unity,   aird   if  0,  if>  are   tile   parameters  by  which  the 
position  of  p  is  determined,  wc  have 

X,         Y,  Z 

dX        iY  dZ 

de'     de'  de 

dX       dY  dZ 

dip '      d<i>  '  dip 
In  the  present  case 

dS-iift-      X„         F„  Z,       dY,dZ„ 

dX,        dY,  dZ^ 

dY,'      dY,'  dY, 

dX,       dY,  dZ, 

dZ,'     dZ['  dZ\ 

or   from   the   values   of  X,,    Y,,  Z,  in  terms   of  X,,   Y,,  Z,   {observing   that  X,  must   be 
replaced  by  its  value  ^(1  -  Y,^  -  Z,^)]   we  deduce 


dS-^^§,^l^}imdz,. 


But  lis  =  dS,  -  i  dY,dZ„ 
X, 


dS 


Xi-,)(i~r)]  X,dS 


Vt<«-?)(«-'-)J 


which  shows  that  the  corresponding  elements  of  the  spheres  whose  centres  are  P,  P, 
projected  upon  the  tangent  planes  at  P  and  P  respectively,  are  in  a  constant  ratio. 
It  may  he  noticed  also  that  if  ft,  'p.  are  the  masses  of  the  ellipsoids,  the  ratio  in 
question 

I  (m  -  r))      fMi^  ' 


We  have  thus 


-Vl(«-?) 

Vt(»-3) 


Vt(.'-3) 


t)\  rpX,XdS 


'u^),p_      _ 

u-4!    X, 


fj)  rp{(^,  +  (iY,  +  a"Z,)  X,d,S 


>-r)}J  X, 


The  value  which  it  will  be  convenient  to  use  for  p  is  that  derived  from  the  equatio 
X-    ,     F"  


_,/    X'         F"         Z'  \     „-/Xa        Yb         Z'i\     u-u 
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with  only  the  transformation  of  expressing  the  radical  in  terms  of  X,,  viz. 
Xa        Yb         Zi        1  ^ 

f+u    g  +  u     h  +  II, 

substituting  these  values  and  ohsorving  that  F,  and  Z^  are  rational  functions  of 
X,  Y,  and  Z,  but  that  Xj  is  a  radical,  and  that  in  order  to  extend  the  integration 
to  the  whole  ellipsoid,  the  values  correaponding  to  the  opposite  signa  of  X,  will  require 
to  be  added,  the  quantity  to  bo  integrated  (omitting  for  the  moment  the  exterior 
constant    factor)    is 


f+u^g  +  u-^h  +  u 

the  integration  to  be  extended  over  the  spheiical  area  S.      Consider  the   i.|uantity  within 
{  ),  this  is 

The  coefficients  of  Y  and  Z  vanish,  in  fact  that  of  Y  is 

r+ng  +  'ii    th{f+'q)V  \q^^) s  +  i^if+^yV  V^i) g  +  r 

«.l{7+»)(S'  +  «)(/+5)(ff  +  «)VW-''/    (/+<■)(»  +  '') Vl>-Wf 

A  f  "■'  I V i  g.'         1      n  ■ 

«i  l(/+  »)  (■;  +  «)(/+  «)  (»  +  ?)    (/+  ')  (s  +  <■))      ■ 

and  similarly  for  the  coefficient  of  Z. 


The  coefficient  of  X  is  in  like  i 


ner  sho\vn  to  be 


aa{     ay        ,       K^      I       G,^     \      OM        if-a){f-h)        ^a^^a^_ 
<h{{f+^y     if+qr     {f  +  ry\      a,  (/+M)(/+5)(/+r)     ahi,     aa,/ 


■  the  quantity  in  question  is  simply 
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Multiplying  this  by  Xi,  =aX  +  a'F+ a"Z,  the  terms  containing  XY,  XZ  vanish  after  the 

integration,  and  we  need  only  consider  the  term  —  X'',  or  what  is  the  same  — -ri. — ir-X^ 
°  '  ■>  aa,  aa,{/+u) 


1  ^      /{(u-q)(u-r}]         a^a,        f 


/  +  ii     g  +  u     h  +  u 

The   value  of  the  corresponding  function  A   (that   is,  the   attraction  of  the   exterior 
ellipsoid  upon  P)  is 

f+u     g+u      h+u 
the  Hraits  being  the  same,  whence 


/(i  +  jMi  +  i),      „_V(«_+iK(S+/)j,      „_V(<i+/)V(.i+y)p 

v(.+»)v(»+t)  '       v(»+i)v(r+/)^'  ''-v(»+/)v(«+»)  • 

ibrmulse   which  constitute  in  fact  Ivory's  theorem. 

Let  K,  K  denote  the  attractions  in  the  directions  of  the  normals  at  P,  P,  we  have 
K  =  '^-^{X48,     K^lxM 

and  it  is  important  to  remark  that  this  is  true  not  only  for  the  entire  ellipsoids ; 
but  if  jitt,  jS  denote  the  attractions  of  the  cones  standing  on  the  portions  M,  N  of 
the  surface  of  the  interior  ellipsoid,  and  ^Bl,  0.  the  attractions  of  the  portions  of  the 
exterior  ellipsoid  bounded  by  the  tangent  plane  at  P,  and  the  portions  M,  N  of  the 
surface  of  the  exterior  ellipsoid,  then 


where  obviously 

Jf-ji-iiw,  -K-ia+ift 

this  theorem  is  s 

0  far  a 

s  I  am  aware  new. 
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NOTE   SUR   QUELQUES   FOEMULES  RELATIVES  AUX  OONIQUES. 


[From  the  Journal  fiir  die  rmie  und  am/ewandte  Mathsmtdik  (Crelle),  torn.  XXXIX. 
(1850),  pp.  1—3.] 


•ordinaire 

a 

-EC 

-*•• 

33 

-CA 

-e- 

a 

-AB 

-H' 

S 

-GH 

-AF 

«l 

=  HF 

-EG 

m 

-Fli 

-OH 

ct  d^sigm 


K  :=  ABC  -AF^^  BG'  -  CM'  +  2FGB,  ) 
,  pour  abr^ger,   leg  fonctions 
Ax^  +  By^  +  Oz'  +  IFyz  +  2(?ics  +  2,Hxy. 
Aax  +  B0y  +Cr^z  +  F  {^z  +  7;/)  +  G  (7^5  +  ae)  +  IHay  +  ^x), 
A  (I3z  -  yyy  +  B  (yx  ~  azf  +  G{ay-  M"  +  ^^  (7*  -  ^)  (^y  -  M 

+  m  (^y  -  0w)  (pz-yy)  +  2H  Wz  -  yy)  {j^-  -  m) : 


&o. 


Aii^+  ...  ;     Aa!>;+  . 


A(0z-yyy- 


. ;   &c. 


Cola 

a,  30,  ®, 

lieu  de  A. 


pose,  soient  ^  +  a,  33 +  b,  iS^  +  c,  jf  +  f,  ^4-g,  |^  +  h,  K  +  k  co  que  devioimeiit 
jf,  CB,  ?^,  K,  en  ecrivaut  A  +  a.\  B  +  /3\  C-hy\  F+0y,  G  +  y%  H  +  ajS  au 
B,  G,  F,  G,  H.     Alors  on  aura  d'abord 


Hosted  by 


Google 


520  NOTE    SUE   QUELQTJE8   FORMULES    RELATIVES    AUX    CONIQUES.  [90 

et  Ics  quantit^s  a,  b,  c,  f,  g,  h  seront  donn^es  par  I'dquation 

««■+.. ..^(/3.-7y)'+ (3). 

Oil,  si  Ton  vcut,  par  eelle-ci : 

a«,  +  ....^(/j2-7;/)(/32,-7i,,)  + W, 

(savoir,  en  consid^rant  ces  Equations  comme  identiques  par  rapport  k  x,  y,  e   ct  x,,  y,,  z, 
tespectivement). 

On  obtient  sans  difficult^  les  Equations  identiques : 

iMa,  +  ...)  {Axa;,+  ...)- (A=u^  +  ...)  (A=r,^,  +  ...)=        ^  (^^.  -  t^/OCA^- 7.y)+  ■-  ,  (5). 

(a«a,  +  ...)(a«^.  +  ...)-(^«*+--)(^a.'^i+-)  =  -S:[^(/3^,-7^.)(A^-%!/)+--]  (6). 

Comme  on  salt,  la  condition  sous  laquelle  la  droite  Ix  +  my  -\-m  —  (>  touelie  la 
conique  U—Ai»?+  ...=()  peut  ^tre  pr&entfe  sous  la  forme  l8;P4-...  =  0.  Done  la  con- 
dition pour  que  cette  droite  touche  la  conique   U+{ax-^  ^y  +  'yz'f  =  0,  est 


1-  ^  (tto  -  Qnf  +  . . . 


En  reduisant  au  moyen  de  I'^quation  (^«^+  ...){^P  ■}-...)-- E{A  (ym~0ny+  ...]  (laquelle 
n'est  qu'un  cas  particulier  de  I'^quation  (6)),  cette  condition  devient: 

{K+ma^+...)(mi'+...)~(^al+...y^O (8). 

Pour  trouver  la  condition  sous   laquelle  les  eoniques 

V+{ctx  +  ^y  +  ysiy  =  0,      11+  {a^x  +  0,y  +  y^zf  =  0 
se  touchent,  on  n'a  qu'^  remarquer  que  I'^quation  de  la  tangente  commune  est,  ou 
(a-aO;c  +  (^-A)2/  +  (T-7i)2  =  0,        ou        {fx+(^,)x  +  {^  +  ^,}y  +  (y  +  y,}z^O. 
En  ne  consid^rant  que   la  premiere  de  ces  droites,  on  a  pour  la  condition  cherebi^e : 
^(a-a;r  +  ...  +  A(0y,-^,yy+...=O (9); 

ou,   en   reduisant   au   moyen   du   m^me  cas  particulier  de  I'equation  (6),  on  obtient  cette 
condition  sous  la  forme 

(K  +  ^a-'+  ...)(K  +  ^ci,^+  ...)-(K  +  ^<ici,+  .,.y  =  0 (10). 

On   sait   que   les   coordonnecs   X,    Y,   Z  du   pole   de   la  droite   ?iC  +  my  +  n2  =  0,   par 
rapport  k  la  conique    f/^O,  peuvent  §tre  trouv^es  par  I'equation 
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(consid^r^e  comme  identique   par  rapport  a  X.,  fj.,  v).     De  la  les  eoordonn^es  X,   Y,  Z  du 
p61e  de  cette  m^me  droite  par  rapport  a  la  conique 

se  troiiveroiit   par  iequation 

\x  +  ^lY ^-vZ=m\  +  ■■■  +  Airym- Miyi^- M (H) 

(consid^ree   comme   identique    par   rapport   a    \,    ji,    v).     Cette    equation   peut   aussi   etre 
presentee  sous  la  forme 

K{\x + iiY+vZ)={K +n<^'+  ...){m\  +  ■■.)-i^'^\¥ ...)m-ii^ ...)  ... (12), 

Re  qui  peut  &tre  d^montrd  fecilement  an  inoyen  d'un  cas  particuUer  de  I'^quation  (6). 

Si  lea  deux  droites  lx-¥my  -k-m=0,  l'x+  m'y-\-n'z  =  <3,  touchent  la  conique  U=0, 
I'^uation  de  la  droite  qui  passe  par  ies  points  de  contact  sera  A{m,n!  ~-m'n)x+ ,..=^. 
Done:  si  ces  deux  droites  touchent  la  conique  [r+(aic  + ;St/+ 73)*=  0,  I'^quation  de  la 
droite  qui  passe  par  les  deux  points  de  contact  sera 

A  (m;i'  --'m,'n)x+...+{ax  +  0y+  ys)  [a  {mn'  -  m'n)  +  0  {nl'  -  n'l)  +  7  {Im'  -  I'm)]  =  0  . . .  (13). 

Les  formules  obtenues  seront  utiles  pour  la  solution  du  probleme  du  me  moire 
suivant,  [91].     Je  les  ai  rapproch^ea  ici  pour  ne  pas  interrompre  cette  solution. 
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91. 

SUE    LE    PROBLEME    DES    CONTACTS. 


[From   the   Journal  fur   die   reine  und   angewandte   Mathematik  (Crelle),   torn.    XXXIX. 
(1850),  pp.  4—13.] 

Je  irie  propose  iei  la  solution  analytiquu  du  probleme  suivant: 

"  Etant  donn^es  trois  coniques  inscrites  a  une  m^me  conique :  trouver  une  autre 
conique,  aussi  inscrite  k  cette  conique,  qui  touche  les  trois  coaiques  inscrites;  et  tirer 
de  la  les  constructions  g^om^triques  ordinaii'es." 

Je  commence  par  r^capituler  quelques-unes  des  propria t^s  d'un  systfemc  de  trois 
coniques  inscrites  a  la  m^me  conique. 

Un  systfeme  de  six  droites  qui  passent  trois  a  trois  par  quatre  points,  s'appelle 
quadrwiigU.  Lea  points  de  rencontre  des  cdtea  oppos^  sont  les  centres  du  quadrangle; 
les  cdt^s  du  triangle  form^  par  ces  trois  centres  sont  les  axes  du  quadrangle.  De  m^me, 
un  systfeme  de  six  points  situ^s  trois  a  trois  sur  quatre  droites,  s'appelle  quadrilatire. 
Les  droites  qui  passent  par  les  angles  opposes  sont  les  aiees ;  et  les  angles  du  triangle 
forni^  par  les  trois  axes  sont  les  centres  du  quadrilatfere. 

Deux  coniques  quelconques  se  coupent  en  quatre  points  qui  formenb  un  quadranglt^ 
inscrit  aux  deux  coniques.  Elles  ont  quatre  tangentes  communes  qui  forment  un 
quadrilafcfere  circonscrit  aux  deux  coniques.  Le  quadrangle  inscrit  et  le  quadri latere 
circonscrit  ont   les  niSme  centres  et  les  m^mes  axes. 

Si  deux  coniques  sont  circojiscrites  on  inscrites  I'une  h  I'autre,  la  droite  qui  passe 
par  les  deux  points  de  contact  s'appelle  chorde  de  contact,  et  le  point  de  rencontre  des 
deux  tangentes  communes  s'appelle  centre  de  contact. 

Cela  pos^ :  les  coniques  circonscrites  k  deux  coniques  donn^es,  peuvent  etre  divis^es 
en  trois  classes:  une  conique  circonserite  appartient  k  une  quelconque  de  ces  trois 
classes,    selon    que    les    points    de    rencontre    des    chordes    de    contact    de    la     conique 
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circonscrite  et  do  chacune  des  deux  coniques  domiiJes  coincide  avec  uii  quelconc^uci  dos 
broia  centres  du  quadrangle  inscrit,  on  du  quadrilatfere  circonscrit ;  ou,  si  Ton  vent, 
selon  que  la  droite  qui  passe  par  lea  centres  de  contact  de  la  conique  circonscrite  et 
dea  deux  coniques  donn^es,  coincide  avec  un  quelconque  des  troia  axes  du  quadrangle 
inscrit,  ou  du  quadrilat^re  circonscrit. 

En  consid^ant  les  deux  coniques  donnees,  et  unc  conique  circonscrite,  nous  dirons 
que  les  deux  cfit^s  du  quadrangle  inscrit  qui  se  coupent  dans  le  point  d'intersection 
des  deux  chordes  de  contact,  sont  les  awes  de  symptose  des  deux  coniques  donnees,  et 
que  les  deux  angles  du  quadrilatfere  circonscrit,  situ^a  sur  la  droite  qui  passe  par  les 
deux  centres  de  contact,  sont  les  centres  d'homologie  dea  deux  coniquea  donnees. 

Soient  maintenant  inscrites  trois  coniques  h.  la  mfeme  conique.  En  combinant  deux 
a  deux  ces  trois  coniques,  les  six  axes  de  symptose  se  couperont  troia  k  troia  en  quatre 
points  que  nous  nommerons  centres  de  symptose,  et  les  six  centres  d'homologie  seront 
situds  troia  k  trois  sur  quatre  droites  que  nous  appelcrons  axes  d'homologie. 

Soient 

les  Equations  des  trois  coniques  inscrites,  ou 

U  =Aai'  +  By'  +  O2'  +  IFys  +  'iGmz  +  ^Hmy, 

Fa  =  O^   +  y^sy  +  7j2, 
Fs  =  a^m  +  ^iy  +  7^. 
Si  Ix  +  my  +  Ji2  =  0 

est  I'equation  d'une  tangentc  commune  aux  coniques  C  +  Fi'  =  0,  [''  +  V^  =  0,  lea  furmules 
de  la  "Note  sur  quelques  formulea  &c."  [90],  en  adoptant  la  notation  do  cctte  note, 
donneront  les  Equations 

(r+gtV  +  ...)(a^=  + ■■■)- (^«i« +  ■■■)'  =  0, 

(A'+gio==+...)(ap+  ...)-(a=a+  ...)==o, 

qui  serviront  a  determiner  les  valeurs  de  I,  m,  n;    on  obtient  par  la  I'^xpressiou 
(pii  fait  voir  que  r<^quation  Iw  +  my  +  nz  —  0  eat  satisfaitc   on  dcrivant 

,«:;/i^  =  V(-ft^  +  aa,^+-.-)(^«i+?^A  +  eJTi)-V(.s:  +  ^«/+...)(a«.  +  ?^;3,  +  eG7.)--.(i) 

:   s/(K  +  aa,^  +  ...)(<Sa,  +  Jfft  +  ©  7^)  -  ^{K  +  gla,=  +  ...)(<&a,  +  JF/3,  +  ©7,), 
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et  ces  equations,  qui  peuvcnt  aussi  6tre  presentdcs  sous  la  forme  plus  simple 

Ax  +  Hi/  +  &s  :  Hx-^Bij  +  Fz  :  Gx  +  Fy  +  Os (2), 

:  v(Jir+a«,'-..)A-v(x+ia«.'-)A 
:  V(if+a«,'...)7,-v(jr+aa.-. ..)■/., 

correspondent   a   un   centre   d'homologie   dos   deux   coniques    U+V,^—0,    U+V^^O. 
En  mettant,  pour  abr^ger, 

v(A:+a«,'+. ..)=?.,  v(^+a«." +  ...)-!)„  vcif +««/+... )=p. (s), 

on  obtient  facilemont,  pour  un  des  axes  d'homologie  des  trois  coniques,  I'dquation 


P: 


P,.    P, 


my- 


=  0.. 


..«. 


et   celle8   des   trois   autres    axes    d'homologie    en    peuveiit    eti'e    tiroes    en    change  ant    Ics 
signes  de  pi,  ps,  Pt- 


Remarquons  que  !' liquation 


1  , 


1  , 


-0  . 


..(5) 


Ax  +  Hy  +  Gz,  u„  a„ 
Hx+By+Fz,  A,  ft, 
Gx  +  Fy+  Oz,     7i,     73, 

est  celle  de  la  polaire  d'un  des  centres  de  symptose  des  trois  coniques  par  rapport  a 
la  conique  circonscrite  U  =  0,  savoir  de  celle  qui  est  donn^e  par  le  systeme  1^1=  Vi=  Vg, 
et  que  les  Equations  des  trois  autres  polaires  correspondantes  se  trouveront  en  changeant 
les  signes  de  a^,  ^i,  71,  ou  de  a^,  ft,  75,  ou  de  a,,  ft,  73. 

Cherchons  le  p5Ie  de  I'axe  d'homologie  dont  nous  venons  de  trouver  r&[iiatioii,  par 
rapport  k  une  quatrifeme  conique  inscrite  U  +V^  =  Q  (V  =  ax  + /By  +  ys:).  En  exprimant 
cette  equation  par  lic+  my  +m  =  0,  on  obtiendra  les  eoordonn^s  de  ce  p61e  au  moyen 
de    r  Equation 

K{\X  +  /iY+i'Z}=p'{m\  +  ..:)-(ma\+  ...)(Mal  +  ...)  (6), 

ou,  pour  abreger,  on  a  mis  p^^ (K +  ^Ci'' + ...).  (M^moire  cit^;  equation  (12).)  Mais 
ici  on  a 


y;  +  my  +m  — 


p„  p., 

Ace+Hy  +  Gz,     a.,  a^, 

Hx  +  By  +  Fz,    ft,  ft, 

Gir.-\-Fy  +  Gz,     7,,  7^, 
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ce  qui  doune  immediatemeiit 


et  de  la  on  obticiit 


-{»A+...) 


■■0): 


ft     ft,     A,     ft 


savoir,  en  consid^rant  cette  liquation  eomme  idoutique  par  rapport  a  \,  ft,  v,  on  obtient 
les  coordonn^es  X,  Y,  Z  du  point  dont  il  s'agit.  En  prenant  particnlierement  ce  pole 
par  rapport  a  la  conique   ET  +  F/  =  0,  cette  Equation  se  r^dnit  a 


-(XZ  +  ^y+f^^p, 


]>•-,    P; 


A,     A,     ft 


-(a«,X  +  ...) 


■  (S). 


■ut,   X,   Y,  Z  seront  determines  par 
«,X+ftF+,,^.-B>    +S 


(9)- 


Lc  facteur  —  a  (5te  supprim^.  De  la  on  obtient  aussi  1' equation  de  la  droite  inenet 
par  ce  point,  savoir  par  le  p61e  de  I'axe  d'homologie  par  rapport  a  la  conique 
L''"  +  T'^i"  =  0,  et  par  le  centre  de  symptose   F"i=V"3=Fa.     En  effet,  cette   equation  est 


■  (lO). 


Pi^ 


On  pourrait  ^galement  chercher  le  point  d'intersection  de  la  polaire  du  centre  de 
symptose  F,  =  1^2=  Fj  par  rapport  \  f/  +  Fj^  =  0,  et  de  I'axe  d'homologie ;  ce  point 
serait   ^videmment   le   pole   dc  la   droite   exprim^e   par   la  domiere  equation,  par  rapport 


Ces  r^sultats  seront   utiles  pour   I'intei'pr^tation   de   la  formiile  relative  a  I 
qui  touche  les  trois  coniques  donn^es  et  que  nous  irons  chercher  maintenarit. 


conn  [lie 
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Representons  par   JJ  +  ¥"  =  ()  I'e'q nation  de  cette  t 
cite    donnera    I 


[31 
,  reqoation  (10)  dii  memoire 


gla%+...  =  --fi:+pj(J5,  I    

auxquellea  nous  ajouterons  I'equation  qui  donne  la  valeur  de  p,  aavoir 
nce-V.-.^-K  +  ^f  


(12). 

II  n'y  a  qa'a  siibsLituei'  dans  cette  demiere  equation  lea  valeurs  de  a,  ^,  y  que  doniieiit 
les  trois  autres.  Par  \k  on  obtient,  pour  determiner  p,  uue  (Equation  du  second  degre 
et   de   la   forme 

K'^L-iKpM+p-'N^O (13); 


e'est-^-dire,  en  faisant  M''~NL  —  il\  A- 


il  +  M 


,  on  aura  p  =  AK  et  do  la 


^aa,+  ...^-K(Ap,--\),  I  (14), 

^aa,  +  ...  =  -K(Ap,-l)j 

oil  A  est  une  quantity  connue,  dont  la  valeur  sera  donn^e  dans  la  suite,  Poui'  le 
moment  il  suffit  de  remarquer  qu'en  changeant  a  la  fois  les  signes  de  p„  p^,  p^,  XI, 
cette  quantity  A  ne  change  que  de  signe.  Au  lieu  de  chercher  les  valeurs  de  a,  j^,  y, 
il  vaut  mieux  ^liminer  ces  quantity  entre  ces  dernier es  equations  et  1  equation 
V—aw  +  ^y  +  yz  —  O.     Cela  donne,  pour  trouver  V,  I'equation 


K{Ap,  -  1)        ,  K  (Ap,  -  1)        ,  K  (Ap,  -  1) 

GGai  +  jF/^i  +  ti^.,  e[ia.+jFft  +  eC7„  c&a,+iFA  +  €7« 

issi  etre  ecrite  comme  suit : 


=  0   . 


(15), 


■   (i6)- 


V,  Ap,~l,  Ap,-l,  Ap^-l 

Ax  +  Hy  +  Qz,          fli,              «;,  a., 

Hx  +  By  +  Fz,        A,             8,,  A 

Gx  +  Fy  -\-  Gs.         7i,             73,  75 

En    mettaut     F^O,   on    aura    i'equation    de    la    eliorde    de    contact    de    la    coniqui 
cherchee    et    de    la    conique    circonscrito     JJ ^  0.     En    remarquant    que    I'equation   de    \i 
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coniquc    cherchee    peut    etre    mise    sous    la    forme    V—'J—JJ,  I't^qiiation    de    c^tte   conique 
se  prdsentera  sous  la  forme   tres  simple : 

■J-JJ.  Ap, -1,     A.p.,-\,     A^5-l 

Hx  +  By  +  Fs,        A,  A,  A 

G  x  +  Fy  ^Gz,         7i,  72,  73 

ou  enfin,  si  I'ou  vcut,  sous  la  forme  plus  usitee : 


7i,     7='     7!! 


A^,-l,     Ap^-l,     A^j,-1     ^  =  0...(18); 
Ax  +  Hy+Gz,         «!,  ^5,  Q^ 

Hsi+By  +  Fz,         A,  yS^,  ft 


la  premiere  do  ces  deux  formes  est  pcut-ctre  la  plus  iSMgante, 

Les  propri^t^s  gdomdtriques  sont  absolument  independantes  de  la  valeiir  de  la 
quantite  A :  maia  pour  completer  la  solution,  je  vais  douner  I'expression  de  ectte 
quantite.     Pour  cela,  remarquons  qu'en  mettant  pour  abr^ger: 


n  = 


0„    /3.,     A 
7i.     7=^     73 
I,    =ft7,-ft7„     ;,  =  ft7,-A7.,-- 

\  =  l,  {pp^  -K)  +  i,  ipp,  -K)^k  {pp.  -  K)., 


oil  aura  d'abord  I'f^quation  identique 

- KU  {a'x -I-  ^2/  +  73)  =  ppi-K.    pp.^ -  K,    pp.,  -  K 

Ax+Hy+Gz,  «i,  a,,  a, 

HiB+By  +  Fs.         ft,  ft,  ft, 

Gx  +  Fy+  Cs,         7j,  7^,  7, 

ou,  ce  qui  est  la  raeme  chose, 

Kn{ax  +  l3y^ys)^\(Ax  +  Hy  +  Gz)  +  i^(Hx  +  By  +  Fz)  +  v(Gx  +  Fy  +  Cs). 
Cola  donne 
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c'est-a-diro 

KW(gla'+...).AX'+..., 

at,  en  vertu  de  cette  expression,  I'^quation  qui  sert  k  determiner  p  se  redliit  a 

Kn'  +  AX'+.-.-KIPff^O   (20), 

En  la  eomparant  avec  leqnation  K^L  —  2KpM  +]fN  —  0,  on  obtient 

L=         W  +  [AH+l,  +  l,f  +...],  1 

M=  lA{l,  +  k+l,){kp,+  hp,  +  l,P,)  +  -l  > (21), 

N  =  -SU'  +  lA{l,p,  +  l,p,  +  l,p,y+  ...I  J 

et  de  la,  par  nne  transforniation  d^j^  employ^, 

jf-ifi-sy-n- f-    [A{i,p,  +  i,p,  +  i,p,y+...j  ^ 

l^K[A(k  +  k+l.f+-]  +  ll^-  L..(22); 

i-    [ata('>.-«.)+ft(«.-«.)+ft(",-«=>l'+-]J 

mais  1 'interpretation  de  ce  resultat  pari^  §tre  diEEcile. 

En  revcnant  sur  I'^uation  troiiv^e  pour  la  conique  qui  louche  les  trois  coniques 
donn^ea,  remarquona  que  les  sigiies  de  cx^,  ^,,  7,,  ou  de  a^,,  ^Sji' 72,  on  de  03,  ^3,  7^, 
peuvent  Stre  changes  conjointement.  Cela  revienfc  en  effet  a.  ecrire  —  Fi,  ou  —  V^,  ou 
—  V,  au  lieu  de  +  Vi,  ou  de  +  F^,  ou  de  +  F,,  ce  qui  ne  change  pas  les  coniques 
iiiscrites.  Mais  il  est  facile  de  voir  qu'en  ciiangeant  h  la  foia  lea  signes  de  Fi,  Vi,  Ft 
on  ne  change  pas  I'^quation  de  la  conique  dont  il  s'agit ;  cette  Equation  ne  change  non 
plus,  en  changeant  k  la  foia  les  signes  de  pi,  pi,  p,,  O,;  de  manifere  que  I'^uation 
trouv^e  correspond  r^ellement  k  32  coniques  diffdrentes.  En  distinguant  ces  32  coniques 
par  des  symboles  de  la  forme 


(±  F„  +  V„  ±  V„ 

±ft. 

+  ft,  ±ft,   +0): 

quatre  symboles  tcls  que 

(   r„      r„      F„ 

ft, 

ft,     ft,      a). 

(-  r„  -  y-.,  -  y., 

ft. 

ft,     ft,      a). 

(   F„      F„      y„ 

-ft. 

-ft,   -ft,   -a). 

(-  F,,    -  F„    -  v.. 

-ft. 

-ft,   -ft,   -a), 

lie    se    rapportcront   qua   une   aeule   conique.     Nous   appelerons  paires   rf-e   coniques   deux 
coniques  quelconques  exprimi^es  par  des  symboles  de  la  forme 

done   les   32   coniques   forment    16   paires,   groupies   quatre  k  quatre    de    deus 
diff^rentes  t   savoir,  pour  former  un  groupe,  quatre  paires  telles  que 

(±Vi,  +V2,  Fs,  p,,  p„  p.,,  +fl), 
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ou  qiiatre  paires  telles  que 

peuvent  Stre  combin^es.  Ces  deux  especes  de  groupes  peuvent  ^tre  distingu^es  par 
lea  noms  groupes  par  rapport  d  un  axe  d'hamologie,  et  groupes  par  rapport  a  un  cent/re 
de  syirvptose.  En  effet:  considerons  une  paire  de  coniquea,  par  exemple  celle  qui  est 
representee  par  les  symboles  ( Fj ,  V^,  V^,  Pi,  p^i,  p^,  ±  il).  Les  Equations  des  deux 
coniques  de  la  paire  sont  les  mgmes  aux  valeurs  de  A  pros ;  il  est  done  Evident  que 
les  chordes  de  contact  de  ces  deux  coniques  avec  la  conique  circonscrite  U=0  doivent 
sc  rencontrer  au  point  d' intersection  des  droites 


1  ,      1 


Ax  +  Hy  +  Gz, 
Gx  +  Fy+Gz, 


pi,  Pi,  Ps 

Ax+  Hy+  Gs,    a,,  a,,  a, 

Hx+By  +  Fz.    A,  0^,  ft 

Gx  +  Fy  +  Gs,    7„  j^,  y. 


La  premiere  de  ces  Equations  se  rapporte  a  la  polaire  d'un  des  centres  de  symptose 
des  trois  coniques  inaerites  par  rapport  k  la  conique  circonscrite ;  la  seconde  se  rapporte 
k  un  des  axes  d'homologie.     On  a  done  le  theorfeme  suivant : 

"Les  points  de  rencontre  des  16  chordes  de  contact  des  paires  de  coniques  sont 
les  points  de  rencontre  dos  polairea  des  quatre  centres  de  symptose  par  rapport  h  la 
conique  circonscrite,  avec   lea  quatre  axes  d'homologie." 

Cela  suffit  pour  expliquer  la  maniere  dont  les  deux  especes  de  groupes  ont  ^t^ 
distiugu^es, 

Cherchons  Tequation  de  la  droite  menee  par  los  points  de  contact  d'une  des 
coniques  inscrites  (par  exemple  celle  que  donne  I'equation  U+V,^  =  0)  avec  deux 
coniques  de  la  mfeme  paire.     En  reprdsentant  par 

U+(ax  +  ^y  +  ryzf  =  0     et     U+  (afx  +  &'y  +  y'zf  =  0 
les  Equations  de  ces  deux  coniques:    les  Equations  des  tangentes  communes  seront 

et  I'l^quation  de  la  droite  qui  passe  par  les  points  de  contact  de  ces  deux  droites  avoc 
la  conique    P  +  F,'  =  0  eat : 

+  {a.,x  +  ^,1/  +  y,z)  [a,  OS7'  -  ^'7)  +  ^,  (7a'  -  y'a)  +  7,  («/3'  -  a')3)]  =  0  (23). 

Pour  r^duire  cette  Equation,  en  exprimant  par  U,  i,,  m,  &c.  les  valeurs  plus  haut, 
mettons  X  =  ii(Api  -  l)  +  ^(Apj— l)  +  /a(Ap3  — 1)  &c.,  et  soient  X',  ^',  v  ce  que  devien- 
nent  les  valeurs  de  X,  fi,  v  en  ^crivant  A'  au  lieu  de  A.     On  aura 

na  =  ^X  +  if/i+Gs',  &c. 
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ct  des  expressions  pareilles  des  valeurs  de  \',  /x,  v.     Dela,  on  tire 

n=  (07'  -  Q'i) = (^v'  -  fi'v)  a  +  (i^v  -  i/'x)  ^  +  (xtx'  -  x»  es, 

&c., 
/ic'  -  f/fp  =  im,n, -  m,n,)  {(Ap,  - 1)  (A'p,  - 1)  -  (A%-  1) (Ap,  - 1)}  +  &e, 
=  n  (A'  -  A)  [a,  {p,  -p,)  +  a,(p,  -pO  1 «,  (p,  -p.)]. 
&c. 

c'est-k-dire,  en  supprimant  le  facteur  commun       ■„      ■ 

&c. 
Aussi  on  aura,  en  supprimant  le  meme  facteur : 

7.(/3--/3)-A(t'-7)=     (tft+  l,p,+  4ft)(7.ff-Ae) 

+  (jiiPi  +  «2i5s  +  «3j'5)(A^   -a,i/). 
De  la  on  obtient  imm^diatement 

A{iii'-ii'y)ii  +  ...-Kir,(p,-p,)+r,(f,-ih)+r,(p,-pA 

et,  par  une  reduction  un  peu  plus  difficile, 

A(ydfi'-m-A(y'-y))i+- 

=    {kpi+l,p,+  hp.)  [^  (»«,  +  aSA  +  JFr.)  -  •/  (ffi^,  +  if  A  +  a?.)] 

+  (m,;,  +  m,y,  +  m,y.)  [a:  (ffi  »,  +  if  A  +  ffly.)  -  2  (»  «i  +  KA  +  «l7.)] 

+  («.P,  +  «,ft  +  «,ft)b(ao,  +  RA.  +  6W.)-«(S".  +  !lSA.  +  iF7.)] 

■  F,[p,(aciA +  ...)- p.  <«».".+ ■■■)]+''.[?.(»«.■  + ■••)-»(»".".+  ■■■)] 

+  V,  [p,  (»»,«,  +  ...)-  p,  (««."+...)]  i 
et  enfin 

(0,1  +  As  +  7i2)  [".  WY  -  /3'7)  +  A  (t"'  -  7'")  +  7.  ("A  -  a"/?)] 

-F,  [««,'  +  . ..)(ft-ft)  +  <a»i".+  -0(?.-Pi)  +  (9«A+...)fe -P.)]. 

Done,   en  reunisaant   ces   expressions   des  trois   parties   de   lequation   dont   il   s'agit,  eette 
Equation  se  r^duit  a 

F,  [(,ff  +  an,"  +  ■■■)  (p,  -P.)  -  (a«A  +  ...)?■  +  («",«.  +  -OpJ 

+  F,[(x+av  +...)  ft-(^+  a«/  +...)pj 

+  F.[(ii:+aaA+...)  p,-(K+  a«."  +...)p,]  =  o (24). 
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...    et    Gn    supprimant    le    factcur    coinmun   pi, 


91] 

En   mettant  ^i'^  au   lieu    de    K  +  i 
on  aura 

et  en  remettant  pi^-(^a^^+  ...)=^ K,  on  obtient  pour  I'^quation  dont  il  s'agit: 


Vs 


1 


1 


la^'+...),    p,p^-i^a>.«, +  ...),    p,p,-(^a,a,+  ...) 


^0  ...(25). 


Cette  Equation  est  celle  de  la  droite  men^e  par  les  points  de  contact  de  deux 
coniquea  de  la  mSme  paire  avec  la  conique  U+V'^O.  Ellc  est  la  mSme  qui  a  ^t^ 
d^jk  obtenue  pour  la  droite  resultante  d'une  certaine  conatruction  geom^trique ;  on  est 
done  arriv^  au  tli^orfeme  connu  suivant: 

"La  droite  mcnee  par  le  p61e  d'un  axe  d'homologie  par  rapport  a  une  des  trois 
eoniques  inscrites,  et  par  un  centre  de  sjmptose,  rencontre  cette  mgme  conique  en  deux 
points  qui  sont  les  points  de  contaj:t  de  cette  conique  avec  deux  eoniques  de  la  m^me 
paire;" 

ou,  ce  qui  revient  au  m^me : 

"Le  point  de  rencontre  de  la  polaire  d'un  centre  de  symptose,  par  rapport  a  une 
des  trois  eoniques  inscrites,  et  d'un  axe  d'homologie,  est  le  point  de  rencontre  des 
tangentes  conununes  de  cette  m^nie  conique  et  de  deux  eoniques  de  la  mime  paire." 
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02. 


NOTE    SUE,    UN    SYSTEME    DE    CEUTAINES    FORMULES. 


[From  the  Journal  fUa-  die  '• 


ne  tmd  anffewaridte  Mathematik  (Crollc),  torn,  xxxix. 
(1850),  pp.  14,  15.] 


Les  formules  dont  il  s'agit  se  rapportent  a  la  theorie  de  la  composition  des  formes 
quadratiques.  Je  les  pr^sente  ici  pour  faire  voir  la  relation  qui  exist  e  entre  ellea  et 
quelques  formules  de  mon  m^moire  sur  les  hyperddtorminants  (t.  xxx.  p.  1),  [16].  En 
adoptant  la  notation  de  ce  m^moire,  et  en  mettant 


-("11 

tl22)  • 


mil 

(212|' 


|ni| 

12221 ' 


jlllj 
|222)  ■ 


.jlllj 
l222j  ' 


savoir,  en  mettant  pour  abr^ger, 


A'  =af-b 
A"-f<l-e. 
on  aura  idcntiquoment ; 


a  =  111, 

6-2)], 

c  =  121,        j  = 

(!-221,  k  = 
B  =ah  +  bg  —  de 
B'  =ah  +  cf  —  bg 


2B"  =  ahi 


/-212, 

ff  =  122, 

k=222; 

-de-cf, 

de. 


AA'- 
AB'  . 
AC  . 


^V  +       25"([e      +  (?V 
A"ac  +  B"  (art  +  ce)  +  C"eg , 
'."eg      +  (JUf 


|211| 
(222)  ' 


°  (222| ' 


|112| 
(222( 


C  =bh-df, 
C  =ch  -  dg, 
G"  -be  —  ad, 


A'V 


.  (1), 


..(3), 
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BA'  =  A"ab  +  E'  (af  +  be)  +  C"ef ,  ^ 
SF  +  0  =  A"ad+B"  (ah  +  de)  +  C'eh  ,1 
BB'~@  =  A"be+B"(ig  +  cf)  +  G"fi/,    ' ^ 


BC  =  A"cd  +  B"  (ck  +dff)  +  C'gh ;  , 

CA!  =  A'V  +       2B"bf      +  0"p  , 

CB'  =A"bd+B"{bk+d/}  +  G"fh,    \ (6); 

GC  =A"d'  +       2B-'dk      +G"h': 

®  =  B^-AG  =  B-^-A'C'^B"^-A"G"   (7) 

=  \  {a=/i=  +  &y  +  c'/^  +  (^V  -  lahbg  -  2ahcf-  2ahde  ~  2bgcf-  2bgde  -  2cfde  +  iadfg  +  ibech]. 

En  regardant  la  seconde  et  !a  troisieme  des  Equations  (5)  comme  ^quivalentes  avec 
la  seule  Equation  2BB' =  A"(ad+be}-i-B"(ah  +  de  +  bg  +  cf)  +  G"(eh+fg),  on  trouvera  que 
les  systfemes  (4,  5,  6)  r^pondent  a  la  transformation 

A  V  +  2£"2,^2  +  C'sa'  =  (Ax,^  +  2Ba>,a:,  +  Cx,')  (A'p^  +  2B%y,  +  C'y,/) (8), 

Si  =  axjfc^  +  b^iX^  +  av,y^  +  dy^^, 
sj  =  eskok  +fy,'e,  +  gxiV-,  +  hyiy^, 

qui  appartiont  k  une  throne  dont  ccUe  des  tranaformationiS  lineaires  n'est  qu'un  cas 
particulier. 

Je  profitc  de  cette  occasion  pour  donner  une  addition  a  la  "  Note  sur  les  hyper- 
d^terminants  "  (t.  xxxiv.),  [54].  J'y  ai  dit  (§  iii.)  que  je  ne  pouvais  pas  expliquer  la  raison 
de  ce  que  la  courbe  du  sixifeme  ordre  donnee  par  les  Equations  ae  —  ibd  +  3c'  =  0  et 
ace  +  2bcd-~ad!'~eb^  —  c^  =  0,  ait  une  osculatrice  d^veloppable  qui  n'est  que  du  sixieme 
ordre,  maia  que  cette  reduction  s'op^rait  en  partie  au  moyen  des  quatre  points  de 
rebroussement  de  la  courbe.  En  effet,  cette  courbe,  consid^r^e  comme  I'intersection  de 
deux  surfaces,  I'une  du  second  et  I'autre  du  troisieme  ordre,  a  six  droites  que  dans 
le  memoire  [30]  cit^  dans  cette  note  j'ai  nomm^  droites  par  deiix  points :  cela  suffit  pour 
completer  la  reduction  dont  il  s'agit.  M.  Salmon,  a  qui  je  dois  cette  remarque,  m'a 
feit  voir  aussi  que  I'expression  que  j'ai  donn^  pour  le  nombre  des  points  de  rebrousse- 
ment de  la  courbe,  dans  ie  cas  d'une  Equation  du  m'^"*  ordre,  combinee  avec  lea 
formulcs  du  memoire  mentionn^,  suSlt  pour  former  le  tableau  complet  des  singularit^s 
de  la  famille  de  surfaces  d^veloppables  dont  il  s'agissait,  savoir: 

m,  ft,  r,  a,  ^,  g,  k, 

3(m-2),     m,     2(m-l),     0,     4(m-3),  i{m.-l)(m-2),       |(9ii=  -  53m  +  80), 
'«.  V' 

2(n~2){n-S).  2(-l){w-3). 

Ici,  dans  la  ligne  aup^rieure,  m,  n,  r,  a,  0,  g,  h,  a;,  y  onfc  les  mSmes  significations  que 
dans  le  memoire  dont  je  viens  de  parier;  et  dans  la  ligne  inf^rieure,  m  est  ie  degre 
de  r^quation  primitive. 
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NOTE    STJR    QUELQUES    EORMULES    QUI    SE    EAPPORTENT    A 
LA    MULTIPLICATION    DES    EONCTIONS    ELLIPTIQUES. 

[From  the  Journal,  /ftr  die  reine  und  angewandte  Mathemaiik  (Crelle),  torn.  XXXIX.  (1850), 
pp.  10—22.] 

Les  foncfcions 

IX,  M,  «;,  j)  =  P.,.  -  (j  P,,.  a.  +  J  P.,.  J,)  +  (ji  P,,. ».  +  ji^  P,,.  »y  +  X  p. ,  j.^  _  &„., 

Oil  P(,(,=  l  et  les  aiitres  coefficients  sont  donnas  par  I'^quation  a  differences 
[-  IX  -  nifi  +  (l-  mf]  Pi_n 
+ ;  (^  -  2;  +  2m  +  2)  (\  -  2i  +  2m  + 1)  Pi_..™ 
+  m  (>  +  2;  -  2m  +  2)  (^  +  2i  -  2m-i-  1)  P;,™_i 

-16!m[V-(2^  +  2m-4)(\  +  /i)]  Pi_j,™_,  =  0, 
joueiit,  comme  je  crois,  iin  r61e  important  dans  la  th^orie  des  functions  elliptiqnes^. 

'  La  fonetlon  {X,  ii,,  x,  y)  satiafait  ^  I'^guation 

-i\{X--\)x  +  li{li.-\)y  +  16X/1  xy']  u 

+  (1-4.-4,)  (.-^-2^  SiSi  +  'V')""' 
qui  pout  gttG  tirtc  de  I'&juation 

(voyea  le   mSiooire   oit4   plua  1)m),  mais  qu'on  obtieat  plus  faeilemeut  an  mojeu   de   I'ficiiiation   k  difflrencea  a 
laquelle  satisfont  les  coeffieienta  Pi^^^- 
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En  effet,  en  faisant  w  —  '</ksmamu,  a  —  k  +  j-  et  en  repr&entant  par  s  le  d^nominateur 
de  la  fonction  >t/k  sin  am  nu  (ofi  n  eat  un  entier  positif  quelconque),  on  aura 


cette   a^rie   etant  eontinu^e  jusqu'au  terms  sj„  ou  s^[n-~i) ,  selon  que  n  est  pair  ou  impair, 
et  la  fonction  s  ^tant  donnde  par  I'^quation 


=  (-  1) .«..  (l.)...-«  «-.  |».  -.  2«,  2,,,  £ .    i}  . 


ou  cependant  !cs  termes  qui  contionnent  des  puissances  negatives  de  a  doivent  Hre 
negliges,  Ces  formules  reviennent  a  ceilcs  que  j'ai  pr&cnt^es  dans  la  "Note  sur  les 
fonctions  elliptiques"  (t.  xxsvn,),  [67]. 

En  revenant  aux  fonctions  [\,  /i,  x,  y],  j'ai  trouve  les  deux  formules 
P,..-    X[X-i-l]'-, 
P,,,-^X[X-!-l]'-' 

+  a[X-!-l]'-"i(18!-16)X-(16X'-10(-l.)] 

_l%!x[x-q" 

(oil  selon  la  notation  de  Vandermonde  la  twotonelh  p{p  —  l)  ...(p  —  q  +  1)  est  exprim^e 
par  Ipy).  De  la,  et  en  calculant  la  valeur  de  Pa  2  h  I'aide  de  Teqiiation  a  diffi^rences, 
on  obtient ; 


P,,,-X, 
P.,,->', 
P,,.-X(X-3). 

--(v.-x^;. 


p.,, -(.(,1-3), 

P.,.  =  X(X-l)(X-5), 

P,,.  =  x((X-8)m  +  »^|-^), 
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=  \L(X-4<){\-o)  +  Ui\  -  330  -  J^  (\  -  3))  , 

40XV  +  1156X/t     200>V\ 


[93 


"(X  +  m)V 


hi.  (X  -  3) /».  (m  -  3)  +  152V +  336 

la  premiere  partie  de  cette  table  se  trouve  dans  la  note  citec. 

NouB  remarquerons  en  passant  que  pour  i/  =  0,  on  a  {\,  fi,  m,  0]  =  (^  +  -/(i  —  a^))^ 
On  sait  que  la  th^orie  de  la  multiplication  des  fonctions  circulaires  depend  de  la 
fonction  (x  +  ^/{a?  - 1))'^  ou,  en  faisant  iar^=x,  de  la  fonction  (^  +  V(i-^))*-  Cela  fait 
esp^rer  que  Ton  parviendra  par  les  fonctions  [\,  fi,  x,  y]  k  la  theoric  complete  de  la 
multipKcation  des   fonctions   elliptiques. 

J'ai  calculi  les  valeurs  qui  servent  a  trouver  las  dduomiiiateurs  z  de  sin  am  nu, 
oil  n  est  un  quelconque  des  entiers  1,  2,  3,  4,  5,  6,  7.     Les  voiei: 


z^^l,     +  ifi  =  4aa;s  _  {6a^  +  3a^),  ^  =  «» +  ^i, 

>„  =  I,     -z^  =  -  16a?ic^  +  4a  {^x"'  +  8^)  ~  (20^^  +  26a^  +  20*''), 
S',  =  3!>',  ar  =  2,  _  2^  +  ^^, 

^„=1,  ^  =  ^,  +  ^1  +  ^,, 

-16aH  15fl^'=+    10a!«) 

+    4a  (  90ic"  +    SSic"'  +    35fl^) 

(275^  +  300a^  +  125ar«  +  SOa^), 

-  4a  (5ai==  +  20«") 

+         (5a)^  +  C2^™+l70a!'=), 

■0  =  1,  3  =  ^0  — Si  +  Ss-^ 

,  =  "  2560^  iB'^ 

+    64a=(     24a^«+      12,'c'") 

-  16a=(  252a?"  4-    210a^2+      Sia^^) 

+      4a  (1520fl;'=+1584a;'^+    5763?°  +  112«=) 

(5814k™  +  77043^'^^  +  2400a?=  +  444«*  +  lOoiC*), 
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+  %  =      2o6a*  a;^ 

+  (105a;'=  +  444a;='  +  2400a;=^  +  7704a;=°  +  5SUx"), 

«  =  7,  S  =  Z^  +  Si  +  S^  +  2j. 

2»=     1, 

^1=     1024a>  X" 

-  256a' (         35«'«+  14«i0 

+      64a'(     1120a^+  196a^'+          773^°) 

-  Ua?  (     5425^^="  +  5040^:"  +      1575a;^=  +      210^) 

+        4a(35525«'^+  41300*'=+    14934ici'+    260*3^°+    294fl;^) 

(166257^^  +  260750a^  +  220395ic'=  +  14756ai^  +  1304a?  +  196a^), 

2,  =     4096a^  iB=» 

-  1024a=  (     21a^  +        28a.-°«) 

+    256a*  (  189a^^'+      470a^+      SSOa^) 

-  64a' (  9523i«+    3192a^+    4i560a^+      2576a)^) 

+      16a^{2940ai^  + 11200^ +21750i(;«'+    25452a^+    12397flj^) 

4a  (5733a^  +  22064a«  + 443243!="+    82488it^  +    96761a;==  +    40964a^') 
+  (7007ar'«  +  59388^  +  35231«^'  +    41132ar«  +  278l73*>^*  +  302918«^»+94962a;'=X 

s^  =      64a=       ^^ 

-IQa^i  7««+    42^0 

+    4a  (l^c'^  +  236fl^=  +    819a^) 

(  7a^  +  308fl^  +  40533^  +  98423^^). 

Pour  rassembler  tous  mes  r^sultats,  je  venx  citer  ceux  que  j'ai  domi^  dans  le 
Cambridge  and  Dublin  Mathematical  Joti/mal  [vol.  II.  (1847),  45,  and  vol,  ni.  (1848),  57]. 
En  ^crivant  la  lettre  p  au  lie«  de  n  (symbole  qui  repr&enfce  le  carr^  du  iiombre  n 
de  ce  m^moire),  et  cii  changeant  les  signes  des  termes  alteraatifs,  on  aura  pour  solution 
particuliere   do   1' Equation 

p(p-l).;=^  +  (p-l)(«3;-23.0j  +  (l-«^  +  «^)S-2pK-*)i  =  0 
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(savoir   pour   la   solution   qui    pour  p  —  ii'  se    r^duit    an    denominateur    de    sin  am  u)   la 
valeur 


'1.2.3.4        "1.^.3.4.5.0 
les  coefficients  ^taiit  d^termiuds  au  moyen  de  rexpression 
0,.+,  =  - (2/-  +  l)(2r  +  2) (p  -  2r) (p  -  2r  -  1)  C'r  +  (2r  +  2)  (p  -  2r  -  2)  sC,+ 

Cela  doiine  les  valeurs  particuliferes  auivantes ; 

G,^8p{p-l){p-^)ix, 
&c. 

[viz.  with  the  change  ret'crred  to,  these  axe  the  values  of  G.,,  G^,  ...  d  given  ante 
p.  299]. 

On  remarquera  que  dans  ces  formules  le  premier  terme  de  0^  ne  contieut  pas, 
comme  on  pourrait  I'attendre,  le  facteur  {p  —  25).  Cela  vient  de  ce  que  le  coefficient 
Ca  est  compost  dos  coefficients  des  termes  correspondants  de  Sq  et  Si,  tandis  que  les 
coeiScients  G,,  &c.,  sont  tout  simplement  des  coefficients  de  s^.  La  suite  des  coefficients 
C  offre  plusieurs  discontinuites  de  cette  sorte.     Par  exemple  on  obtient  ge'ii^alement 

a=(-r'  r  2-=po,-p)...(p-(r-i)oav- 

+  2^^  (p  -  P) . . .  (p  -  (r  -  2)^)  CVtf-^ 
+  2^^p  (p-V)...{p-{r-  Sf)  Or^oT' 
+  &c. ; 

mais  le  terme  suivant  nc  contient  pas  le  facteur  p(p  —  \'^)...{p  —  {r  —  4<f).  Quant  a 
la  loi  des  coefficients  G,},  C,?,  G,^,  on  a 

G,?  =  (r  -  3)  [n  (2r  -  7)  +  (r  -  1)  (8r  -  7)), 

(7/  =  (r  -  4)  (r  -  5)  [n^  (ir^  -  24r  +  51)  +  m  (32j^  -  220r^  +  412r  -  255) 

+  2  (r  -  1)  (r  -  2)  (32r^  -  88r  +  51  )i. 

Egalcmenfc,  en  ordoniiant  la  serie  suivant  los  puissances  descendantes  de  x,  la  quantity 
z  ^tant  la  solution  particuliere  qui  pour  p^n^  {n  impair)  se  rdduit  au  di^nominateur 
de  sin  am  nu,  on  aura 

z  =  {-  l)iW^-ii  ,  ^p  f 
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oti  lea  coefficients  D  sont  donnas  par  rcxpressioii 

Z),+3  =  -  (2r  +  3) (2r  +  2){p-2r- 2) (jj - 2r - 1)  A- 

+  (2r  +  3)  (p  -  2r  -  3)  aA-^,  -  2p  («^  -  4)  "^^f  , 

ee  qui  donne  les  valeurs  particuliferes  suivantes: 
A  =        (p-  1)  a, 

A=     2(p-l)(p  +  6) 

+   (p-l)(p-9)ci\ 
&c. 
[viz.   with    the   change   referred    to,   these    arc    the    values   of    D,,   D^,...De    given    ante 
pp.  364,  365]. 

Les  mSmes  remarques  sont  applicables  aux  coefficients  B ;  seulement  la  discon- 
tinuiti^  a  lieu  ici  dfes  le  coefficient  D^.  II  parait  que  c'est  cause  de  cette  discontinuity 
que  le  signe  n^gatif  se  pr&ente  aux  premiers  termes  des  coefficients  A,  &c.  En  effet, 
on  a  g^n^ralement : 

Dr=     (j>~l){p-&)...(p-(2r^iy)cf 

+  {p-l)(p-9)...(p-(2r-^y)r(r-l)(p  +  ir~-Z)a-^ 
+  &c.; 

ici  la  discontinuity  ee  prdsente  d^ja  dans  le  termc  suivant,  qui  ne  contient  pas  le 
facteur  {p  —  l)(p-9)...(p  —  (2r~ay).  Et  c'est  pr^eia^ment  le  terme  suivant  qui  devient 
negatif  dans  les  expressions  de  A.  A^  et  Dg.  Mais  tout  cela  eat  moins  important  que 
la  th^orie  des  sMes  partielles  Zs,  sur  lesquelles  les  recherches  ult^rieures  seront  k  fonder. 


PROBLEME. 

Donner  la  solution  de  I'^quation  k  differences 

(- IX  -  rii/j.  +  {I  -  my)  Pi_„ 
+  I  (X-2l  +  2m  +  ^)(X-2l  +  2m  +  l) Pi_i,™ 
+  m(fj.  +  n~2m  +  2)(/j,  +  2l-2m  +  l)  Pi,,^, 

-  IQlm  {X/M  -  (21  +  2m-  i)  (\+fi))  P^,,,n~,  =  0, 
dans  laquelle  Po^o  =  l-     (Voyez  la  "Note  sur  quelques  formules  &c.") 

G8- 
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NOTE    SUR    L'ADDITION    DES    FONCTIONS    ELLIPTIQUES. 


[From   the   Jour^ial  f>lr   die   rmie   und   aiigewandte   Mathsmatik   (Crelle),   torn.   xr,I. 
(1851),  pp.  57— 6o.] 


SoiT,  pour  observer  autant  que  possible  la 

sym^trie : 

SM  =  V&sina] 

u 
°V4' 

Cti  =       cos  am  -- , 

Gu=        Aai 

■°Vi' 

'-"^l    i"=|. 

4*  =  ''-',5' 

et  aoit  pour  abri5ger : 

Su  =  x,    Sv  —  y,  &c. 

Ci.  G»  -  V(l  -«»'+»!')-  X,Z„  =  X 

Cela  pos6,   les   m^thodca   d'Abel   donnent  les   expressions   suivantes   de   sin  am   d'une 
somme  qucleonque  d'ares :    savoir 

„,     ,       ,       ,     ,     ,,,_,[«,  »■,... 0"-,  e,  9-9,... fl"®] 
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pour  un  nombre  impair  2«  —  1  d'arcs,  ct 


8{^  +  v^...)- 


[1,  ffi, ...  0^,  6®,  ffl@,  ..,  g^»-NM)] 

~[e,  &'',...  e^-\  0,  e^,...&^^\ 


pour  un  nombre  pair  %n  d'arca  Dans  ces  expressions  les  symbolea  dans  leaquelles 
eiitrcut  les  lettrea  0,  %,  sont  census  repr^senter  Ics  determinants,  dont  on  obtient  les 
termcB  en  changeant  succeesivement  ces  lettres  en  a;,  X;   y,   Y;    &c. 


J'ai  trouve  qu'on  a  aussi 


_[e,,  d'% „...&'''-''%„  e%,„  ffl@„...  t'^"-^QJ 

" [  1,    e\  ...  ^-^,     e&  ,  i9'©  , ...  0'"-'®  ] 


pour  un  nombre  impair  2n—l  d'arcs,  et 


G(u  +  v  +  ...)- 


pour    un    nombre    pair    2n    d'arcs.      Les    valeurs    correspondantes    de     G(u  +  v+ ...) 
trouveiit  en  ^changeant  les  symboles  &^  et  0„. 

Particuli^rement  pour  la  somme  de  trois  arcs  on  a  : 


[1,  8",  90]  ■ 

[0,,  em„  e«)„] 
[1, 6;  «e]    ■ 


g  (.,1,1,,)  _[**,..  fl-^-'^J 

Pour  r^duire  ces  expressions  a  une  forme  qui  soit  encore  applicable  an  cas  oir  deux 
quelconques  des  quantit^s  u,  v,  w  sont  dgales,  il  n'y  a  qua  multiplier  les  termcs  des 
fractions  h  droite  par 

(a? -J')  (J,- -2-)  (2- -a?) 
cela  donne,  aprfes  une  reduction  un  peu  difficile  : 

-a[e,      e;       @]  =  {isYZ+yZX  +  zXY)-i:yz{ct-x'-y'-is'  +  ','t!f), 

n[e„  $•-&„  «e„]  =  (l  -kr?yV)X,Y,Z,  -l(i/2X  +  z«;7  +  .TyZ)X„7,/,„ 
Il[e,„  e"S„,  ee,]-(l-j<i?./v)z„F",/„-t(</2Z  +  2a!F+!By^)X,F,Z,, 
n[l,       9",      eia]-   l-fi'~z'm'-3fy'+m,'yV-iyz(iiYZ+yZX  +  zXY), 
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[94 


de  manifere  qu'en  ^crivant 
on  a 


C(»  +  .  +  »)  = 


;■  +  (a?jfi'  -  ii-gz  (asFZ  +  yZX  +  zXY), 


0(«  +  »  +  «). 


tYZ  +  yZX  +  zXY 

-i:yz{t-af^y--z'  +  ^yV) 

M 

(1- 

fayi')  X,F/,  - 

j_{yi:X+z 

»F+iyZ)X„7,A, 

M 

(^ 

-i«y«-)x„7,A-i&»^ 

+  zi:r+xyZ)X,T,Z, 

M 


Les   memes  formules  peuvent  Stre  trouvdes  plus  simplement  en  ^crivant  u  +  \v  +  \H, 

v  +  ^v  +  ^ii  au  lieu  de  !*,  v.     La  somme  i*  +  !i  +  w  se  change  pap  1^  en  w  +  jj  +  w  +  (c  4-  i?f), 

et    les    fonctions   S  (u  +  v  +  w),    0  {u  +  v  +  w),   G  (u  +  v  +  w}    deviennent    S(;u,  +  v  +  w), 

-Ciu  +  v-i-vi),   ~G(u  +  v  +  w).     De  plus   w,   X„  X,„   X  et   y,    F„   F„,    Y  se   cliangent 

1      -i    X„      .  ..  X,     X     ^       1      -i    Y„      .,,Y,      Y      ^   ,, 
en ,    -TT    —^ ,   Wfs  ~  ,    -:   et   —  ,    —77    — ^  ,   fJlc  — ^ ,    — ,   et   1  on   a 


S( 

i  +  lJ  +  w)- 

=  - 

«'     , 

1  , 

-icX 

+ 

ar', 

aj, 

-X 

t     . 

1  , 

-yY 

y, 

», 

-7 

z       , 

z'     , 

Z 

1, 

»', 

zZ 

C( 

(  +  11  +  w) 

1 

fax. 

+ 

y. 

-X 
-Y 

z,. 

^'2,. 

'^„ 

1, 

2", 

zZ 

e( 

..+.+») 

.      t 

,fX„ 

i', , 

I-. 

+ 

«■, 

X, 

-X 

s-y,. 

Y,  , 

1--.- 

y, 

V' 

-Y 

z„. 

«'z,„ 

zZ, 

1, 

«", 

zZ 

Ces   formules   conduiseiit   aux    formes    rdduites   que    Ton    obtient   en    multipliant    par    le 
facteur  beaucoup  plus  simple 


En  passant,  il  y  a  a  noter  les  equations  identiqui 
X,    x',     X    - 


z,     z\     Z 
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auxquelles   conduit  la   methode    qui    vient    d'etre    expliqui^e.     Aussi    en    multipliant    les 
valeurs  de  G(tt  +  v  +  w),  G(u  +  v  +  w)  on  obtient  I'^quation 


lans  laquellc 


'PZ  YZ  +  AyzX  +  Msx  Y  +  ^xyZ 


{1  -  y^z^  -  s^o!^  -  !>^y^ -^ 


f^  -  a»jz  iwYZ+  yZX  +  zXY)Y  ' 


■9  =  1    +1/2"  +  sflx''  +  xY  -  i'xx'Yz'^  +  ic=J/V  (^  +  y^  +  s^)  +  aff^, 

A  =  ^  +  2ic^7=^^ 

M  =  n  +  22/^2'Z^ 

N=n4  2^=x^r=, 

n  =  -a  +  2(fl:=  +  )/=  +  i^)-a  (y^s^  +  2=3^  +  s?f)  +  (2a^  -  4)  icys= 

+  ^^f^  {y^^  +  sW  +  3;^=)  -  Oicy^  («^  +  i/^  +  3")  ~  oaj"!/*;^. 

Pour    le    cas    de    quatrc    ares,  je    n'ai    trouvi^    que    le    sin  am    de    la    somme.     En 
effet  on  a 


S{u  +  v  +  w+p)  =  ' 


1, 

X%       iC*, 

iX 

1, 

f,     !f, 

VY 

1, 

z',    z\ 

zZ 

1, 

t'\     t\ 

tT 

r„  u?,  X,  ii?X 

y,  f,  y,  y'Y 

»,  2',  Z,  Z'Z 

t,  t',  T,  t'T 


oil  les  tcrmes  dc  la  fraction  sont  h  multiplier  par 


(a:r  +  yX){ii!Z  +  zX)(^+tX)(yZ  +  z¥)(zT+  tZ)  (jY+yT) 
{„'  -  J')  (a?  -z')  (df  -  f)  iy'-z'}  («■  -  (■)  ((■  -]f) 


Mais  il  est  plus  simple  dc  se  servir  de  la  forme 


que   Toil  obtient   de   la    meme 
facteur  est 


et  I'on  obtient,  toutc  reduction  faite, 

«(..  +  .  +  »  +  ?).* 


«•,     «■,     1,     -nX 

+ 

!S>,    «,    -rfA', 

-X 

t,  t.  1.  -yY 

/,   y,   -fY. 

-r 

1,     z',    z',        zZ 

z,    z',          Z, 

z'Z 

1,     f,     C,        tT 

t  ,     f.           T, 

t'T 

maniere   que   la  forme   analogue   pour 

trois 

(yX+a:Y)(zT 

"'       (^-y){z-- 

+  i 

z>_ 
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9i  =  (1  -  x'y^^f)  (xYZT  +  yZTX  +  zTXY  +  tX  YZ) 

-  {(a-  of  -  f  -  z^  -f  +  y^^t^  +  zTa?  +  Pa?f  +  a?i/'2=  -  a^ya^i') 

X  {Xyzt+  Yztx+Zttey  +  Txyz)], 

2)  =  1  -  a^y  -  ^"2^  -  xH^  -  y'^^  -  zH^  -  ty  -  i'^f  +  te'z' +  a^i"  +  y^2^  +  z'f  +  fy^)  a^y^zH'' 
+  x^y'z*f  +  a  (ar4/ V  +  j/Vf  +  zH'x^  +  fafy'^)  +  CL(af  +  y'' +  s'  +  P)  a?y'^zH^ 
+  (2  -  2a=)  a?y-'zH^ 

-{i^Y^  +  y'X^ystZT  ~(i^Z''  +  ^X^)yt7T  -(x^T'  +  fX')yzYZ 
-{f^  ^^Y-'')ia,XT~(fl>  +  i^Z^)!£yXY~(fY-'  +y'^'P)xzXZ. 

II  y  a  ^  remarquer  qu'en  employant  la  premiere  valeur  de  S{u  +  v  +  w  +  -p)  et  le 
facteur  correspondant,  on  aurait  trouv*5  le  m&me  numi^rateur,  et  ausai  le  mSme  d^nomi- 
nateur,  ce  qui  donne  lieu  k  des  Equations  identiques,  aemblables  k  celles  qui  ont  lieu 
pour  le  cas  dc  trois  arcs. 


Revenons  a  I'expression 


I  y>    f,    3^ 
I  3,    3^    -^ 


{yZ-rzY){zX^a:Z){:^Y^yX) 


qui  donne    le    numerateur    de    S'(m  +  );  +  w).      En   raettant    a^  =  a,   jX~A,  &c.   on   voit 
qu'il  s'agit  d'efFectuer  la  division  de 

1,     «,     A  \(B^G){G^A){A  +  B) 
1,     6,     J?  I 

1,     c,     C   I 


par  le  produit  (6  —  c)  (c  —  a)  (a  —  6),  les  fonctions  A,  B,  G  denotant  des  racines  < 
de  fonctions  rationnelles  d'une  forme  particuliere.  Or,  en  supposant  toujours  que  les 
Carres  de  A,  B,  C  soient  des  fonctions  rationnelles,  et  d'aillenrs  d'nne  forme  queleonque, 
cela  pent  se  faire  dans  tons  les  cas  particuliers  au  moyen  de  I'^qiiation  identique 

1,     a,    A     (B  +  C)(C  +  A)(A  +  B) 

1,     6,     E 

1,     c,     C 
a.    A'     {A-  +  B'  +  (?  +  BC+CA+AB)- 
h,     B' 
c,     C" 
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1  le  denominateur  dc  S  (u  +  v  +  w)  depend  de  I'l^quation  analogue 


1,     a,     aA 
1,     b,     bB 


(B  +  C)(C+A)(A  +  B) 


et  le  numemtcti 


a,  aA^ 

b,  bB' 


(A'+B'+C'  +  BO  +  CA+AB)- 


1,     a, 

aA^ 

1,     b, 

bB- 

1,       0, 

cO 

r  ct  le  denominateur  de  S{ii  +  v  +  w  +  f)  dependent  de  I'^quation 
(A+B)(A+C){A  +  Ii)(B  +  C)(_B  +  l})(G  +  D) 


1,    S,    b',    bB- 


a, 

a', 

aA 

t, 

b; 

bB 

c, 

c^ 

cC 

4 

d', 

dD 

a'. 

aA'' 

-N 

b; 

bB' 

c", 

eC 

d', 

djjr- 

1, 

o, 

«^ 

aA- 

+  P 

1, 
1, 

b. 

b; 

bB- 

cO- 

1, 

d, 

d'. 

dD- 

dans  laquelle 

M  =  2ab'c'  + 

W  =  {a  +  b  + 

P-  <i  +  6  + 

et  de  rdquation 

1, 
1 
1 
1 

a,  A,     aA 

b,  B,    bB 

c,  C,     aC 
d     D,     dD 

=  (<,* 

+ 

.  +  abc'  +...-! 

+  c  +  d)(a^  +  ¥- 


a'hc+  ...  +  Za?bcd+  ... , 

^  +  rf^)  +  (ahc  +  hcd  +  cda  +  dab) , 


{A  +B)(A  +  G){A  +D)(B  +  G)(B  +  D)(C  +  D) 


+  2abcd) 


:   encore  trouvt^  la  loi  i 


a, 

A', 

aA'  |- 

1,     a,     A-, 

aA- 

b, 

B", 

bB' 

1,    b,    b; 

bB- 

c, 

c; 

cC  j 

1,    c,    c; 

cC 

d. 

-0", 

dD' 

1,    d,    D-, 

dD- 

in 

ralo 

de 

es  ^quati 

ons. 
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Pour  facihtti  lusa^e  des  symboles  S,  C,  G,  je  veux  exprimer  par  cette  notation 
les  propri^t^s  les  plus  simples  des  fonctions  elliptiques.  Cela  me  donnera  aussi  I'opportunit^ 
d'arKinger  dune  mani^ie  particuliere  les  forjnules  qui  ae  rapportent  a  la  aommc  ou  h 
la  diiS^rence  de  dpu\  ■lu^     On  a  d'abord 

C"a.l-i.S"u, 

(J"u-l-4./S"u, 
S'u=         au.G'c, 


0'u--h.Su.Cu, 

S    (0)  =0,  C   (0)  -1,  (?   (0)   =1, 

S'  (0)  =1,  C   (0)  -  0,  ff'  (0)  -  0. 

se.).-s(»),  c(-.)-C(»),  e(-.i)-GW. 

sa„)=vt,  sa*)-^'",.,  s(iv+i«)=«, 

C(W-  0,  C(is)-?|^,  C(i„+j«)  =  «j, 

eHv)- k',  G(is)=  0,  e(iv+i«)  =  oo. 


.(-.w^^?, 

S(«+l«)  = 

1 

Oti 

-^^-w^^-l. 

C(»  +  i«)  = 

it' 

1 

•ci 

e(»+i„).       |1^, 

e(ti  +  i«)= 

-ii' 

S(.+  l„  +  i«).       -1-, 

C(«+  J»  + 

i^)=^-£. 

e  («  +  iu  + 

l«)=!Vi.2?, 

(S  (M  +  mv  +  *iy)  =  (-  1)™+"  .  Su , 
G (u  +  im  +  nS)^(~  1)*     .  Gu . 
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"'   k' 

pen  vent   etre   echanges   les    uns    d'avec    lea    autres.     Les   formules    foiidamentalea   qui    se 
rapportent  k  deux  arcs  sont 

,, ,         ,     Bu.Cv.Gv  +  Sv.Ou.  Gu 


I 

.-«•». 

S; 

On 

,C»- 

1     a 

Ou. 

Si). 

e» 

i-ahi 

.S-K 

(f». 

(?»- 

-k.Su 

.  c«. 

Sv. 

.Cv 

e(..  +  »)- 

ausquelles  on  ajoutera. : 

PI    J-   \ri    i  ,_(l+g».gii)(C».gii.C».(?ii)-a«.S.(a-2g%-2g»  +  agii.S'i;) 
^'        '     '■"       '  (l-S>r,.S>s)' 

Mais   pour    trouver    toatee    les    formes    diff^rentes    de    ces    e'quations,    niettons    pour 
abr^ger  (eu  supposant  corume  auparavanb  Su  =  ic,  &c.) : 

A-iY     ,       A'=         yX, 

B  =  XY,       B'.-^i:yXr, 

C  =  X„Y,„      O'-^UyXJ,  , 

P.^-f, 
1 


Q-l-ji 

■-jj/'+^y. 

R=l  -hi? 

-ky^  +a;y, 

S=   X  Y  , 

«'  =  -!' -!/. 

T  -xX„Y„ 

i'--yJ',A. 

U  =  xX,Y,„ 

P'.   jr,x,„ 

K=l-x'y\ 

S(: 

"+.)=^;/'- 

P          F+  P' 
A- A'     B-B 

T-T 
C  -C 

('{ 

U-  L"          Q 
A- A'      B-B' 

S  +  S' 

•(Tra' 

„,    ^  .      C+0'      T+T     S-S 
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et  Ics  valeurs  correspondantes  dc  S  (m  -  v),  0  (u  —  v),  G  {a  —  v)  se  trouveront  en  echangeant 
les  signes  de  A',  B',  G',  8',  T,   U'. 

[Reverting  to  the  functions  sin  am,  cos  am,  A  am,  or  say  sn,  en,  dn,  instead  of 
S,  G,  D,  and  introducing  Dr  Glaisher's  very  convenient  notation  s,,  c,,  d^  for  the 
an,  en,  dn  of  u,  and  s.^,  c,,  t^  for  those  of  v,  the  formula  just  obtained  may  be 
written 

sn  {u  +  v)=  —f^  J"  ^'f'^ '    =      '^  ~'^'    y  . 

/     ,    \  _     OiC-i  —  SidiS-idz     SiC,di  —  s-iC^i 
en  {w  +  v)  - 


1  -  k'si's 


s,o,d^  +  s,c4, 
c,c,  +  sAsA 

HA0.  +  S,d^, 

1  -  Si=  -  s,=  +  k%%^ 

cAc,d,-k'%s, 

c,Ci  +  s^d^sA 

did^  +  MVn«^'^.  ' 

CirfiCA  +  llf%Si 

l-A^V-*V  +  A^SiV 

o,<h  +  sAsA 

dids  +  k%C,Ssfi:, 

dn  {,.  +  ,). 


viz.  wc  have  thus  a  fourfold  representation  of  the  addition-equation  for  each  of  the  three 
functions.] 

De   ces  formules   il    peut    gtre    tir^    im   grand    nomhre   d' Equations    identiques;    par 
exemple  cellcs-ci : 

{A-~A'')=KP,   &c.,  ,f-S-=.QE,   &o., 

{B  +  B'}(C-C)-K(S  +  S'),  &o.,     (B  -  B')  (C  +C')  =  K(S-  S'),  fc, 

BO-B'C'-KS,   *c.,  B'C-BC'  =  KS',   &c.. 

(S  +  S')(T+T')(U+U')  =  {S-S')(T-T)(U-n')  =  FQli, 
S'TU'  +  S'TU  +STlI  +  STn'  =  0, 

STU  +S'ru'  +  s'Tw  +  s'r  n  =  pqr, 

(A-A'){S  +S')=  (C-C)(J7- J7'),  &c., 
(A+A')(S  -S)-  {a+C')(U+U'),&<,., 
{A~A'){T  ~T)~P{C-a),  &0., 

(A  +  A'}(T  +  r}=p{a  +  o'),  &0., 

{A-A'){U+n')=,P{B-B'),  Sic, 
(A+A'jill-  n')  =  P(B+B),  fc. 
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et  ces  equations  doiment  imm^diatement  et  dans  les  formes  les  plus  simples,  Ics  formules 
qui  se  rapportent  aux  sommes  et  aux  produits  des  fonctiona  de  u+v  et  u  —  v,  par  exemple 

savoir  au  moyen  de  la  premiere  de  ces  Equations  identiques : 


de  manik'e   que  toutes  ees  formules  peuvent  ^tre  consid^r^es   comme  comprises  i 
&[uations  fondamentales  et  dans  ce  systeme  d'^quations  identiques. 
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96. 


NOTE    SUB    QUELQUES    THEOEEMES    DE    LA    GEOMETBIE    DE 
POSITION. 


[From  the  Jourwil  f^,r  die  rdne  und  angm>amMe  Mathematik  (Crelle),  torn.  XLL 
(1851),  pp.  66—72.     Continued  from  t  xxxvni.  p.  104,  70.] 

§  TIL 

En  considdrant  les  soixante  droites  auxquellea  donnc  lieu  le  tlie'orfemc  de  Pascal, 
et  eii  appliquant  ce  th(5oreme  aux  hexagones  diff^rents  qui  peuvent  ^tre  formds  par 
six  points  sur  unc  m^me  conique,  M,  Kirkman  a  trouv^  que  ces  soixante  droites  se 
eoupent  trois  k  trois  non  seulement  dans  les  vingt  points  de  M.  Steiner  (points  que 
M..  Kirkman  nomme  les  points  g),  mais  aussi  dans  soixante  points  h.  II  a  trouv^ 
aussi  qu'il  y  a  quatre-vingt-dix  droites  J,  dont  ehacune  contient  deux  des  points  h 
et  un  des  quarante  cinq  points  p,  dans  lesquels  s'entrecoupent,  deux  k  deux,  les  dix>ites 
menses  par  deux  quelconques  des  six  points.  Les  reelierches  ^tendues  que  M.  Kirkman 
a  faites  dans  la  g^om^trie  de  position,  paraitront  dans  un  num^ro  prochain  du  Camhridge 
and  Dublin  Mathematical  Journal,  [t.  v.  (1850),  pp.  185 — 200].  En  attendant,  M. 
Kirkman  a  public  dans  le  Ma/richester  Courier  du  27'^™^  Juin  1849,  vingt  cinq  th^orfemes 
qui  contiennent  les  r^sultats  de  ses  recherches. 

Moi,  j'ai  depuis  trouv^  que  les  soixante  points  h  sont  situ^s  trois  a  trois  sur  vingt 
droites  X.  Tous  ces  tlieoremes  peuvent  6tre  d^montr^s  assez  fecilement  quand  on 
connait  la  manifere  suivant  laquelle  les  points  et  les  droites  doivent  gtre  combines  en 
construisant  les  points  et  les  droites  h,  J,  &o.  Cela  se  fait  alore  d'une  maniere  trha 
simple,  au  mojen  d'une  notation  que  je  vais  expUquer. 


:  six   points  sur   la  conique  par  1,  2,  3,  4,  5,   0.     En   combinant  ces 
points    deux    k    deux    par    les    droites    12,    13    &c.,    les    syst^raes    tels    que    12,    34,    56 
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peuvent   etre   representcs   par   Ics   eombinaisons  binaires  dea  six  symbolea  a,   b,  c,  d,  e,  f, 
et   au   moyen   de  la  table   qui   se   trouve  §  III,   de   ce   mdmoire,   savoir  la   table 


(^) 


12 

31 

58 

-OB 

12 

36 

64  = 

=  !>e 

12 

86 

*5- 

-if 

13.4.0.62  =  0.6 
13.  46.25=  erf 
13,42.56  =  6/ 


14.56.23  =  6«^ 
14.52.  36  =  tEe 
14.53.62  =  c/ 


15 .  62 .  34  =  de 
15.63.42  =  6c 
15.  64.23 -=<t/ 


16.23.45  =  ce 
16 .  24 .  53  =  ad 
16.25.34=6/: 


!  sjmbolc  fflc  diinote  ici  rensemble  des  droites  12,  34,  56;  et  ainsi  de  suite. 


On  voit  que  pour  obtenir  les  six  c6t6s  d'un  quelconque  des  soisante  hesagones,  il 
n'y  a  qu'k  combiner  Ics  droites  correspondantes,  paj'  paires,  telles  que  ah,  ac,  qui  out 
une  lettre  en  commun.  Cela  pos^,  les  hexagones,  ou,  si  I'on  veut,  les  droites  deriv^es 
de  ces  hexagones  au  moyen  du  th^orfeme  de  Pascal  (droites  que  je  nommerai  droites 
de  Pascal),  peuvent  fitro  representees  par  les  symboles  ab .  ac,  &c.,  conform^menfc  a  la 
table  que  voicii 


(B) 


213456  =  d) 

(W 

211356  =  c/ 

ca 

215316 -erf 

eb 

216315  =fh 

fd 

mt-ef 

eh 

563  =  (?6 

¥ 

«S=fa 

fi 

153  =  ec 

eb 

645  =  <fc 

df 

635  =  m 

eh 

631  =  c6 

ca 

531  =  oii 

ae 

165  =  (J<i 

ca 

366  -  m 

ac 

361 -tc 

be 

351  =  da 

if 

MH-ba 

be 

536  =/c 

fd 

136  =  de 

if 

135-4/ 

be 

651  =/e 

fd 

653  =  M 

be 

613  -  af 

643  =  ce 

ea 

311256  =  ea 

'f 

315216  =  ci 

cd 

316245  =  <rd 

ah 

415236  =  af 

ae 

662  -  bd 

ha 

162  =  <s/ 

ab 

152  -  oe 

cd 

362-06 

of 

625  =  of 

ed 

621.  ed 

ef 

621  -fb 

f' 

623  =  lie 

db 

265  -fc 

f' 

261  -  de 

de 

251  =  6/ 

ba 

263 -ei 

ea 

526 -ae 

ab 

126  =  ic 

ba 

125  .  da 

dc 

326  -fa 

fc 

662 -db 

de 

612  =/a 

/« 

612  .  ec 

ef 

632  -  he 

bd 

116235  .  c« 

"f 

516231  =  ec 

ed 

352  -  o(J 

ae 

312  =  bf 

be 

523  -  6/ 

bd 

423  =  ad 

af 

253  -/i) 

/« 

213  -  da 

de 

325  =  ec 

ea 

321  =  08 

eb 

532  =  da 

db 

132  -fb 

fa 
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RemarquoDiS  maintcnant  que  lea  droites  de  Pascal  qui  passcnt  pax  un  point  p, 
tel  que  12.46,  sont  ca.ce,  ba.be,  ao.ah,  eo.eb.  Cela  ^tant,  le  point  12.45  peut  etre 
repr^sent^  par  la  notation  ch .  ae,  et  de  cette  maniere  le  syatfeme  complet  dea  points 
p  est  represent^  par  la  table  suivante : 


12.  Si  =  bd 

of 

14 .  33  = 

I* 

de 

23 .  43  -  od 

if 

12  .  36  =  af 

cd 

14 .  36  -  i/ 

ed 

23.46  =  ic 

de 

12 .  36  -  o6 

ce 

14 . 56  =  a/ 

ce 

23  ,  56  =  <ie 

'f 

12.«-a« 

be 

15.23  =  6e 

cd 

24 .  35  -  bf 

ee 

12.  i6  =  ad 

of 

15  .  2*  =  ae 

v 

21 .  36  =  af 

de 

12  .  36  -  6/ 

de 

15  .  26  -  oc 

V 

24 .  56  =  06 

ed 

13  .  24  -  fflc 

M 

15  .  34  -  06 

of 

25  .  34  -  ad 

ee 

(C> 

13  ,  25  =  of 

be 

15  .  38  -  ad 

f' 

25.  36 -id 

cf 

13.2e  =  hd 

ec 

15 . 46  -  6d 

ce 

25  .  46  =  ah 

ef 

IS.ii-ef 

de 

16  .  23  -  <j6 

V 

26  .  34  -  af 

be 

la.U-m 

V 

16  .  24  =  c/ 

be 

26 .  35  .  ae 

hd 

13  .  56  =  ad 

be 

16 .  25  =  dc 

de 

26.45_c(i 

ef 

14  .  23  =  fflc 

«/ 

16.34-ae 

ed 

34.56-&e 

df 

14.23-ce 

V 

16.  35 -6c 

'f 

33  .  46  -  ae 

df 

U.2G^ad.be 

16  .  45  -  0/ 

bd 

36  .  45  =  ae 

he. 

Enfin  les  droites  12,  &c.  peuvent  etre  representees  par  des  symbolea  tcls  que  ao .  he.df,  &c. 
et  au  moyen  de  la  table  suivante,  qui  est  pour  ainsi  dire  la  r(5ciproque  de  la  table  {A) : 

■   ac.le.df-12      ab.ed.fc  -62 

ae.df.eb~  36 

ar..hd.fe-mi     ab.e/.cd-lS 

a«.*.J/=52 

(-B) 

ac.b/.ed^Si     ah.ec.df^i^ 

ra  .  db  .fi  =  U 

ad.fh.ce^lQ 

af.  bc.ed^  15 

ad  .fc  .  e6  =  53 

af.  be  .de-  64 

«■ 

i.f. 

.6e-24 

af 

.bd 

e 

!  =32. 

II  y  a  a  remarquer  qu'une  droite  de  Pascal  ah .  ao  contient  les  points  he .  ad,  be .  ae, 
bo .  af,  et  que  par  un  point  ah .  od  passent  les  droites  (les  c6t^  oppos^  d'un  hexsgone) 
ao.bd.ef,  ab.bo.ef,  ct  les  droites  de  Pascal  ea.cb,  da.dh,  ao.ad,  be.hd.  Cela  pos^,  en 
combinant  les  proprietes  deja  connues  d'avee  celles  que  j'ai  ^noncees  au  commencement 
de  cette  section,  en  particularisant  en  mime  temps  les  combinaisons  qui  donnent  lieu 
aux  points  et  droites  g,  k,  J,  &c.  et  en  adoptant  una  notation  convenable  pour  ces 
points  et  droites,  on  trouvera  ce  qui  suit ; 


(a)     Les   droites   ab .  be,   he  .  ca,   ea .  ah  se   reneontrcnt   dans   un   memt 
est  un  des  vingt  points  g,  et  que  j'ai  denote  par  ee  symbole,  §  III.  de  ( 


point   ahe 
!  memoire. 


qui 
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(/S)  Les  points  ahc,  abd,  abe,  abf  sont  situ^s  sur  une  m^ine  droite  ab  qui  est  une 
des  quinze  droites  de  M.  Steiner  ou  de  M.  Plucker,  et  que  j'ai  ddnot^c  (§  III.).  Je 
nommerai   droites   /   ces  droites. 

(7)  Les  droites  ab.  ao,  ac.ad,  ad. ab  se  rencontrent  dans  un  mgme  point  a . ef 
qui  est  un  des  soixante  points  h  de  M.  Kirkman. 

(S)  Les  points  b.cd,  c .db,  d.bc  sont  situ^s  sur  la  mSme  droite  [bed]  qui  est  une 
de  mes  vingt  droites  X. 

(e)  Les  points  ab  .cd,  e.  ah,  f.  ab  sont  situes  sur  une  mSme  droite  (oi)  cd  qui  est 
un  des  quatre- vingt -dix  points  J  de  M.  Kirkman. 

Quant  aux  th^orfemes  (a)  et  (/3),  jo  vais  reproduire  dans  la  notation  de  cette  section 
les  demonstrations  de  M.   PlUcker. 

Void  le  principe  de  la  di^monstration  du  thdorbme  (a) :  principe  qui  s'applique 
aussi,  comrae  nous  le  verrons,  aux  df^moustrations  dea  th^orfemes  {7,  S,  et  e). 

Supposons  qu'il  s'agit  de  d^montrer  g^n^ralement  que  trois  droites  X,  X',  X"  se 
rencontrent  dans  un  m^me  point,  et  supposons  que  ces  droites  sont  determin^es : 

X    au  moycn  des  points  A   ,     B  ,     C  , 

X'            „         „  „         A',     W ,     C\ 

X"           „         „  „         A",     B",     C"; 
formons  d'abord  la  table 

(A' A",  B'B",     G'C", 

(®)      I  A" A  ,  B"B  ,     C"C  , 

[aA',  BR,     CO', 

oii   A'A",   &e.   sont   les   droites   qui   passent   par  les   points    A'   et   A",   &c. ;    et   puis    la 
table 


(» 


ou  B'B" .  C'C",  &c.  sont  les  points  d'intersection  des  droites  B'F'  et  G'O",  &c.  On  sait 
que  si  les  points  de  Tune  quelconqne  des  colonnes  verticales  de  cette  derniere  table 
sont  situes  sur  la  meme  droite,  les  droites  X,  X',  X"  se  couperont  dans  un  mSme 
point ;  et  r^ciproquement.  Pr^cis^ment  de  la  m^me  manifere  on  d^montrerait  que  trois 
points  X,  X',  X"  sont  situes  sur  une  mSme  droite ;  seulement  A,  B,  &c.  seraient  des 
droites,  A'A",  &c,  des  points ;  et  ainsi  de  suite.  Or  les  droites  du  thdorfeme  (a)  sont 
ddtermin<^es, 

ab .  be  au  moyen  des  points  ao .  be,     ac  .hf,     ac.  bd, 

be .  ca  „        „        „  ba .  ce,     ba .  c/,     ba .  cd, 

ca .  ah         „         „         ;,  c& .  ae,     cb .  af,     ch  .ad; 

C.  70 


B'B".  CO", 

cc 

.  A'  A". 

A'A" 

.B'B", 

B'B  .  C'C  , 

CO 

.A" A  , 

A"A 

.  B"B  , 

B  B'  .a  C, 

oc 

.AA' , 

A  A' 

.B  B', 
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done  la  table  (Q)  se  r^duit  h 

ac. 

.he. if,     (ic 

.  hf.  de, 

oc 

.bd. 

'/. 

6ii 

.ce.df,     ba 

.ef.de, 

ba 

.cd. 

'f. 

cb. 

ae.df,     cb 

.af.de. 

cb 

.ad. 

ef 

et  la  table  (J)  a 

be.df, 

bf.  de. 

bd. 

'f. 

ce.df. 

of.de, 

ed. 

'f. 

ae.df,     af.de,     ad.ef; 

et  les  points  de  la  premiere  colonne  vertiealo  de  eette  table  sent  situc^s  sur  la  droite 
ed .  ef  ceux  de  la  deusieme  colonne  verticals  sur  la  droite  fd  .fe,  et  ceux  de  la  troiaieme 
colomie  verticale  sur  la  droite  de .  df:  I'exiatence  de  Tune  quelconque  de  ces  droites 
fait  voir  la  v^rit^  du   theoreme  dont  il  s'agit. 

Pour  d^montrer  le  th^orferae  (^),  consider ons  k  part  un  quelconque  des  points 
ohc,  ahd,  abe,  ahf;  par  exemple  le  point  ahf.  On  peut  envisager  ce  point  comme 
d^termin^  par  les  droites  ab .  of,  ab .  bf,  et  ces  droites  contieiinent : 

ab  .  of  les  points  If.  ac,    hf.  ad,     If.  ae, 
ab .  hf      „       „      af.  he,     of.  bd,     af.  be. 

Or  bf.ac  et  of. be  sont  situ^s  sur  la  droite  ab.de.  cf;  bf.ad  et  af.bd  sur  la  droite 
ai).  ec.df;  et  bf.ae  et  af.be  sur  la  droite  ab.cd.ef.  De  plus,  les  points  hf.ac, 
bf.ad,  bf.ae  aont  situ^s  sur  lea  droites  ab  .be,  ab.bd,  ab.be  respectivement,  et  les 
points  af.bc,  af.bd,  af.be  sont  situ^s  sur  les  droites  ab.ao,  ab.ad,  ab.ae  respectivement. 
Done  on  peut  repr^senter  les  points  de  la  droite  ab .  af  par  les  syraboles 

(ab  .de.cf){ah.  bo),     {ab .  ec .  df)  (ab .  bd),     (ah.cd.  ef)  (ab  .  be), 

et  les  points  de  la   droite  ab .  bf  par  les  symboles 

(ab  .  de .  cf)  (ab .  ac),     (ab .  ec .  df)  (ab .  ad),     i^ab .  ad .  ef)  (ah  .  ae). 


Maintenant 

Lea  droites 

de  mgme  que  lea  droites 

se  reiioontrent  sur  1; 

ab  .  bd,     ah  .  ae 

ab  .he,     ah.  ad. 

ab.de.  cf 

ah .  he,    ab  .  ac 

ah.  he,     ah  .  ae, 

ab  .ec.df 

ab  .  be,    ab  .  ad 

ab .  bd,    ab  .  ac. 

ab.cd.  ef, 

c'est  h  dire,  il  existe  un  systeme  de  trois  hexagones  dont  les  c&tds  sont 

(ah  .de.cf,  ab  .ec  .df,  ah.cd.ef  ab.  be,  ab  .  bd,  ah  .  be), 
(ab.  de  .cf  ab.ec  .  df  ab.cd.  ef  ab .  ac,  ab  .ad,  ab  .  ae), 
(ab  .be      ,     ab.bd       ,    uh.be       ,    ab.ac,     ab.ad,     ab.ae). 
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Ces  liexagonea  out  pour  angles  les  memes  six  points.  Or  I'existence  de  I'uno  ou  de 
I'autre  des  droites  ab .  of,  ab ,  bf  sufEt  pour  faire  voir  que  ces  six  points  sont  situ^s 
sur  la  mSme  coiiique ;  done  les  cot^s  opposes  du  troisi&me  hexagone  se  rencontrent 
dans  trois  points  situ^s  sur  la  m^me  droifce.  De  plus,  on  voit  ais^ment  que  los 
hexagones  sont  pr^cis^ment  teis,  qu'en  vertu  du  th^oreme  (a),  les  trois  droites,  auxquelles 
donnent  lieu  ces  hesagones,  se  rencontrent  dans  un  mSme  point;  et  ce  point  sera 
^videmment  le  point  abf.  Mais  lea  c6t&  opposes  du  troisifeme  hexagone,  savoir  les 
droites  ab  .be  et  ab.ac;  ab.bd  et  ab  .ad;  ah.be  et  ah.  ae,  se  rencontrent  dans  les 
points  abc,  abd,  abf:  done  les  quatre  points  abc,  abd,  abe,  abf  sont  situ^s  sur  la  mSme 
droite :  th^orfeme  dont  il  s'at 


Pour   d^montrer  le  th^oreme  (7),  on  n'a  qua  consid^rer  les   droites   de   ce   theorfeme 
CO  mine  d^ter  minxes, 

ab  .  ac  par  les  points  be  .  ad,  be  .  ae,  be  .  af, 
ae.ad  „  „  cd.ab,  cd.ae,  cd.af, 
ad.ab         „         „         bd.ac,     bd.ae,     bd.af. 


La  table  (0)  1 

^e  reduit  alors  a 

be  .ad.  ef,     da .  de, 

da .  df. 

cd.ab.  ef,     ba.be, 

ba .  bf. 

hd.ae.ef,     ea.ee. 

ca.ef 

et  la  table  (S)  a 

(da .  df)  (da .  de),  af.de,  ae.df 

iba.bf)  {ba.be),  af.be,  ae  .bf, 

{ca.ef){ea.ce\  af.ee,  ae.ef 

Or  les  points  de  la  deuxifeme  colonne  verticale  sont  situ^s  sur  la  droite  ea .  ef,  et  les 
points  de  la  troisierae  colonne  verticale  sur  la  droite  fa.fe.  L'existence  de  Tune  ou 
de  I'autre  de  ces  droites  fait  voir  que  les  droites  ab .  ae,  ae .  ad,  ad .  ab  se  rencontrent 
dans  un  mSme  point  a .  be. 

Pour  demontrer  le  th^orfeme  (8),  il  est  Evident  que  les  points  de  la  premiere 
colonne  verticale  de  la  table  qui  vient  d'etre  pr^sent^e,  sont  situ^s  sur  la  m^me  droite. 
Mais  ces  points  sont  pr&isement  les  points  d.bc,  b.cd,  c.db;  le  th^oreme  est  done 
d^montr^. 

[En  reraarquant  que  les  trois  droites  sur  lesquelles  sont  situ(5s  les  neuf  points  de 
la  table  gen^rale  (E)  se  rencontrent  dans  un  mSme  point,  cette  demonstration  de 
I'existence  des  droites  X  fait  voir  que  la  droite  [bed]  passe  par  le  point  d'intersection 
des  droites  ae.  af,  ef  .fa,  savoir  par  le  point  afe;  ou  bien  que  ehacune  des  vingt  droites 
X  passe,  non  seulement  par  trois  points  h,  mais  aussi  par  un  seui  point  g.  Ce 
th^or^me  est  dli  ^  M.  Salmon,  qui  ind^pendamment  de  mes  recherches  &,  trouv^ 
I'existence  des  vingt  droites  X.     8  aoiit  1849.     Inserted  here  from  Crelle,  t.  XLi.  p.  84] 
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Enfiii,  pour  dcmontrtir  le  th<^oreme  (e),  nous  pouvons  consid^rer  les  points  de  ce 
theorem e  comme  determines, 

ab.cd  par  les  droites  bc.bd,     ad.be.ef,     ac.bd.ef, 
f.ub         .,  „        fi.fd.    fi  ./,      ,    fd.fe       , 

e.ab         „  „         ec .  ed,     ec  .fe      ,     ed  .fe 

La  table  (o)  se  reduit  alors  k 

cd.ef.  f-ce,  f  .de, 

cd.eb,  cf.eb,  df.eb, 

cd.bf,  ce.bf,  de.bf, 
et  la  table  (]>')  k 

fe    ,  ce.cf,  d^.df, 

fe  .fh ,  cb  .  ce,  db .  de, 

fe.eb,  cb.cf,  db.df 

Or  les  droites  de  la  premifere  colonue  verticale  de  cette  table  se  rencontrent  dans  le 
point  bf.  be,  celies  de  la  deuxifeme  colonne  verticale  dans  le  point  c .  ad,  et  cellea  de  la 
troisifeme  coloime  vcrticalii  dans  Ic  point  d.  ac;  le  ih6oihme  dont  il  s'agit  est  done 
d^montr^.     Dans  cette  demonstration  on  aurait  aussi  pu  ^changer  les  lettres  a,  b. 

Les  thtiorfemes  (a)  et  (7)  peuvent  ^tre  enonees  par  le  seui  th^orfeme  suivant : 

"Etant  donne's  six  points  sur  la  m&me  conique,  et  menaiit  par  ces  points  neuf 
droites,  de  manifere  que  chaque  droite  passe  par  deux  points  et  que  par  chaque  point 
il  passe  trois  droites;  on  formera  avec  ces  neuf  droites  trois  hexagones  diff^rents  dont 
cha<!un  a  les  six  points  pour  angles.  Les  droites  de  Pascal,  auxquelles  donnent  lieu  ces 
trois  hexagones,  se  reneontreront  dans  nn  mfeme  point." 

En  aupposant  que  le  systferae  de  neuf  droites  eontient  toujours  un  m^me  hexagone, 
il  est  possible  de  completer  de  quatre  maniferes  diff^rentes  le  systfeme  des  neuf  droites ; 
savoir,  on  pent  aj  outer  aux  cot^s  de  I'hexagone  1  les  trois  diagonales  de  I'hexagone 
2,  3  ou  4,  en  menant  une  quelconque  de  ces  diagonales  et  deux  droites,  chacune  par 
deux  angles  altern^s  de  I'hexagone.  Oes  quatre  syst^mes  donnent  lieu  au  point  g,  et 
aux  trois  points  h,  qui  se  trouvent  sur  la  droite  de  Pascal,  correspondante  a  I'hexagone 
dont  il  s'agit;  savoir  le  premier  systfeme  donne  lieu  au  point  g,  et  les  trois  demiers 
I  point  A. 


Hosted  by 


Google 


96] 


96. 


MEMOIRE    SUE    LES    C0NIQUE8    INSCUITE8    DANS    UNE    MEME 
SURFACE   DU   SECOND   ORDRE. 


[From  the  Journal  fUr  die  reine  tmd  angewandte  Mathematik  (Crelle),  torn.  XLi.  (1851), 
pp.  73—86,] 

En  consid^rant  une  surface  quelconque  du  second  ordre,  le  problfeme  se  presente ; 
d'examiner  leg  propriet^s  des  coniques  iBScrites  dans  cette  surface  et  des  cones  circon- 
scrits.  La  plupart  de  ces  propri^tfe  est  peut-^tre  connue^;  cependant  je  crois  qu'on  ne 
ies  a  pas  encore  d^velopp^es  syst^matiquement.  Je  me  propose  de  donner  ici  I'smalyse 
des  propriet^s  Ies  plus  simples  d'un  tel  systfeme  de  coniques,  et  la  solution  du 
problfeme  analogue  au  problem e  des  tactions  qui  se  presente  ici,  ainsi  que  quelques 
th^orfemes  relatife  au  passage  k  un  systfeme  de  coniques  situ^es  dans  un  mfeme  plan  et 
inscrifces  daus  une  m^me  eonique,  en  me  r^servant  pour  une  seconde  partie  de  ce 
m^moire  Ies  d^veloppements  ultdrieurs  concernant  ee  passage,  et  la  solution  complete  du 
probleme  analogue  au  problfeme  de  Malfatti,  g^neralis^  par  M.  Steiner. 

Kemarquons  d'abord  que  Ies  coniques  inscrites  et  Ies  c6nes  circonscrits,  ainsi  que 
Ies  plans  des  coniques  inscrites  et  Ies  sommets  des  c6nes  circonscrits,  sont  des  figures 
ridproques  par  rapport  h  la  surface  du  second  ordre.  En  consid^rant  deux  coniques 
inscrites  queleonques,  et  Ies  c6nes  circonscrits  eorrespondants,  on  remarquera  que  Ies 
plans  des  coniques  inscrites  se  rencontrent  dans  une  droite.  Je  la  nommerai  Droite  de 
symptose.  Les  sommets  des  c6nes  circonscrits  seront  situes  dans  une  droite  que  je 
nommerai  Droite  d'hcmologie.  Ces  deux  droites  seront  i^videmraent  r^ciproques  Tune  ^ 
I'autre.  II  se  trouvera  sur  la  droite  d'homologie  deux  points  dont  chacun  est  le  sommet 
d'un  c6ne  qui  passe  par  les  deux  coniqufi  mscrites.  Ces  deux  points  peuvent  etre 
nommes   Points  d'homologie.     De  meme   il   p'lsseii  par   la  droite  de  symptose  deux  plans, 

1  Voyea  le  mfimoire  de  M.  Sterner  "Eimge  ^eometneohe  Betiaohtnugen  "  Journal  t,  i.  [1826}  pp.  161 — 184, 
et  un  m^moire  de  M.  Olivier,  Quetelet,  Corie'^p   Math    t    "    [ia2q] 
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qui  sont  les  plans  des  coniques  dana  lesquelles  se  coupent  les  deux  eones  circonscrits. 
Cea  deux  plans  peuvent  ^tre  nomm^a  Plans  de  syvvptose.  Les  plans  de  symptose  et 
lea  points  dliomologie  ne  sont  pas  aeulemenfc  des  figures  reciproques  :  les  deux  plans 
de  symptose  passent  aussi  par  les  deux  points  dliomologie,  chacun  par  le  point 
r^proque  de  I'autre  plan ;  c'est  k  dire :  les  plans  de  symptose  sont  dos  plans  conjuguds 
par  rapport  ^  la  surface  du  second  ordre,  et  les  points  d'homologie  sont  des  points 
conjugues  par  rapport  ^  eette  mfeme  surface.  Remarquons  aussi  qu'en  considerant  le 
systfeme  form^  par  les  plans  des  coniques  inserites  et  les  plans  tangents  a  la  surface 
men^s  par  la  droite  de  symptose,  on  trouvera  que  les  plans  de  symptose  sont  les  plans 
doubles  (ou  si  I'on  veut  les  plans  autu-conjugues)  de  1 'involution.  De  meme,  en 
considerant  le  systeme  forme  par  les  sommets  des  cflnes  circonscrits  et  par  les  points 
de  leur  intersection  avec  la  surface  de  la  droite  d'homologie,  on  trouvera  que  les  points 
d'homologie  sont  lea  points  doubles  (ou  avio-cmjuguds)  de  I'involution.  Les  deux  c6nes 
circonscrits  qui  ont  pour  sommets  les  deux  points  d'homologie,  peuvent  Mre  nomm^s 
G6nes  d'homologie;  de  m^me,  les  deux  coniques  inserites,  situ^es  dans  les  deux  plSns  de 
symptose,  peuvent  ^tre  nomm^es  Coniques  de  symptose.  (En  passant,  nous  remarquerons 
que  ces  coniques  de  symptose  correspondent  aux  Potenzkreise  de  M.  Steiner.)  II  eat 
Evident  que  les  cSnes  d'homologie  et  les  coniques  de  symptose  sont  des  figures  reciproques. 

En  considerant  trois  coniques  inserites,  et  les  c^nes  circonscrits  correspondants,  on 
verra  que  les  plans  dea  coniques  inserites  se  rencontrent  dans  un  point  que  je 
nommerai  Paint  de  symptose.  Les  sommets  des  cSnes  circonscrits  seront  situ^s  dans 
un  plan  que  je  nommerai  Plan  d'homologie.  Ce  point  et  le  plan  seront  reciproques 
I'un  k  I'autre,  En  combinant  deux  h,  deux  lea  coniques  inserites  ou  les  c6nes  circon- 
scrits, cela  donne  lieu  k  trois  droites  de  symptose  qui  passent  chacune  par  le  point  de 
symptose,  et  a  troia  droites  d'homologie  situecs  chacune  dans  le  plan  d'homologia  II 
existe  aussi  six  plans  de  symptose  qui  se  coupent  troia  k  trois  dana  quatre  droitea,  aretes 
d'une  pyramide  quadrilatfere  qui  a  pour  axes  les  trois  droites  de  symptose.  Les  quatre 
droites  dont  il  s'agit,  peuvent  Stre  nommees  Axes  de  symptose.  II  existe  ^galeraent  six 
points  d'homologie,  situ^s  troia  k  troia  dana  quatre  droites,  cSt^s  d'un  quadrilatfere  qui 
a  pour  axes  les  trois  droites  d'homologie.  Les  quatre  droites  dont  il  s'agit,  peuvent 
Stre  nommees  Axes  d'homologie.  La  pyramide  et  le  quadrilatfere  sont  des  figures 
reciproques,  et  il  convient  de  remarquer  (quoique  cela  soit  assez  Evident)  qu'il  y  a  ici 
trois  points  d'homologie,  non-situea  dans  un  des  cot^s  du  quadrilatfere,  maia  contenus 
dans  troia  pointa  de  symptose  qui  se  coupent  dans  une  ar^te  de  la  pyramide. 

Par  I'un  quelconque  des  axes  d'homologie  il  passe  deux  plans  dont  chacun  touche 
les  trois  coniques  inserites;  de  m^me  il  se  trouve  sur  I'un  quelconque  des  axes  de 
symptose  deux  points,  dont  chacun  est  un  point  d'intersection  dea  trois  c6nea  circonscrits. 
Cela  constitue  la  solution  du  problfeme:  Trouver  la  conique  inscrite,  ou  le  c6ne 
circonscrit,  qui  touche  trois  coniques  inserites,  ou  troia  c6nes  circonscrits.  II  y  a  kidt 
solutions  de  ce  probleme. 

Avant  d'aller  plus  loin,  je  vais  iiidiquer  que!ques-unes  des  formules  analytiques 
correspondantes  a  la  theorie  qui  vient  d'&tre  expliqu^e. 
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Ecrivons,  pour  abr^ger  i 

U  =  Aaf  +  Bf  +  Oz''  +  Dm'  +  'iFyz  +  2Gxz  +  %Hxy  +  2Law  +  2%w  +  ^Nzw. 

V^ax    +/3y  +ye   +Sw, 
et  repr^sentons  par   21,  SS,   (J,  5),  S,  @,  ■§,  8,  ^Hi,  ^   Ics  coefficients   du   systeme   inverse 
de  A,  B,  G,  D,  F,  G,  H,  L,  M,  N.    Soib  de  plus 

X  =  Ax^-Hy-\'Gz  +  Lw, 


Cola  pos^,  en  prenaiit  U  =  0  pour  Equation  de  la  surface  du  second  ordre,  et 
Y,  =  0,  V^  =  0,  F5  =  0  pour  les  Equations  des  plans  des  coniques  inscrites,  on  obtient 
pour  I'un  des  plans  de  symptose  des  coniques  inscrites  (J7  =  0,  ^,  =  0),  {U—0,  l^^^O) 
I'equation  trfes  simple  p^Vj^'PiVs^O.  De  la  on  tire  povu:  les  coordonnees  du  point 
d'homologie,  qui  est  le   r^eiproque  de  ce  plan  de  sytnptose,  les  Equations 

X  :    Y  :  Z  :    W-^p^a^—pirh  '•  pS\—pA  '■  Pnyi—piyi  ■  pA—pi^i- 
En   formant    ^galenient   les   expressions   des   coordonnees   d'un   point   d'homologie   des 
deux    autre s   paires   de    coniques    inscrites,   on   obtient    poiir   Equation   de    I'un   des    axes 
d'homologie : 


X,      Y,     Z, 


A,    v., 


■  verticales   quelconques   de  cette   formiile,  on  trouve 
.  obtient,  sont  tous  ^gaux  Ji  zero. 


savoir,  en  choisissant  quatre  ( 
que  !es  determinants  que  Tor 

Nous  ajouterons   que   la   droite   qui,   par   rapport   a   la   conique   ( [/"  =  0,    Fi  =  0),   est 
reciproque  de  cet  axe  d'homologie,  est  donn^e  par  les  Equations 

F,  =  0,     F,  :   Fs  =2>4p,- 3(0,0, -...  :i>J),-9ta,«s-...; 

il  est  elair  que  cette  droite  rencontre  la  surface  du  second  ordre  en  deux  points 
situ^s  dans  les  plans  des  coniques  inscrites  qui,  au  moyen  de  I'axe  d'homologie  dont 
r^quation  vient  Stre  donn^e,  sont  determines  de  manifere  il  toucher  les  trois  coniques 
inscrites  donnees.  Mais  sans  se  servir  des  equations  de  cette  di'oite,  on  peut  determiner 
requation  des  deux  plans  menes  par  I'axe  d'homologie  dont  it  s'agit,  de  manifere  ^ 
toucher  la  conique  inscrite  {17=0,  F,  =  0);  et  la  symetrie  du  resultat  fera  voir  que 
ces  deux  plans  touchent  aussi  deux  autrea  coniques  inscrites.  La  recherche  de  cette 
equation  etant  un  pou  difficile,  je  la  donnerai  en  detail,  en  supposant  cependant  connu 
le  theoreme  suivant : 


+  piy,   y' =  X'ai  + /i'y  +  y'2  +  p'*u :   les   plans  men&   par  la 
qu'ils   touchent   la   conique   inscrite  ((7=0,   F=0),  sont 


En   ecrivant   v  —  Xx-^^y-^- 
droite  (u  =  0,  i/  =  0)   do  mani^r 
[  par  requation 

p-^  [91  (Xv-  -  X'v'r  +...]-[§[«  {\v'  -  \'v)  +  ...]=  =  0. 
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Pour    appliquer   ce   th^orfeme   an   problfeme   dont    il    s'agit, 
F,  au  lieu  (,le   V,  et  qu  a  ecrire 
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qu'k   substituer 


a,     b  ,    c  ,     d 
X.     T,     Z,     W 

Pi,    "^1.     01,     7ii      Si 


X,     Y,    Z,     W 

Pi.    0.,     01,    7i.     ^1 


ou  les  coefficients  a,  h,  c,  d\   «',  V,  c',  d'  sont  des  quaiitite5s  quelconquea. 


Eeduisons  d'abord  I'expression  Stsi  (Xv  —  X'v)  +  ... .  Pour  cela,  uiettons  dans  les 
valeurs  de  v,  v',  les  expressions  S[ai+...,  ^a,+  ...,  &c.  a  la,  place  de  x,  y,...:  les 
quantit^s  X,  Y,  Z,  W  devienneot  alors  KtXi,  K0j,  Ky^,  KSj  (ou  comme  k  I'ordinaire  K 
est  le  determinant  form^  par  les  quantit^s  A,  B,  ...),  et  I'on  obtienfc  ainsi,  aux  signes 
prfes : 


31a,X.  4 


^Kpi 


i  ,     d 


n«,\'  +  ...  +  ^Kih 


a',     b' ,     c' , 
"„     A,     7i- 


na,{\v'-x'v)  +  ...=Kp,n, 


a',     b' ,     c'  , 
X,     7,    Z, 


V  . 

a',    d' 

II,     i  , 

A, 

'„.    s, 

X,     T, 

P.. 

c-,.    A 

formnle  qui  au  moyen  des  proprietes  des  determinants  ae  r^duit  a 


D  = 


X,   r,  z,   w 

".,     A,     7.,     s. 


a ,  b  ,  c  ,  d, 
a',  b' ,  o',  d', 
«„     A,     7.,     S„ 


PaMsons  ^  I'expression  91  (^u'  —  X'l,)^  +  . . . ,  que  nous  mettrons  sons  la  forme 

^lAin(xv'~\'vy+. ..]•  +  ...]. 

En  prenant  dea  quantitds  quelconquea  a,  b,  t,  Ij,  on  obtient  par  une  analyse  semblable : 
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a,  b  ,  t  ,  a 

a ,  b  ,  0  ,   d 

Pi,     «!.      A,       7l.       ^1 


formule  qui  se  reduit  k 


a' ,    y  ,   c' ,   d' 

X,    Y,   Z,W 

Pi>    «i.    A'    7:.    ^: 


a  ,    t)  ,    r ,    » 

X,     Y,    Z,     W 

«.,     A,     7i,     2. 


«' ,   V  ,   c' ,   rf' 
Pi,    "ill   A-    7i.    ^1 


i',      ?i',     c',     d! 
\,     A,     7..     ^. 


a,   b, 
X,    Y, 

Pu  «i,  A,  ■ 


mjiprimant  les  factours  constants  de    Q  et  de  Q,   on  obtient 


a^+IlJj  +  tir  +  tlf^- 


a ,    b  ,    c  ,    J) 

.Y,     7,    2,    If 


qui    sert    a    definir   les   fonctiona    ^,   i),   ^,    a>.      Lequation    qu'il    s'agissait    de 
trouver  devient 

A^+...-K     X,     7,     Z,     W    ==0, 

\>     A,     71,     «. 

oil  il  faut  avoir  ^gard  que  Ton  a  X^  Ax  + ... ,  &c,  Savoir,  lequation  qu'on  viont 
d't^erire  ae  decompose'  n^cessairement  en  facteurs  lin^aires  qui,  ^gal^s  h.  z^ro,  donnent 
les  Equations  dos  plana  dea  coniques  inscritea  qui  touchent  chacune  les  trois  coniques 
inscrites   donndes. 

Nous  avons  obtenu  ce  r^sultat  en  traduisant  en  analyse  unc  construction  g^omd- 
trique ;  mais  on  y  peut  aussi  parvenir  en  consid^rant  Ic  problemc  d'unc  manieie 
purement  analytique.  En  effet:  soient  comme  plus  haub,  [/'=0  I'^quation  de  la  surface 
du  second  ordre,  F,  =  0,  Fj  =  0,  Fj  =  0  les  6^uationa  des  plans  des  trois  coniquea 
inscrites  donn^es,  F"  =  0  I'^uation  du  plan  de  la  conique  inscrite  qui  touclie  chacune 
de  ces  trois  coniques.  La  condition  pour  que  cette  conique  touche  la  conique  inscrite 
situee  dans  le  plan   Fi=0,  est  Siaa,  + ...  =yipi.     On  a  done  les  trois  equations 


system e  la  nouvelle  Equation 


aai  + 

..  =pp„ 

«=fs  + 

..=pp„ 

033  + 

.=pp,. 

ns   les 

quantites   a 

/3 

7 

(J,   nous    ajouterons    au 

ax+. 

.=0, 

71 
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par  laquelle  il  sera  possible  deliminer  les  quatre  quautit^s  a,  ^,  7,  S.  En  attribnant  a 
X,.,.  la  meme  signification  qu'auparavant,  nous  mettrons  los  quatre  equations  sous  la 
forme 

(a[a  +  ...)aj  +  ,..=ppy, 

(5ta  +  ...)«3  +•■■  ^ppi, 

(2Ia  +  ...)a3  +  ...=pp,, 

(aia  +  ..,)X+...=    0. 


Kcrivons  de  plus 


(!««  +  .,.)  a  - 


^p®, 


ou  Ics   quantite's  a,  b,  £,  &   sont  arbitraires.  En   eliminant  de  ces  (Equations  les  Ibnotions 

(3t« +  ...),   puis   en  mettant   k   ia  place   de  p@   la   quantity   a   gauche   de   I'f^quation,   on 
obtient,  k  un  fiieteur  constant  pr^s, 

{3la  +  ..,)a  +  ...  =  ;  a,    tl  ,    C  ,    ft     ; 

!  X,     Y ,     Z,     W 


iela  donne  d'abord 


=jh     X.     Y,    Z.     W 
h.    ft,    7.,    8, 


puis,  en  ^crivaiit  p'  =  2la^  + ...  =  ^[jl  (3ia  + ...)*+ ...], 


R^+...- 


a  ,    b  ,    c ,    ti 
X,     Y,    Z,    W 

Pi,     «i,     A,     7i,     S| 


et  de  la  enfin,  en  substituant  dans  1' Equation  §(a«,  +  . . .  =  pp-, ,   on  obtient  comme  plus  haut 
r  Equation 

A^-'+...-K     X,     7,     Z,     W 
a,,     A,    7n     S, 


II    est    elair    que    cette    analyse    pent    6tro    appliqude    a    la    solution    d'lm    nombre 
quelconque  d'e'quations  de  la  forme  9l[aai+ ...  =pjpi. 
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En  revenant  4  la  th<^orie  g^oinetnque,  considerons  un  point  quelconque  que  nous 
prendrons  pour  point  de  projection :  le  c&ne  qui  passe  par  une  conique  inscrite  quel- 
conque  aura  (comme  on  sait)  un  contact  double  avec  le  c6ne  qui  a  pour  sommet  le  point 
de  projection.  Le  plan  de  contact  sera  le  plan  men^  par  le  point  de  projection  et  par 
la  droite  d'intersection  du  plan  de  la  conique  inscrite  et  du  plan  r^ciproque  au  point  de 
projection.  En  considerant  pluaieurs  eoniques  inscrites  ayant  une  droite  de  aymptose 
commune,  tous  les  cfines  auxquels  donnent  Heu  ces  eoniques  inscrites,  auront  pour 
aretes  communes  les  deux  droites  men^s  par  le  point  de  projection  aux  points  dans 
lesquels  la  sur&ce  est  rencontr^  par  la  droite  de  symptose  commune.  Ajontons  que 
les  plans  de  contact  des  cones  dont  il  s'agit,  avec  le  cSne  circonserit,  reneontrent  le 
plan  des  deux  aretes  communes  dans  une  droite  fixe,  savoir  dans  Tune  ou  I'autre  des 
droites  doubles  (ou  auto-conjugu^es)  de  I'involution  form^e  par  les  deux  aretes  communes 
et  par  les  droites  dans  lesquelles  le  plan  de  ces  deux  aretes  communes  rencontre  le 
c6ne  circonserit.  De  plus,  en  consid&ant  les  plans  tangents  inen&  par  I'une  ou  pai' 
I'autre  dea  deux  arStes  communes,  ces  plans  tangents  forment  un  systfeme  homologue 
a  celui  des  plans  des  eoniques  inscrites.  En  considerant  en  particulier  I'une  ou  I'autre 
des  eoniques  de  symptose  de  deux  eoniques  inscrites  quelconques :  le  plan  tangent  du 
c6ne  correspondant  pst  le  plan  double  (ou  auto-conjugue)  de  I'involution  form^e  par 
les  plans  tangents  des  cfines  qui  correspondent  aux  deux  eoniques  inscrites  {c'est  k  dire 
par  les  plans  tangents  qui  passent  par  I'arSte  commune  dont  il  s'agit),  et  par  les 
plans  tangents  de  la  surface  du  second  ordre  men^s  par  cette  m&me  ar^te  commune. 
C'est  1&  en  eifet  la  propri^t^  qui  conduit  a  la  construction  des  eoniques  de  symptose 
de  deux  eoniques  situ^es  dans  le  meme  plan  et  consider^es  comme  inscrites  dans  une 
conique  donn^e. 


71—2 
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NOTE    SUR    LA    SOLUTION    DE    L'EQUATION   x'"-l=0. 


[From  the  Journal  filr  die  reine  und  angewandte  Mathematik  (Crelle),  torn.  XLI.  (1851), 
pp.  81—83.] 

SoiT  pm  la  m'^""*  puissance  d'une  racine  quelconque  (I'unit^  except^e)  de  liquation 
ai^  —  1  =  0,  et  repr^entona  par  a.  une  racine  quelconque  (I'unit^  exeept^e)  de  I'equation 
a™  —  1  =  0,     En    posant    requation 

<Po  +  ap,  +  a^i . . .  +  a^Piss)'  =  M{p^  +  a^,  +  a*p^...-\-  ol^^), 
on  sait  que  k  quantity  ilf  peut  Stre  exprim^e  en  fonction  rafcionnelle  de  a.     Cette  fonction 
une  foia  connue,  donnera  tout  de  suite  la  valeur  de  I'expression  {p„  +  ap^  +  a^p^ ...  +  c^''p^f^ 
en  fonction  rationnelle  de  a,  et  cela  suffit  pour  r^soudre  I'^^uation  donb  U  s'agit. 

Une  solution  du  probleme  a  ^t^  donn^e  depuis  longtemps  par  M,  Richelot  qui 
commence  par  suppoaer  que  a  soit  une  racine  primitive  de  I'equation  a^  —  1  =  0.  Cette 
solution  est  comprise,  comma  cas  particulier.  dans  celle  que  je  vais  donner.  La  question 
est  d'ailleurs  int^ressante,  k  cause  de  son  rapport  avec  la  theorie  des  norabres.  En 
effet,  quoiqu'en  tant  que  je  sache  I'on  n'a  pas  encore  trouve  la  regie  pour  former  d, 
priori  la  vaieur  de  M,  il  est  clair  que  les  recherches  de  MM,  Jacobi  et  Kummer 
doivent   conduire   a   cette   rfegle.     Le   rfeultat   ici   bas   pourra   servir   pour   la   verifier, 

Voici 


la  valeur  que  j'obtiens  pour  la  fonction  M : 

-2      +2a    -2a'   +2a^   +2a'   +2a»  -2ai" 

-  2a"  -  2^"  +  2a" 

+  2a-' 

+  2a^  -  2a™  -  2a^  +  2a^  -  2a»  +  2a^  -  2a^ 

-  2a«  +  20^^  -  2a^ 

+  2a" 

+  2a''  -  20**  +  2a»  -  2a'»  +  2a''  +  2a''  -  2a'* 

-  2a*>  +  2a^  -  2a« 

+  2a«= 

-  20.^  +  2a«'  -  2a^  +  2a*'  -  2a"  -  2a"  +  2a" 

-2a™  +2a'»  -2a=» 

-2a^ 

-  2a«'  -  2a=«  +  2a'«  -  2a*'  -  2q«  -  Sa"™  +  2a"' 

'  -  2a'*'  -  2a'«  -  2a'«  +  2a'«' 

+  2a"'  +  2a"s  -  2a"^  +  2a"*  +  2a'"  +  2a"»-  2a"= 

^+2a"^-2a'"'  +  2a'=^ 

'-2a"« 

+  2tf '^  -  2a'™  -  2q^  +  28"^  -  28"^  +  2a»'  +  2a'« 

'  +  2a"'+2a"^  +  2a'^ 

'-2a'« 

-2a'«-    a'»  +  2a'«'  +  2a'»-2a'«'  +  2a'«=-2a'«' 

+  2a'»  +  2a"'  +  2a'«' 

-20"^ 

+  2a"'  -  2a"«  +  2a}^  +  2^^"  -  2a'»  -  2a'»  +  2a''" 

-2a"'-2a"«+2a'« 

'-2a^ 

-  2a2'=  +  2as'>  -  2a™  +  2a='"  -  2a"'  +  2a=''  -  2a'^ 

'  +  2a="  +  2a=^  +  2a^' 

i  _  2a22« 

+  2a^  -  2a«»  +  2q^  +  2q^  -  2a™  +  2a=»  -  2a'» 

■  +  2a=''-2a^+2a^ 

>_2a^ 

+  2a^  -  2a^"  -  2c.^»  +  2a^'  -  2a='*  +  2a^  -  2a'» 

■■  -  2a^. 
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sentons  par  M'  ce  que  dcvioDt  M,  en  suppoaant  a'^  + 1  =  0,  nous  obtiendrons 


W  =     2a=   -  20*  +  2ai^   +  2a«    +  2a"   -  2a"  -  2a«  -  Sa^'  -  '2.aP  -  2a'*  4-  2a^ 
+  2a^  -  2a^°  +   a=^  -  2c^  --  2a^=  -  20*=  +  2a"  +  2a"  -  2a^'  ~  2a""  +  2a^ 

-  2a^=  +  2a^»  -  2a='  -  2a*'  +  2a«2  +  2a^  -  2a=«  +  2a«'  +  2a™  -  2a"  -  2a^ 

-  2«^^  +  2a"'  -  2a'^  +  2a^  +  2a™  -  2d^  -  2a*'  -  2(^  -  2a^  4-  2a^  -  2a^ 

-  2a"^  -  2a«»  -  2a»'  +  Sa^^  -  2a^  -  2a"«  -  2a""  -  2a'"  +  ^oT-^  +  2a"^  +  2a"' 

-  2a"'  +  2a"«  +  2tf"'  +  2a"»  +  2a™  -  2a^^  -  2a'"  +  2a'"  +  2a'==  +  2a'". 

Soicnt  Mi,  Ml  co  que  devient  M  en  aupposant  auccessivement  a'^^  —  1  =  0,  a^  + 1  =  0, 
et  Boient  Jf;,  Jf/  ce  que  deviennent  M  on  M^  en  aupposant  successivement  a"— 1  =  0, 
a^+l~0^  et  ainsi  de  suite,  jusqi\'a  M^,  M/  qui  seront  ce  que  deviennent  M  ou  il/i,  &c. 
en  supposant  successivement  a^— 1  =  0,  a+l  =  0;  nous  aurons: 

il/,  =  _  4      +  4a    -  2a^   -  2a'   +  2a=   -  2a«   +  4a'   +  2a»   -  4rf"  +  2a'=  -  2a" 

-  2a'*  +  2a"  +  2ai«  +  2a^'  +  4a^  +  4a'"  -  4a™  —  4a^*  +  2a^  ~  2a'"  -  a''^ 
+  ioP^  -  2a^  +  20**  -  4a=«  +  ia^'  -  4a'«  +  2a«  +  2a«  +  2a"  -  20*'  +  43^" 

-  20="  +  2a^'  +  4a=s  -  4a^  +  2a"'  -  2a^  +  2a™  -  2a«»  +  4a"  -  2a"=  -  4a« 
+  2a«=  -  20?"  +  4a"  -  ia.^  +  2aP  -  2a™  +  2a''  -  2cl^  -  2a''  +  2a™  -  2a™ 

-  2a™  +  2q'9  -  2a'"  -  2a^  -  4a^  +  2a^  -  ia^  +  2a^  -  2a"'  +  4a™  ~  4a«= 
+  2a'«  -  2a?^  +  20*^  +  20"  -  2a™  +  2a=*  -  4a'™  +  4a'"'  -  2a'"*  +  2a'"^  -  4a'"^ 
+  2a'"'  -  4a"«  +  4a™  -  2a""  +  4a'"  -  2a"=  +  2a"'  -  2a"^  +  4a"°  -  2a'"'  +  2a'" 

-  2a"s  +  4a"*  -  2a'^  +  2a'='  -  2a-"'  +  2a''=  -  4^=*  -  2a''^»  +  2a'^. 

M,'  =      2a    -  4a'  +20*+  2a'  +  2a*  +  2as  -  2a"  -  2a"  +  2a"  +  2a'*  -  2a'^  +  2a" 
+  20"  +  2a'"  +  ia?"  +  4a^=  +  2a'''  +  2a='  -  4a^"  -  2a^  -   a^^  +  Sa"  -  4a'*  +  2a" 

-  2a"  +  4«*'  +  4a«  -  2a'=  +  2a*'  -  2a<'  +  2a«  -  2a='  +  2a?'  +  2a=''  -  2a"  -  2a>= 
+  2a™  -  2a"  +  2a®  +  ia^  -  2a^l 

Ji,  =  -  8      +  6a    -  4a2  +  4a'  -  6a*  +  4a*  -  4a«  +  6a'  -  2a^  +  2a's  -  6a'*  +  2a" 

-  2a"'  +  2a'*  -  2a'*  +  2a'^  -  4a'=  +  2a"  -  2a''  +  2a'»  -  4a'^  +  4a='  -  4a==  +  Qa!" 

-  2a^  +  8a==  -  4a'^  -  8a^  +  4a="  -  4a=°  +  2a^'  -  a*^  +  6a'*  -  4a*'  +  4a''  -  Sa^^ 
+  8a='  -  4a^  -  2a*'  +  2a"  -  4a*'  +  ia"  -  4a«  +  6a*'^  -  2a'«  +  ea*'  -  4a'*  +  6a'» 

-  4a=*  +  fia'^  -  2a^  +  6a='  -  6a«  +  6a=*  -  2a^  +  2a"  -  4a'*  +  4a^  -  6a«"  +  4a'^' 

-  4a'^  +  2a''''. 

J/"/  -  -  7      +  2a'  -  4a'  +  Ga'  -  2a'"  -  2a"  +  2a'=  -  4a'*  -  Sa'*  -  4a"  -  4a"  +  2^'* 

-  4ai*  -  2a'^"  -  2a?'  +  2a''  +  6a^'  ~  4a^  -  2:.^. 
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M,  =  ~-9      +12a    -8a^+    8a=  -  14«'  +  12a=  -  Sa-i  +    6a'  -40" 

+  4a' -  10a""  +  6a"  -   6a'=+    Ha}^-   Sa^  +  Sa"*-    8a'"  +  8tf' 

-  6a's  +    8a"  -  6a™  +  lOa^  -  lOa^'  +  12a'='  -  4a=*  +  lOd''  -  Ba"' 

+  4a"-14a='  +  8a^'-    8a™  +    4a'^. 
JV/;  -  -  1      -h  4a    -  2a^  -  8a'  +  2a=  +  2a"  -  Sa'  -  8a«  -  fio^  -  2a" 

+  2a"  +  8q1=  +  2a"  +  4a^. 
M,  =  - 17    4-  20«  -  14a'  +  16a=  -  20a'  +  22a=  -  18a»  +  18a'  -  Sa^ 

+  14a»  -  ISa}"  +  10a"  -  20a'=  + 16:<^'  -  14a»  +  12tf=. 
il//  =  -  9  +  6a  +  4a=  +  6a'  +  6a'  -  ict^  +  6a'. 
M^  =  -  25  +  34a  -  32a'  +  26a'  -  40a^  +  38a'  -  32a«  +  30a', 
il//  =  -15-4a~4a^ 
M,  --654-72a-64a'  +  56a=. 
i/;  =  -l+16a. 
A!,  =-129  + 128a, 
M;-=-257. 
Ces  diff^rentes  expressions  etant  trouv^es,  supposoos  que  a  soit  une  raciiie  primitive, 
et  repr^sentons  par  F,  F^,  F^,  ...  F,  ce  que  deviennent  M',  M^,  M^'  ...  M/  en   substituant 
a,  a^  a'',  ...  a"*  au  lieu  de  a  {F=M',  i^,  =  —  257) ;  nous  aurona 

(p<,  +  «Pi  +  a'ps . . .  +  a^^^pasO'"*  =  -  ^"'^ ,  F,^ .  F,^ .  F," .  F^ .  F.^ .  Fi .  F, ; 
oette  Equation  constitue  ia  solution  dont  il  s'agit. 

Ajoutons    encore   les    formules    beaucoup    plus    simples    qui    correspondent  a    lequation 
x"  —1=0,     En  supposant  a^°  —  1  =  0,  nous  aurons 

M    -  -  2  -  0*  +  2a=  4-  2a'  -  2a'  +  2a«  -  2a'»  +  2a'-'  -  2a'\ 
M'  ^  ~  2a.  +  2oi' -  o."  +  2a«  +  2a', 
i¥,  =  -  4  +  2a  -  2a^  -  a'  +  4a'>  -  2a^  +  2o', 
Ji/  =  _  3  _  2a  -  2a^ 
M^  =  -  5  +  6a  -  4a^  +  2a^, 
M,'  =  -  1  +  4a, 
jV,  =  -  9  +  8a. 
1//  =  -  17  ; 
ot  de  la,  en  supposant  que  a  soit  line"  racine  primitive ; 
(p.  +  ai>i  +  ---+a'^^„)'» 

=  (-  2«  +  2a'  -  a^  +  2a''  +  2a0^  .  (~  3  -  2a'^  -  2a")'  ,  (-  1  +  4a')^  17. 
Pour  a^  —  1  =  0  on  obtienb  sans  peine 

Oo  +  opi  +  a=^2  +  a'i^s)'  =  (-  2  -  a'  +  2a.'y .  5  ; 
ou  a  est  une  racine  primitive  de  I'e'quation  a'  -  1  =  0,  savoir  a  =  +  i. 
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NOTE    RELATIVE   A   LA   SIXIEME   SECTION   DU   "MEMOIBE   SUR 
QUELQUES   THEOREMES   DE   LA   GEOMETKIE   DE   POSITION." 


[From  the  Joarniil  fur  die  rei»e  und  angewandte  Mathematik  (Crelle),  torn. 
(1851),  p.  84.] 


This   Note  which  ia   thun  entitled  in  Ciellt!,  but  which  in  faut  refers  to  the  seventh  acolien  of  the  Memoir, 
s  inserted  in  its  proper  place,  ante  p.  5oo. 
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NOTE   SUE   QUELQUES   FORMULES   QUI    8E  RAPPORTENT  A   LA 
MULTIPLICATION   DES   F0NCTI0N8   ELLIPTIQUES. 

[From  the  Journal  fiir  die  reine  und   angewandte  Mathematik  (Crelle),  torn.  XLi. 
(1851),  pp.  85—92.] 

Es  revenant  siir  I'equation 

+  l{\  -  ^l  +  2m  +  2)  (\  -  21  +  2m  +  1) Pi^^ ,™ 
+  m (^  +  2i  -  2m  4-  2)  (/i  +  2Z  -  2m  + 1) Pj.m-i 

-  lUm  {V  -  (2^  +  2m  -  4)  (X  +  y.)]  Pi-,_,^,  =  0, 

dans   laquelle   Poo  =  l,  les   expressions   que  j'ai   donnees  pour   Pin,  Pij  [93,  see   p.    535] 
pouvcnt  §tre  Rentes  comme  suit; 

Pi,  =  \[\-l-lY-\ 

-Pj,!  =  fixi\-i- 1]'-'  +  ix[\-  ly-^  (isi  - 16  +  —  "^l^l "" 

equations  qui  pouvont  Stre  representees  par 
ce  qui  conduisent  a  la  forme 


X  +  fj. 

ou  les  coefficients  11  ne   contiennent   que  la  seule   quantity  X,  et  oil  ^;  3  est  i 
int^grale  du  l'^""^  ordre  par  rapport  a  \,  et  du  second  ordre  par  rapport  k  /j,. 
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99]  NOTE    SUE    QUELQUES    FOEMITLES    QUI    SE    RAPPORTENT   &C. 

Cela  donna 

+  i  (X  -  2!  +  6)  (X  -  2i  +  5)  {a^,,  +  ii,_,,. .  --^^  +  B,.,,, .  ^-^[ 

-  32i  {X,.  -  2i  (X,  +  rt!  jft-i,.  +  -fii-i,>, .  ^''- 1  =  0, 
ce  C|m  se  rt^duit  a 

'x  +  ^       '-""(i  +  rt") 

-  ^flEl   ,.  1  -  2\>E;   5.5+  2X'i?(   ;.  5^ 

■  ■   (y 

2  (;ii  +  2;  -  2)  (/i  +  2Z  -  3)  Qj,i  +  2  (yu-  -  X  +  4;  -  5)  X/j-Ui,,.,  , 

+  2  (X  -  2;  +  2)  (\  -  2?  +  3)  i^; ,. .  -^. 


En  ne  faisant  attention  d'abord  qu'aiix   termes   qui   coiitieiineiit  des  puissances   nega- 
tives de  \  +  ii.,  nouB  obtenons 

- (l~2)  (X-l -i-  2) Ri,^,^  +  l{X-2l  +  6)(X-2l+  o) Ei-,,.,,^^0 
et 

-(l^2)(X-i  +  2)Iii_,.,  +  l(X-2l  +  6)(X-2l  +  5)Ri-j_,,, 

+  2(X~2l  +  ^){x~2l-\-3)Ri^,,,+SZlX^Mi^,^,,^  +  2X'Ri,^.^^0. 
La  premiere  Equation,  en  calculant  la  constante  arbitraire  au  moyen  de  R^.^.s  =  200,  donne 

Bt.,.,!,=  100l(l-l)X[X~l  +  iy-^; 

I'expression  dc  itj_2j  =  200  sc  trouve  par  celle  de  P^^a  qui  peut  §tre  ecrite  sous  la  forme 

P,  ,  =  X(X- 3) ii (^-3)  + 152X^  +  336 -■iO\V  +  (40\^- 1156) -^-  + ?^'4°- 

X  +  fi    {x+ /j,y 

En  Bubstituant  la  valeur  de  P^.^.a  et  eelles  de 

P;,.,  =  _10a[X -?]'-=,       Ri_,_,,,  =  ~lO{l-l)X[X-l  +  lf-' 
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dans  la  seconde  equation,  on  obtient 

-(l-.2)(\-l-i-2)Iti,^.,  +  l(X~2l  +  Q){\-2l  +  o)Ri_,_,,^ 

-  -loix.  (x-n+ 3)  [\  -  ly-'  -  noi  (i-i)x'[\-i  + 1]'-"  =  0, 

e'est  k  dire 

~20l\[X-iy-'{e{l-l)X'(X-l  +  l)  +  (X-2,l  +  4<)lX--2l  +  Ay'(K--2l  +  'a.)]. 

Mettons 

Ri,.-  ,  =  l(l-l)X[X-l  +  lj-'1'i ; 

cela  donne 

+  (\-2l  +  'i)(\-2l  +  if  (X -  2?  +  2)}, 
ce  qui  devient,  quelquea  reductions  faites, 


_  20  (I  -  2)  (;  -3)     20  (I  -2)  {I-  4) 
X  _  ;  +"1       +       x-l  +  2 

et  de  la  on  tire 


Or  _K3,,.  1  =  2-^,  =  40V  -  Hot; ;  done  -^^  -  20X'  -  578,  et  de  la  0  =  (52  -  60X  ;  done  enfin,  en 
restituaut  la  valeur  de  Rt_^.i, 

ji,.,-i(i-i)x[.-i+i]-{ii2-340i-6ox+g^+ai^+s-''°<[:-ff -=■>}. 

Passons  a  I'expression  de  Qi^.     EUe  donne 

[-  lX-2i^  +  (l~  2f]  Qi_,  +  l{X^2l  +  &)(X-2l  +  D)  Q;_, ,, 
+  2(f>.  +  2l-2i)(fi  +  2l-S)  Q;,.  -  32;  [X/i -  2i (\  +  /i)}  Q^.,. 

+  2  (w  -  X  +  4;  -  5)  X/tiJ;,,. , 
-  2Xfi.Ri^„.,-  ^X'fiRi^,.^-  32;x^ (X  -  20 Ri-,,,.,  =  0  ; 
ou  la  dtiruifere  ligne  se  r^duit  k 
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99]  A   LA   MULTIPLICATION   DES   F0NCTI0N8   ELLIPTIQUES.  5 

Done  on  a 

{IX  +  2fi-il-  2y\  Q,,,  _  ;  {X  -  2J  +  6)  (\  -  2Z  +  5)  Qj.,,, 

=  2(j^  +  2i-2)(fi+2i~S)Lx[\-i~iy-'  + 1\  [\  -  ly-'  fis;  - 16  +  ^  ^^  ~l^_}\  ~  ^^)| 

-S2l  {X^i-2l{\  +  ^)]  L\[X-lY^  +  (l~l)\[X-l  +  lJ^(lSl-Si  +  ^^^^^^^^'^\ 

-  2o;  (4Z  -  5 + /i  -  X)  \>  [\  ~  ;]^-= 

-a(i-i))^>[x-i  +  i]'-{e2-20i-i20x4-^''»-^i>»+^>-^''»-_y»-^>}. 

Equation  qui  peut  Stre  repri^sentfe  par 

li\  +  2,i-(i-2)")ft,,-i(X-2i  +  6)(\-2i  +  5)Q,_,,,.!a,.'  +  a8j."  + «;»  +  », 
ou  les  valeurs  de  ^,  33,  GC,  i9  sont  donnfes  par  les  formules 
9  =2)l[X -!-!]'-■, 

a  -  2  (« -  5)  X  [X  -  i  -  1]"  +  21X [X  -  !]!-  ("iSi  -  16  +  ^-^^'^' - -) 

-  32ix  (X  -  20  [X  -  ;]^=  -  2oa^  [X  -  ^]'-^ 

lit-2(2i-2)(2!-3)X[X-i-l]'- 

+  2  («  ^  ,5)  iX  [X  -  I]'-  jl8i  -  16  +  ^<'~^^'^'~^'l 
+  6*i"X"  [X  -  i]"-' 

-  32i  (i  -  1)  (X  -  2i)  X  [X  -  i  +  1  J-  |l8!  -  31  +  ^  ^'^~„^|  ^  ^  ^^1 
-20;(«-5-X)X"[X -(]'-■ 

-  a  (i  ^  1)  X.  [X^  !  +  1].-.  J62  -  20i  -  120X  +  »1^_+  Vi^ll)  _ !i(' -JWi-J)!  , 


x-i       I 


3B  =  2  (2!  -  2)  (2(  -  3)  ft  [X  -  i]"   18!  -  16  ' 

+  64C  (i  _  1)  X'  [X  -  !  +  If-  jlSi  -  34  +  ^''^~J;"7^''|  • 

Sans   m'aiTetcr   a  reduire   ces   expressions   aux   formes   les   plus   simples,  j'ocris 

e,,, .  (»  O  -  3)  X  [1  - !  -  I]"-' +  rf  + /, ; 

en   substituant   cette   valeur,  les   termes   qui   coiitiennent  /i^  se   detruisent,   et   la   compa- 
raison  des  autres  termes  donne 

2/, -  6X [X -  I -!]•-•  4  1!X -(t-  2)")  X  [X - ;  -  1]'- 

-  !  (X  -  2i  +  6)  (X  -  2i  +  6)  X  [X  -  (]'"■  -  J3  -  0, 

72—2 
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2Ji  +  [l\ -(I-  2y]  {-S\[\-l-  If-'  +  Ii] 
-l(X-2l+6)(X~2l  +  5)  {-  3X.  [X  -  If-"  +  /i_i)  -  Iff.  =  0, 

[IX  -{I-  2f\  Ji~l(X-2l  +  6){X-2l  +  5)  Jj_,  -  55  =  0. 

Les  valeurs  de  /;  et  /;  peuvent  Stre  tiroes  sans  integration  de  la  premiere  ct  de 
la  seconde  de  ces  equations.  La  valeur  ainsi  trouv^e  de  Ji  satisfera  a  la  troiftienie 
6^uatioii  (ce  qui  cependant  doit  ^tre  v^rifi^  a  posteriori),  II  m'a  pam  plus  simple  de 
tirer  la  fonction  Ii  de  la  premifere  6^iiation,  et  celle  de  t/j  en  integrant  la  troiaieme 
Equation ;   alors  ce  sera  la  seconde  Equation  qu'il  yak  verifier.     En  eft'et  on  obtient 

/,  ^ix[x-  ly--  ^mi  +  4  -  20X  +  ^^^^zj^l . 

L'^quation  qui  sert  k  determiner  Ji  devient,  en  substituant  la  valeur  de  IB, 
(a  -  (!  -  2)"] /,  - !  (>.  -  2i  +  6)  (i  -  2!  +  5)  J,_, 

=  «  (I - 1) (2!  - 3) X,  [I- !]'- jis;  -  16  +  ^£^^iifill?>| 

+  t)U'(i-i>x-ix-i  +  i'f-\m-si  +  ^'-'~y^^'~°^\. 
J,-  i(i-i)x\_x-i+ij-'  r,, 

on  trouve 

|a-(i-2)-(F,-(!-2)(\-!  +  2)F,_, 

^8(2i-3)<.>lzj'  +  8)(;^-i^'  +  ^)|9i_S  +  ('-;^)g-^)} 

En  faisant 

r, .  *,  +  — ^'      + ?! 

'         '^\-l  +  l      iX-l  +  l)(X-l)' 

cette  Equation  se  rdduit  ^ 

{IX -(I-  2y]  if, - (! -  2)  (X- i  +  2) M,_, 

+  U,-(i-2)A,_,+  j-j-j-j  +(x-i  +  l)(X-l) 

=  8(2i-3)(9;-8){(X-3!  +  6)-2=M^)} 


.S(2.-3„-l„-2){l-,^(i^).^Ji^|§^} 

.l)(;-2)(Z-3) 
X-i  +  l 

et    cela    donno    tout  de  suite    la  valeur    de  Bi,  et  apres  quelques  reductions  celle    de  Ai. 
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On  obtient  ainsi 

^,.2(!-2)(!-3)(36!  +  7), 

B,  -  2  (!  -  2)  (!  -  3)  (i  -  4)  (n  -  3). 

En  substituant  ces  valeurs,  on  a,  touts  reduction  faite; 

(i)i.-(i-2)')Jf,-(i-2)(X.-!+2)j¥j-,  =  8X(162!'-31oi  +  21)-24{i-2)>(27(-26), 

Of,  -  <(  -  2)  i[^,  -  1296i"  -  2520!  +  192, 

M,  - «,_,  -  618!  -  624, 

ou  enfin 

*,     =32«'-300!-528, 

M,.,  -  32*P  -  9*8!  +  192 : 

valeuiB   qui  (comme   cela  doit   ^tre)   ee   cbangent   I'une   dans   I'autre    en    entrechangeant 
!,   !-l. 


De   la   on   obtient 

J.-!(!-l)X[X-!  +  ll-{324!.^300!-a28  +  ^<'-^)<'-y  +  ') 

2(2i-3)(i-2)(!-3)(!-4)) 
(X-!  +  l)(\-!)  I' 

valour  qu'on  trouverait  aussi  par  I'autre  preclude  indique  ci-dessus.     Or  nous  avons 

Qf,2  =  (a(A'-3)X[\-!-l]!->  +  ^7i  +  J'j, 

.._¥.- iff.       _^'t'-. 
■■"(X  +  rt" 

done  enfin,  en  r<5unissant  lea  valeurs  des  dilFdrentes  parties  de  Ft  ^,  on  obtient 

P,j  =  li,(fL-S)\p.-l-lf-' 

+  f,l\  [X  -  If-'  im  + 1  -  20X  +  i<A-"At  2)1 

+ !  (!  -  1)X  [X  -  i  + 1]"  J324!"  -  300!  -  528  + 


2(!- 

-2)(i 

■^3)(36!  +  V) 

3)(!- 

+ 

X- 
2(2!- 

-!  +  l 
-3)(! 

-2)(!- 

-4)1 

(X-! 

+  1)(X. 

-') 

) 

+  ! (! ^  1) X  [X  --  !  +  1]"  (62  ~  340!  -  60X  +  ^OIX  + 1) (X_+2)  ^  20(!z:Mll^l  JVL 
+  lOOZ  {l-\)x\_X-l  +  l]^a  -,— — V, , 
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Equation  qui  fait  suite  aux  Equations 

Pi,^^x{x-i-  iy-'+  iK[\-  if^  \i8i  - 16  +  ^JtrlUbiBl  _  lo^j,  r^  _  i-]i-' ,  _^1 

(  X—  t  )  \  +  fl 


Je  vaia  essayer  maintenant  k  cherchcr  d'une  manifere  plus  sysfc^matique  lea  termes 
de  Pita  qui  ne  eontienDent  pas  la  quantite  /j,,  ou  bien  k  chercher  la  solution  de 
I'dquation 

+  i(X-2(  +  2m  +  2)(X-2i  +  2m  +  l)P,_,,„ 
+  2m(i-m  +  l)(2!-2m  +  l)P,,^, 

+  32!m  (i  +  m  -  2)  P,_,,„^,  =  0. 
En  supposaiit  que 

(ou   la   sommation   se   rapporte  a   p,   nombre  qui   doit   ^tre   ^tendu   depuis  p~0  jusqua 
p  =  m),  on  obtiendra  sans  peine 


[X-i  +  m-l]»- 
I- 2m  (2i  -  2m  + 1)  [A  -  2!  +  2m]' S  ,-^^3^J=5jifY55 
+  32!i»(!  +  m-2)».S 


'[X-;  +  m-]p'        ' 

oil  p  s'etend  seulcment  jusqu'^  m  —  1  dans  la  troisifemc  et  dans  la  quatrieme  ligne. 
Ponr  rfjduire  la  premifere  ligne,  j'ecris 

-  a  +  (i  -  ~)"  =  -  i  (J,  -  i  +  m  -  p)  +  [)»■  ^  (m  +  p)  i], 
ce  qui  reduit  le  terme  g&f;ral  a 

[X-l  +  m-l]^^  [X-l  +  m-l]f       ' 
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expression    qui,    en   ^crivant   r  + 1    au   lieu   de  p   dans    le   premier   terme,   et  r   dans   le 
second  tenne,   peiit   etre   remplae^e   par 


(«) 


K-(m  +  r);U,.^,. 


\x-i+m-yY        \\-l+m-\Y 

La  seconds  ligiie  donne  tout  de  suite  le  terme  ge'neral 

Pour  reduire  la  troisieme  ligiie,  je  mets 

[X  -  2;  +  2m]'.  [X  - !  +  m  -  J)]'-  2  (i  -  i»  -y  +  1]"  [X,  -  i  +  111  - ;)  -1]'  +  [i  - 1»  -  J)]", 
ce  qui  r^duit  le  terme  g^n^ral  a 

2„(2i-2„.  +  l)  p^--^jji^-4»(2i -2,,. +  1)  P:^^?^^!^ 

+  [x-;+m-i]!'+'  '"■ 

expresKion   qui  (en   ecrivant  r  + 1  au   lieu  de  p  dans  le  premier   terme,  r  dans  le  second 
terme  et  r  —  1  dans  le  troisieme  terme)  pent  etre  rcmplac^e  par 

im  (2l-2m  +  l)[l-m-r+  If  A(  „._i  ,._, 

+  [x-i  +  m-iy  '     • 

Pour  reduire  la  quatrieme  ligne,  je  mets 

\^{X-l  +  m-p)  +  {l-m  +p), 
ce  qui  rMuit  le  terme  g^n^ral  k 

32'»(i +»- 2)  pC^fe^,  +  32;m  (i +»- 2)  <^J'J-f„tl^^ 

expression  qui  {en  ecrivant  r  + 1  au  lien  de  p  dans  !c  premier  et  r  dans  le  second  terme) 
pent  etre  remplae^e  par 

(S)  32i,(i+„-2) ^-,1-— -i-;-, 4 32fa(i + ,„ - 2) " -^'J^^^^L-y ' . 
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Done  on  rduniasant  les  expressions  (a),  {^),  {7),  (S)  et  en  faisant  attention  que  le 
coefficient  du  terme  qui  contient  [X  —  l  +  m  —  iy  au  d^nominateur,  doit  se  reduire  k 
z4to,   on  obtient,   en   arrangeant   encore  les   termes   d'une   maniere   convenable : 

2m(2i-  2m  +  1)  ^;,,„_j,^+, 
+  32im  (l  +  m~2)  ^!-,.m_i.r+! 

-4im(2l-2m  +  l)(l-m~r  +  l)  A^.^i,^ 
+  32Zm  (l  +  m-2)(l  +  m-r)  -di_i.,^,,^ 

+  2ni  (2;  -  2m  +  1)  (i  -  m  -r  +  1)  (i  -  m  -  r)  Ai^,n-i.r-i  =  0, 

oil  r  s'^tend  depuis  r  =  0  jusqu'^  r  =  m.,  en  rMuisant  k  z^ro  les  termes  pour  lesquels 
le  troisifenie  suffixe  est  n^gatif  ou  plus  grand  que  le  second  suffixe.  Par  exemple  dans 
le  cas  de  r  =  m,  on  obtient  I'^quation  trfes  simple 

(2i-m)A,,™,^, 
-2(2;-2m  +  l)(;-2m  +  l)(;-2m)^i,™_,,,^i  =  0 
qui  (sous  la  condition  ^;o,n  =  l)  donnc  sans  peine  la  valeur  g&^rale  de  Ai,^^^,  savoir: 
-di.m.™  =  [2i  -  m  -  l]™  [i  -  m  - 1]"* : 

valeur  qui  peut  etre  presentee  sous  d'autres  formes  en  cousiderant  a  part  les  deux  cas 
de  m.  pair  et  de  m  impair.     En  suppoaant  m  =  l,  m  =  2,  on  obtient 

^i.i,i  =  2(;-l)(i-2),     ^i,2,,  =  2(2i-8)(Z-2)(^-3)(;-4): 

valeurs  qui  servant  k  verifier  des  r^sultats  d^ja  trouves. 
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100. 

NOTE    SUK    LA    THEOEIE    DES    HYPERDE'TEEMINANTS. 


[From  the  Journal  fur  die  reine  wnd  angewandte  Mathematik  (Orelle),  torn.  XLII.  (1851), 
pp.  368—371.] 

Dans  la  th^orie  doiit  il  s'agit,  je  suis  parvenu  k  un  th^oreme  qui  pourra,  a  ce 
qu'il  me  parait,  conduire  a  des  d^veloppemeiits  mt^ressants. 

Je  ne  considere  ici  que  le  cas  d'une  fonction  homog^ne  k  deux  variables,  et  en 
me  servant  des  uouveaux  termes  de  M.  Sylvester,  je  nomrae  Covaricmt  d'une  fonction 
donn^e,  toute  fonction  qui  ne  change  pas  de  forme  en  faisant  subir  aux  variables  des 
transformations  lindaires  quelconques,  et  Invariant  toute  fonction  des  seuls  coefEeients 
qui  a  la  propri^td  mentionn^e. 

Cela  pos^,  Boit  JJ  une  fonction  donn^e  quelconque,  du  degr^  n  par  rapport  aux 
variables,  et,  eomme  k  I'ordinaire,  contenant  des  coefficients  atbitraires  a,  h,  c,  &c. 
Sait  Q  un  covariant  quelconque  (y  compris  le  cas  particulier  ou  Q  eat  un  invariant) 
de  la  fonction  U,  s  le  degr<>  de  Q  par  rapport  aux  variables,  r  le  degr^  de  cette 
m^me  fonction  Q  par  rapport  aux  coefficients.  En  supposant  que  la  fonction  U  ait  un 
factcur  6'  (oil  $  =  lx  +  my  est  une  fonction  lindaire  dea  variables),  ou  autremcnt  dit,  en 
supposajit  r^quation  TJ^O'V,  je  dis  que  le  covariant  Q  contiendra  ce  mgme  facteur 
0  dlev^  a  la  pui^aiice  rv  —\  {m  —  a). 

En  effet,  en  se  rappelant  la  m^thode  dont  je  me  suis  servi  dans  la  seconde  partie 
de  mon  m^moire  sur  les  Hyperdeterminants  (t.  xxx.  de  ce  Journal,  [16])  (je  suppose  que 
le  Iccteur  ait  ce  memoir e  sous  les  yeux),  on  verra  que  cette  fonction  Q,  suppos^e, 
comme   plus   haut,   du   degrd   r   par   rapport   aux   coefficients,   sera   n^cessairement   de   la 

forme  __   , g 

Q  =  12    13   23    ...  U,U^...  Ur, 

puisque   les   coefficients  n'entrent  dans  Q  que   par  les  fonctions   JJi,   U,,,  &c.     Or  Q  <^tant 

du  degrd  s  par  rapport  aux  variables,  on  obtient   s—m-2(a  +  ff  +  j+.,.),  c'cst  k  dire: 

a  +  ^  +  7...  =^(m-s). 

Cela    posd,   puisque    U=  ^F,    on    aura    de    mfeme    Uj  —  Oi-V,,    Ui^O^'Vi,    &c.     Les 

expressions   12,  &c.  qui  entrent  dans  Texpression   do  Q  contiennent  3j,,  dy^,  &c. :  aymboles 

c.  73 
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qui  doivent  fitre  rcmplaces  par  dx,  +  lSe^,  dy^  +  mde^,  &c,  en  supposaiit  (comme  il  est 
permis)  que  les  nouveaux  aymboles  dx,,  9y,,  &e.  ne  se  rapportent  plus  h  0,''Vi,  &c,, 
maia  aeulement  k  Vi,  &e.     Cela  donne 

n=(d^+ Ids)  (9„. + mdo,)  -  (d^ + ?ao  (9^.  +  ^^o) 
=  K  %-K  K  +  iK,  -  '^K)  \  -  i^y,  -  ^h)  \  i 

c'eat  k  dire:  12  est  une  fonction  lineaire  par  rapport  k  dg^,  dg^,  et  il  en  sera  de  mSme 
pour  les  expressions  analogues  IS,  23,  &c.:  done  le  nombre  des  differentiations  par 
rapport  aux  quantity  0i,  0^,  &c,  prises  ensemble,  ne  surpasse  pas  a  +  ^  +  y  + ... ,  on 
^(m  —  s).  Or  ['expression  a  diff^rentier  contient  le  facteur  d-^6^ ...6/;  done,  en  remettant, 
aprfes  les  differentiations,  6  au  lieu  de  0^,  6^,...0r,  la  fonction  Q  contiendra  le  facteur 
0  ei^v(5  h,  la  puissance  rv  —  ^  (m  —  s). 

Tout  cela  suppose  implicitement  que  Ton  ait  rv  —  i  (m  —  s)<s.  Or  le  meme 
raisonnement,  modifi^  trfes  peu,  fait  voir  aussi  que  pour 

rv  —  ^  {nr  —  s)  >  s, 
ou  plus  simplement  pour 

r(,-J«)>|s, 

la  fonction  Q  doit  s'^vanouir  d'elle-m^me,  savoir  en  ^tablissant  entre  les  coefficients  de 
U  les  relations  qui  expriment  I'existence  du  facteur  $".  De  la  on  tire  le  th^orfeme 
suivant : 

Stant  donn^e  une  fonction  U  du  degre  n,  tout  covariant  du  degr^  r  par  rapport 
aux  coefficients  et  du  degrd  s  par  rapport  aux  variables,  s'^vanouit  en  supposant  que 
la  fonction  U  ait  un  facteur  0  pour  lequel  r(v—^)>^B;   et  en  particulier: 

Un  invariant  quelconque  de  la  i'onction  U  s'evanouit  en  supposant  que  la  fonction 
U  ait  un  faotcur  0",  pour  lequel  v>  ^n. 

En  mettant  n=2m  ou  2m+l,  Vinvariant  s'evanouit  en  supposant  que  U  ait  !e 
facteur  ^+^ 

Les  conditions  pour  quo  la  fonction  U  ait  un  tel  facteur,  se  trouvent  en  ^galant 
h,  z^ro  les  coefficients  differentiels  de  U  du  W^™°  ordre  par  rapport  aux  variables  w,  y, 
et  en  ^liminant  ces  variables. 

Mais  avant  d'ailer  plus  loin  il  convient  d'entrer  dans  quelques  details  de  la 
th^orie  d'une  telle  Elimination.  Je  prends  I'exemple  le  plus  simple,  et  je  suppose  quo 
I'on  ait  k  eiiminer  a>,  y  des  Equations 

ax  +hy  =  0, 
hm+cy  =  0, 
cx+dy^(i. 
On   est    habitue    a    dire    que    ee    systeme    Equivaut    k    detun    equations    entre    les    seuls 
coefficients  i    mais    cela   n'est   juste    que    dans    un    sens    qui    manque    de   precision.     Le 
systeme    Equivaut    plut6t   k   deux   relations   entre    les    coefficients,   et    ces   deux   relations 
sont   exprimees   par    les    trois   Equations,   bd  —  c'—  0,    be  — ad—  0,  ac  —  b^  —  0.     II   n'est   pas 
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yrai  que  deux  dc  ees  equations  embraasout  n^cessairement  la  troisienie.  Eii  effet,  la 
premiere  et  la  secoiide  Equations  sont  satisfaites  en  ecrivant  c  =  0,  d  =  0,  mais  ces 
valeurs  sont  abaolument  ^trat^eres  a  la  question,  et  ne  satisfont  pas  k  la  troisifeme 
Equation,  de  manifere  qne  toutes  les  trois  ^uations  sont  n^cessaires  pour  exprimer  les 
relations  entre  tea  coefficients.  G'est  pourquui  je  dis  que  ces  trois  Equations  sont  des 
r^sultats  distincts  de  I'^liiuination.  Et  du  m^me,  pour  un  systeme  quelconque  d'^qtia- 
tions,  le  nombre  des  r^sultats  distincts  dc  I'^limination  n'est  pa&  g^neralemeut  ^  beaueoup 
prfes  si  faible  que  le  nombre  des  relations  entre  les  coefficients.  Qu'on  veuille  eonsulter 
sur  ce  Bujet  mon  memoire  "On  the  order  of  certain  systems  of  algebraical  equations," 
Cambridge  and  DubUn  Mathematical  Journal,  t.  iv.  [1849]  pp.  132 — ^137  [77],  et  le  memoire 
de  M.  Salmon  "  On  the  Classification  of  curves  of  double  curvature,"  t.  v.  [1850]  pp.  23 — 46. 

Je  reviens  k  I'objet  d&  cette  notc^  et  je  suppose  qu'en  ^galant  a  z^ro  les  coefficients 
dilF^rentiels  du  m'*™*  ordre  de  la  fonction  U,  les  equations  P  =  0,  Q  =  0,  .B  =  0,  &c 
forment  le  systfenie  entier  des  rfeultats  distincts  de  I'^limination.  Un  invariant  quelconque 
I  s'^vanouira  en  supposant  P  =  0,  Q  =  0,  R=0,  &c.  II  doit  done  exister  une  equation  telle 
que  7tJ=aP +  ^Q  +  yR+  ...,  oii\,ci,Q,y...  sont  des  fonctions  rationnelles  et  int^grales 
des  coefficients.  Mais  de  plus,  la  fonction  \  doit  etre  purement  num^rique,  ou  ce  qui 
est  le  mSmc,  doit  se  r^duire  k  I'mnte,  car  autrement  /  —  0  serait  un  r&ultat  de  I'^limi- 
nation  different  des  resultats  P  =  0,  Q  —  0,  -B  =  0,  &c.,  et  ces  Equations  ne  seraient  plus 
le  systeme  entier  des  resultats  distincts.  Done  cnfin:  un  invariant  quelconque  /  sera 
exprinie  par  une   Equation  telle  que 

I=aP  +  ^Q  +  yE+  ..., 
a,  0,  7,...  etant  dea  fonctions  int^grales  et  rationnelles  des  coefficients. 

Les  r^ultats  que  je  viena  d'obtenir  s'accordent  pariaitement  avec  ceux  dans  ma 
"Note  sur  les  hyper  determinants,"  t.  xxxiv.  [1847]  pp.  148 — 152  [54].  En  effet,  j'y 
ai  fait  voir  qu'en  supposant  qu'une  fonction  a«f^  +  4<bafi^  +  Qoaf^^  +  idxy' +  ey'  ait  un 
facteur  (ax  +  ^y)",  r^Iimination  des  variables  entre  les  equations 

(w:=  +  26  icy  +  c  ^'  =  0, 

ha^-V^cxij  +  df^Q, 

CO?  +  2,dan/  +  ey'~(i, 
donne  lieu   aux  equations   ae  —  46d  +  3c'  =  0,  aoe  +  Ibcd  —  acP  —  b^e  —  c^  =  0]   et  les  fonctions 
^galees   a   zero    sont   en   effet   les   seuls    invaritMits    de   la    fonction    du   quatrifeme    ordre. 
J'ajoute  que  la  th&rie  actuelle  feit  voir  aussi  que  dans  le  cas  dont  il  s'agit,  la   d^riv^e 

((2ic'  +  ibxy  +  cy^)  {ex''  +  2dwy  +  ey^)  —  (bx^  +  2cxy  +  dy'^)^, 
ou  son  d^veloppement 

((EC  -  6^)  itr"  +  2  {ad  -  be)  af'y  +  {ae  +  2bd  -  Sd')  xY  +  2  (Se  -  cd)  xy'  +  (ce  -  d^')  f, 
se  reduit  (a   un  coefficient   constant  prfes)  a  {ox  +  ^yY:  et   au  cas  ou  la  fonction  donnee 
du   quatrifeme  ordre   est   suppos^e  &tre   un   carr^,  cette   fonction   et  la  d^riv^e   qui  vient 
d'etre    ^crite    sont    ^gales    a    un    factour    constant    prfes;    resultat    dont   je    me    suia    servi 
ailleurs. 

73—2 
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NOTES    AND    REFERENCES. 


1.  As  to  the  history  of  Determinants,  see  Dr  Mnir's  "  List  of  Writings  on 
Determinants,"  Qvart.  Math.  Jour.  vol.  xvii,  (1882),  pp.  110 — 149;  and  the  interesting 
analyses  of  the  earlier  papers  in  course  of  publication  by  him  in  the  R.  8.  E.  Proceedings, 
vol.  xiir.  (1885—86)  et  seq. 

The  (new  ?)  theorem  for  the  multiphcation  of  two  determinants  was  given  by 
Binet  in  his  "  M^moire  sur  un  syst^me  de  formules  analytiques  &c."  Jour.  Ecole 
Foiyt.  t.  X.  (1815),  pp,  29—112. 

An  expression  for  the  relation  between  the  distances  of  five  points  in  space, 
but  not  by  means  of  a  determinant  or  in  a  developed  form,  is  given  by  Lagrange 
in  the  Memoir  "Solutions  analytiques  de  quelques  probl^mes  sur  ies  pyramides 
triangulaires,"  M^tti.  de  Berlin,  1773 :  the  question  was  afterwards  considered  by 
Carnot  in  his  work  "  Sur  la  relation  qui  existe  entre  Ies  distances  respectives  de 
cinq  points  quelconques  pris  dans  I'espace,  suivi  d'un  essai  sur  la  th^orie  des  trans- 
versales,"  ito  Paris,  1806.  Carnot  projected  four  of  the  points  on  a  spherical  surface 
having  for  its  centre  the  fifth  point,  and  then,  from  the  relation  connecting  the 
cosines  of  the  sides  and  diagonals  of  the  spherical  quadrilateral,  deduced  the  relation 
between  the  distances  of  the  five  points :  this  is  given  in  a  completely  developed 
form,  containing  of  course  a  large  number  of  terms. 

Connected  with  the  question  we  have  the  theorem  given  by  Staudt  in  the  paper 
"Ueber  die  Inhalte  dcr  Polygene  und  Polyeder,"  Crelle  t.  XXIV.  (1842),  pp.  252—256; 
the  product  of  the  volumes  of  two  polyhedra  is  expressible  as  a  rational  and 
integral  function  of  the  distances  of  the  vertices  of  the  one  from  those  of  the  other 
polyhedron. 

More  general  determinant-formulce  relating  to  the  "powers"  of  circles  and  spheres 
have  been  subsequently  obtained  by  Darboux,  Clifford  and  Lachlan:  see  in  particular 
Laehlan's  Memoir,  "On  Systems  of  Circles  and  Spheres,"  Phil.  Trans,  vol.  CLXXVii. 
(1886),  pp.  481—625. 

2  and  3.  The  investigation  was  suggested  to  me  by  a  passage  in  the  M^canique 
Analytique,  Ed.  2  (1811),  t.  i.  p.  113  (Ed.  3,  p.  106);  after  referring  to  a  formula 
of  Laplace,  whereby  it  appeared  that  the  attraction  of  an  ellipsoid  on  an  exterior 
point   depends   only   on   the   quantities   B^  —  A'^   and   C^  —  Al'   which   are   the    squares    of 
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the  occentricities  of  the  two  principal  sections  through  the  major  semiaxis  A, 
Lagrange  remarks  that,  starting  from  this  result  and  making  use  of  a  theorem  of  his 
own  in  the  Berlin  Memoirs  1792 — 93,  he  was  able  to  construct  the  series  by  means 
of  the  development  of  the  radical  1  -^  ^a^  +  f  +  z^  —  'iby  —  tcz  +  6^  +  c^  in  powers  of  h,  c, 
preserving  therein  only  the  even  powers  of  h  and  c,  and  transforming  a  term  such 
as  i7&s'V'  into  a  determinate  numerical  multiple  of  ^itABG  .H(B^~  A^J^iCP  — A^)\ 

It   oeuurrcd   to   mo   that   Lagrange's  series   must   needs   be   a   series 

reducible  to  his  form  as  a  function  of  B'  —  A^,  O^  —  A'^,  in  virtue  of  the  equation 
I  -j—^  +  TT^  +  j"  s )  0  {"■'  ^'  c)  =  0  satisfied   by  the   function   0   (I  \vrote   this   out  some   time 

before  the  Senate  House  Examination  1842,  in  an  examination  paper  for  my  tutor, 
Mr  Hopkins) :  and  I  was  thus  led  to  consider  how  the  series  in  question  could  be 
transformed  so  as  to  identify  it  with  the  known  expression  for  the  attraction  as  a 
single  definite  integral. 

I  remark  that  my  formula  relate  to  the  case  of  n  variables :  as  regards  ellip- 
soids the  number  of  variables  is  of  course  =  3 :  in  the  earlier  solutions  of  the 
problem  of  the  attraction  of  ellipsoids  there  is  no  ready  method  of  making  the 
extension  fi-om  3  to  n.  The  case  of  n  variables  had  however  been  considered  in  a 
most  able  manner  by  Green  in  his  Memoir  "  On  the  determination  of  the  exterior 
and  interior  attractions  of  Ellipsoids  of  variable  densities,"  Gamh.  Phil.  Trans,  vol.  V. 
1835,  pp.  395—430  (and  Mathematical  Papere,  8vo  London,  1871,  pp.  187—222);  and  in 
the  Memoir  by  Lcjeune-Dirichlct,  "Sur  uno  nouvelle  m^thode  pour  la  determination 
des  int^grales  multiples,"  Liouv.  t.  iv.  (1839),  pp.  164 — 168,  although  the  case  actually 
treated  is  that  of  three  variables,  the  method  can  be  at  once  extended  to  the  case 
of  any  number  of  variables :  it  is  to  be  noticed  also  that  the  methods  of  Green  and 
Lejeune-Dirichlet  are  each  applicable  to  the  case  of  an  integral  involving  an  integer 
or  fractional  negative  power  of  the  distance.  This  is  far  more  general  than  my  formula:!, 
for  in  them  the  negative  exponent  for  the  squared  distance  is  =  |%  and,  by  differen- 
tiation, in  regard  to  the  coordinates  a,  b, ...  of  the  attracted  point,  we  can  only  change 
this   into  ^n+p,   where  p   is   a   positive   integer.      But   in   28,  the   radical   contained  in 

the   multiple   integral   is    r, tt;^ ~it — ■,  where   s   is  integer  or  fractional,  and  bv  a 

^  *  }(ai-«,i)^+ ...Ji"-^'  ^  •' 

like  process  of  expansion  and  summation  I  obtain  a  result  depending  on  a  single  integral 
Ul'-u  h  a  S — W'     ■^^'^  ^^  ^^'  '^'^"i^?  throughout  the  general  function   <}>  (a^  —  Xi,  ...) 
and  making  the   analogous   transformation  of  the   multiple   integral   itself,  I   express   the 


/; 


V~  idx, ...  dxn  3^^°'+'  ...iB/+,^'+i,.,  i^(ai  — iBi, ...) 
1  terms  of  an  integral    {^ '£'''+' {l-T^f+fWdT,  where    W^  {d.x,...da:,^4,{o^-x,T,.,.). 
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I  recall  the  fundamental  idea  of  Lejeune-Dirichlet's  investigation;  starting  with  an 
integral  ijiudxdydz  over  a  given  volume  he  replaces  this  by  jjjpUdxdyde  where  p 
is  a  discontinuous  function,  =  1  for  points  inside,  and  =  0  for  points  outside,  the  given 
volume ;  such  a  function  is  expressible  as  a  definite  integral  (depending  on  the  form 
of  the  bounding  surface)  in  regard  to  a  new  variable  d :  the  limits  for  x,  y,  z,  may 
now  be  taken  to  be  oo ,  -co  for  each  of  the  variables  x,  y,  z,  and  it  is  in  many 
cases  possible  to  effect  these  integrations  and  thus  to  express  the  original  multiple 
integral  as  a  single  definite  integral  in  regard  to  B. 

I  have  not  ascertained  how  far  the  wholly  different  method  in  Lejeune- 
Dirichlet's  Memoir  "  Sur  un  moyen  g^n^ral  de  verifier  I'expression  du  potentiel  relatif 
a  une  masse  quelconque  homogene  ou  heterogene,"  Crelle,  t.  xsxii.  (1846),  pp.  80 — 84, 
admits  of  extension  in  regard  to  the  number  of  variables,  or  the  exponent  of  the 
radical. 

4.  As  noticed  p,  22,  the  investigation  was  suggested  to  me  by  Mr  Greathead's 
paper,  "Analytical  Solutions  of  some  problems  in  Plane  Astronomy,"  Gwmb.  Math.  Jour. 
vol.  L  (1839),  pp.  182 — 187,  giving  the  expression  of  the  true  anomaly  in  multiple 
sines  of  the  mean  anomaly.  I  am  not  aware  that  this  remarkable  expression  has 
been  elsewhere  at  all  noticed  except  in  a  paper  by  Donkin,  "  On  an  application  of  the 
Calculus  of  Operations  in  the  transfonnation  of  trigonometrical  series,"  Quart.  Math. 
Journal,  vol.  III.  (1860),  pp.  1 — 15;   see  p.  9,  et  seq. 

5.  In  a  terminology  which  I  have  since  made  use  of: 

The  Postulaiidum  or  Capacity  (Q)  of  a  curve  of  the  order  r  is  —^r{r  +  Z); 
and  the  Postulation  (V)  of  the  condition  that  the  curve  shall  pass  through  k  given 
points  is  in  general  =  &. 

If  however  the  k  points  are  the  'mn  intersections  of  two  given  curves  of  the 
orders  m  and  n  respectively,  and  if  r  is  not  less  than  m  or  n,  and  not  greater  than 
qnj^n  —  Z,  then  the  postulation  for  the  passage  through  the  mn  points,  instead  of  being 
=  mn,    is    =m?i  — -^(m  +  w- /■  — 1)(to  +  w -r- 2). 

"Writing  7  =  TO  +  n  —  r,  and  S  =  a  (7  ~  1)  (7  ~  ^)'  ^^^  theorem  may  be  stated  in  the 
form,  a  curve  of  the  order  r  passing  through  mm  —  8  of  the  inn  points  of  intersection 
will  pass  through  the  remaining  S  points.  The  method  of  proof  ^  criticised  by 
Bacharach  in  his  paper,  "Ueber  den  Cayley'schen  Schnittpunktsatz,"  Math.  Ann.  t.  26 
(1886),  pp.  275 — 299,  and  he  makes  what  he  considers  a  correction,  but  which  is  at  any 
rate  an  important  addition  to  the  theorem,  viz.  if  the  8  points  lie  in  a  curve  of 
the  order  7  —  8,  then  the  curve  of  the  order  r  through  the  mn  —  h  points  does  not 
of  necessity  nor  in  general  pass  through  the  S  points.  See  my  paper  "  On  the 
Intersection  of  Curves,"  Math.  Ann.  t.  xxx.  (1887),  pp.  85 — 90. 

6.  The  formulae  in  Kodrigues'  paper  for  the  transformation  of  rectangular  coordi- 
nates afterwards  presented  themselves  to  me  in  connexion  with  Quaternions,  see  20 ;  Eind 
again   in   connexion  with   the   theory   of  skew   determinants,  see  52. 
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8.  A  correction  to  the  theorem  (18),  p.  42,  is  made  in  my  paper  "Notes  on 
Lagrange's  theorem,"   Gamb.   and   Buhl.   Math.   Jour.   vol.   vi.   (1851),   pp.   37 — 45. 

10,  This  paper  is  connected  with  5,  but  it  is  a  particular  investigation  to  which 
I  attach  little  value.     The  like  remark  applies  to  40. 

12.  The  second  part  of  this  paper,  pp.  75 — 80,  relates  to  the  functions  obtained 
from  n  columns  of  symbolical  numbers  in  such  manner  as  a  determinant  is  obtained 
from  2  columns,  and  which  are  consequently  sums  of  determinants :  they  are  the 
functions  which  have  since  been  called  Commutants ;  the  term  is  due  to  Sylvester. 

13.  In  modem  language:  Boole  (in  his  paper  "Exposition  of  a  general  theory 
of  linear  transformations,"  Gamb.  Math.  Jour.  vol.  ill.  (1843),  pp.  1 — 20  and  106 — 119) 
had  previously  shown  that  a  discriminant  was  an  invariant ;  and  Hesse  in  the  paper 
"Ucher  die  Wendepunkte  der  Curven  dritter  Ordnung,"  Orelle,  t.  xxviii.  (1844),  pp.  68 — 
96,  had  established  certain  covariantive  properties  of  the  ternary  cubic  function.  I  first 
proposed  in  this  paper  the  general  problem  of  invariants  (that  is,  functions  of  the 
coefficients,  invariantive  for  a  linear  transformation  of  the  facients),  treating  it  by  what 
may  be  called  the  "  tantipartite  "  theory ;  the  idea  is  best  seen  from  the  example  p.  89, 
viz.  for  the  tripartite  function 

we  have  a  function  of  the  coefficients  which  is  simultaneously  of  the  forms 

H  \a,     b,    c,     d\  ,         H  \a,     h,     e,    f  \  ,        H  \a,     c,     e,    g  \, 
\  e,    f,    g,     h  \  \  0,    d,    g,    h\  \  b,    d,    /,     h  \ 

and  as  such  it  is  invariantive  for  hnear  transformations  of  the  {x-^,  x^,  (y,,  y^,   (Si,  z^. 

Passing  from  the  tantipartite  form  to  a  binary  form,  I  obtained  for  the  binary 
quartic  the  quadrinvariant  (/=)  ae— 46d  +  3c*:  as  noticed  at  the  end  of  the  paper, 
the  remark  that  there  is  also  the  cubinvariant  {J  — )  ace  —  ad^  —  l^e~c'  +  2hcd  was 
due  to  Boole.  The  two  functions  present  themselves,  but  without  reference  to  the 
invariantive  property  and  not  in  an  explicit  form,  in  Cauchy's  Memoir  "  Sur  la  deter- 
mination du  nombre  des  racines  r belles  dans  Ics  (Equations  algdbriques,"  Jour.  Ecole 
Polyt.  t.  X.  (1815),  pp.   457—548. 

In  p.  92  it  is  assumed  that  the  invariant  called  6u  is  the  discriminant  of  the 
function  ?7  =  (iic,yi^iWi  . . ,  +  pa^j^^jW, :  but,  as  mentioned  in  [  ],  the  assumption  was 
incorrect.  This  was  shown  by  Schlafli  in  his  Memoir,  "TJcber  die  Resultante  eines 
Systemes  mehrerer  algebraischen  Gleiehungen,"  Wiener  Denies,  t.  IV.  Abth.  2  (1852), 
pp.  1 — 74:  see  pp.  35  et  seg.  The  discriminant  is  there  found  by  actual  calculation  to 
be  a  function  (not  of  the  order  6  as  is  Ou,  but)  of  the  order  24,  not  breaking  up 
into  factors;  in  the  particular  case  where  the  coefficients  a,...p  are  equal,  1,  4,  6,  4,  1 
of  them  to  a,  b,  c,  d,  e  respectively,  in  such  wise  that  changing  only  the  variables 
the  function  becomes  =  {a,  b,  c,  d,  e\x,  y)*,  then  the  discriminant  in  question  does  break 
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up  into  factors,  the  value  in  this  case  being  J*(J^~27J*)  of  the  order  24  as  ia  the 
general  ease,  but  containing  the  factor  7'  —  27 J'^  which  is  the  discriminant  of  the  binary 
quartic. 

14.  In  this  paper  I  developed  what  (to  give  it  a  distinctive  name)  may  be  called 
the  "  hyperdeterrainant "  theory,  viz.  the  expressions  considered  are  of  the  form 

12°  Is"  23'...  UJJ^U^..., 

where  after  the  differentiations  the  variables  (x^,  y,),  (x^,  2/2), -.■  ^^  to  be  or  may  be 
put  equal  to  each  other :  it  is  to  be  noticed  that  although  in  the  examples  I  chiefly 
consider  constant  derivatives,  or  invariants,  the  memoir  throughout  relates  as  well  to 
CO  variants  as  invariants.  The  theory  is  to  be  distinguished  from  Gor  dan's  process  of 
TJeberschiebung,  or  derivational  theory,  viz.  this  may  be  considered  as  dealing  exclusively, 
or  nearly  so,  with  the  single  class  of  derivatives  (V,  TF)",  =  12  V^W^:  the  theorem  that 
all  the  covajiants  of  a  binary  function  can  be  obtained  successively  by  operating  in 
this  manner  on  the  function  itself  and  a  covariant  of  the  next  inferior  degree  was  a  very 
important  one. 

15.  Eisenstein's  theorem  may  be  stated  as  follows:  the  function  a^d^  +  iaif  —  5abcd 
+  ihH  —  36^c^  (which  is  the  discriminant  of  the  binary  cubic  (a,  b,  c,  d'^x,  yf)  is 
automorphic,  viz.  it  is  converted  into  a  power  of  itself  when  for  a,  b,  c,  d  we  substitute 

the   differential   coefficients  'r- ,    -ij  ,    -r  ,    -r^   of  the   function   itself      It   is   remarkable, 
da      do      dc      da 

see    54,    that    the    function   is    automorphic    in    a    different    manner,    viz.    the    Hessian 

determinant   formed   with   the   second   differential   coefficients    -j-^ ,   &c,   is   also   equal   to 

a  power  of  the  function  itsel£  The  first  part  of  the  paper  relates  to  the  function 
a^A°  +  &y  +  . . .  +  46eeA  which  had  presented  itself  to  me,  13,  in  the  theory  of  linear 
transformations,   and  which   is   in   like   manner   automorphic  for   the   change   a,  6,  ...  into 

-^ ,  -j^  ,  &c.  The  function  however  occurs  in  connexion  with  the  arithmetical  theory 
da      do 

of  the  composition  of  quadratic  forms,  Gauss,  DisqmsiUones  Arithmeticce  (1801),  and 
see  92.  The  second  part  gives  for  the  binary  quartic  covariant  an  automorphic 
formula  analogous  to  those  previously  obtained  by  Hesse  for  the  ternary  cubic,  viz. 
the  Hessian  of  any  linear  function  of  the  quartic  and  its  Hessian,  is  itself  a  linear 
function  of  the  quartic  and  its  Hessian,  the  coefficients  depending  on  the  invariants 
/,  J  of  the  quartic  form. 

16.  This  is   a   mere   reproduction   of  13   and   14,   and   requires   no   remark. 

19  and  23.  These  papers  contain  a  mere  sketch  of  the  application  of  the  doubly 
infinite  product  expression  of  the  elliptic  function  sn  w  to  the  problem  of  transformation. 
As  noticed  in  23,  I  purposely  abstained  from  any  consideration  of  the  infinite  limiting 
values  of  m,  and  n. 

c.  74 


Hosted  by 


Google 


CAMBRIDGE  : 

PHINTED   BY  C,    J.    CLAY,    M.A.    AND   SONS, 
AT  THE   UNIVERSITY  PRESS. 


Hosted  by 


Google 


